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Abstract: We develop a general operator algebraic method which focuses on projective
representations of symmetry group for proving Lieb—Schultz—Mattis type theorems, i.e.,
no-go theorems that rule out the existence of a unique gapped ground state (or, more
generally, a pure split state), for quantum spin chains with on-site symmetry. We first
prove atheorem for translation invariant spin chains that unifies and extends two theorems
proved by two of the authors (Ogata and Tasaki, Commun. Math. Phys. 372 951-962,
(2019) https://doi.org/10.1007/s00220-019-03343-5). We then prove a Lieb—Schultz—
Mattis type theorem for spin chains that are invariant under the reflection about the origin
and not necessarily translation invariant.
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1. Introduction

Quantum spin systems have been active topics of research both in theoretical and math-
ematical physics, see e.g. [BR79,BR81,Sut04,ZCZW15,Tas20]. The Lieb—Schultz—
Mattis theorem [LSM61, Appendix B] and its extensions e.g. in [AL86, AN93,0YA96,
YOA97,0sh99,Has03,Has04,NS06,Tas17,BBDRF18] are attracting renewed interest
partly because of their close relations to topological phases of matter, see e.g. [ZCZW 15,
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Tas20]. More precisely, these theorems state that certain classes of quantum many-body
systems with U(1) invariance cannot have a unique ground state accompanied by a
nonzero energy gap, while the classification of unique gapped ground states is a central
issue in topological condensed matter physics.

The original theorem and early extensions were based on explicit construction of
low-lying excited states above the ground state [LSM61,AL86,0YA96,YOA97,Tas17].
In [Osh99], where the extension of the theorem to two or higher dimensions was first
discussed, Oshikawa directly examined a necessary condition for the existence of a
unique gapped ground state. This rephrasing of the Lieb—Schultz—Mattis theorem was
essential for the later development, including the present work.

Recently, in the context of topological condensed matter physics, it was argued that
Lieb—Schultz—Mattis type no-go theorems should be valid for quantum many-body sys-
tems that only possess certain discrete symmetry [CGW10,PTAV 12, WPVZ15,PWIJZ17,
Watl8]. In particular it was conjectured by Chen et al. [CGW 10, V.B.4 and V.C], as a
part of their general classification, that a translation invariant quantum spin chain where
the representation of the symmetry on each site is genuinely projective cannot have a
unique gapped ground state. The statement for chains with time-reversal symmetry was
proved by Watanabe et al. [WPVZ15] within the framework of matrix product states
(MPS).! In [OT18], Ogata and Tasaki confirmed the conjecture with full mathematical
rigor for general translation invariant quantum spin chains with Z, x Z, or time-reversal
symmetry. The proof was an extension of the early work of Matsui [Mat01], where the
method based on the Cuntz algebra was developed.

In the present work we essentially complete the study of Lieb—Schultz—Mattis type
theorems for quantum bosonic spin chains with discrete on-site symmetry by proving
two general theorems. We first provide a general unified proof for the above mentioned
conjecture by Chen et al. [CGW10]. See Corollary 1 and Theorem 4 below. We then
state and prove a Lieb—Schultz—Mattis type theorem for spin chains with reflection
symmetry. See Corollary 2 and Theorem 5. More precisely, we prove that a class of
quantum spin chains with certain on-site symmetry and invariance under the reflection
about the origin cannot have a unique gapped ground state (or, more generally, a pure
split state) when the spin at the origin is half-odd-integral (or, more generally, has a
degree-2 cohomology class that is not written in the form 2c¢). This statement previously
appeared as a conjecture in a paper by Po et al. [PWJZ17].

The proofs of the theorems are closely related to standard ideas in topological con-
densed matter physics, and does not make use of the Cuntz algebra. They are based, in an
essential manner, on the fact that a unique gapped ground state satisfies the split property,
as proven by Matsui [Matl1], and that there are projective representations associated
to states satisfying the split property, as was noted e.g. in [Mat01]. In [Ogal8] Ogata
showed that the second cohomology class associated to the projective representation is
actually an invariant of symmetry protected topological (SPT) phases, in the sense that
it is stable under the smooth path of symmetric gapped Hamiltonians, which coincides
with the topological index investigated intensively in the context of SPT phases in MPS
[PGWS+08,PTBO09,SPGC10,CGW10,ZCZW 15, Tas20]. We prove the two theorems
in a unified manner by using some basic properties of the indices. As we shall see in
Sect. 2, the proofs are straightforward and natural, once some key properties of the
indices are given. The simplicity of the argument suggests that the machinery devel-

1 See also [Pra20] and [Tas20, section 8.3.5] for general proofs for MPS.
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oped here is the correct language for discussing Lieb—Schultz—Mattis type theorems for
quantum spin chains with discrete on-site symmetry.>

Before proceeding, we pause here to mention that in [OT18] two of the authors of
the present paper argued that there is an essential difference between the early Lieb—
Schultz—Mattis-type theorems based on the U(1) symmetry and the recent theorems
that make use of the projectivity of the representation of the symmetry. However the
two types of theorems may be understood in a unified manner from the view point of
quantum anomaly presented in [CHR17]. See the end of Appendix A for more details.

Two classes of examples It may be useful to present two concrete cases of our general
theorems in the context of standard quantum spin chains with Z, x Z, or time-reversal
symmetry. ~ _

We consider aquantum spin system on the infinite chain Z. Let S, € {%, 1, %, vy Smax}
be the spin quantum number associated with site x € Z, where Smax € N /2 is an ar-
bitrary constant. The system is described by the formal Hamiltonian H = )" _, h,.
The local Hamiltonian %, acts nontrivially only on sites y such that |y — x| < R, and
satisfies ||hy|| < B, where R and B are constants independent of x. We assume that
each &, is invariant under the Z; x Z, transformation given by (S,(Cl), S,(Cz) , Sf)) —
(S, =8P, 5Py and (5, 82, 5y — (=S, =P §P), or the time-reversal
symmetry transformation given by (S)(Cl), S,(Cz), S,(C3)) — (—S)(Cl), —S)(Cz), —S)(C3)). See
Sect. 3 for details. We also note that any system which is S O (3) invariant is automatically
invariant under this Z; x Z; symmetry. This plays an important role in Appendix A,
where we discuss the cases with compact Lie group symmetry. B B

Let us first assume that the model has translation invariance, i.e., Sy = S and s,y =
71 (hy) for all x, where 77 is the translation operator. Then the following was conjectured
by Chen et al. [CGW 10], proved for MPS by Watanabe et al. [WPVZ15], and was proved
by Ogata and Tasaki [OT18]:

Corollary 1. If S is a half-odd integer, then it is never the case that the above translation-
invariant model (with Zy x Z, or time-reversal invariance) has a unique gapped ground
state.

In [OT18] the cases for Z> x Z; symmetry and time-reversal symmetry were treated
separately. Here we prove a much more general and unified result, Theorem 4 below,
which corresponds to the original conjecture by Chen et al. [CGW10].

Let us next assume that the model is invariant under the reflection about the origin.
We assume the symmetry S, = S_yx and h_, = R(h,) for all x € Z, where R denotes
the reflection map. Then our main result is the following Lieb—Schultz—Mattis type
statement.

Corollary 2. If Sy is a half-odd integer; then it is never the case that the above reflection-
invariant model (with Zp x Zy or time-reversal invariance) has a unique gapped ground
state.

Note that, rather remarkably, the condition for the corollary contains only the spin quan-
tum number Sy at the origin; S, = S_, on other sites are arbitrary. The above statement
is a simple corollary of our general result, Theorem 5. The corollary is reminiscent of the
well-known fact, often called the Kramers degeneracy, that all the energy eigenvalues

2 Similar machinery can also be used to classify unique gapped ground states of a general quantum spin
chain with on-site symmetry [OT20].
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are inevitably even-fold degenerate in a system of a single half-odd-integral spin with a
Zy x Z» or time-reversal invariant Hamiltonian. See, e.g., [Tas20, Chapter 2].

The statement of Corollary 2 was discussed first by Fuji [Fujl4, section 3.D], and
then in a more general context by Po et al. [PWJZ17]. In fact the corollary shows that
the model depicted in [PWJZ17, Figure 1(i)] cannot have a unique gapped ground state,
confirming their conjecture (restricted to quantum spin chains). We also note that an
earlier result in [HKHO8] also suggests Corollary 2.

2. Outline of the Argument

Before discussing the settings and results in detail, we recall the notions of projective
representations of a symmetry group and the corresponding second group cohomology,
and also give an informal account of the proofs of the main results.

Projective representations and degree-2 cohomology classes Let G be a finite group
that describes on-site symmetry of the spin system. We fix a homomorphism p : G —
{1, —1}, which gives adecomposition3 G = GTuG~ with Gizz{g e G |p(g) = x1}.
In the following we always consider the pair (G, p) as the basic data and denote it simply
by G, leaving p implicit. In the main part of the paper, we assume G is finite, but we can
generalize our theorems to compact Lie groups. We will give a brief discussion on this
generalized case in Appendix A.

Let 'H be a Hilbert space. The collection of operators V (g) on H with g € G is said
to be a projective representation of G if

o Vie) =1,
e V(g) is unitary if p(¢) = 1 and antiunitary* if p(g) = —1,
e and
V() V(h) =¢(g,h) V(gh) (2.1)

with (g, h) € U(1) = {z € C||z] = 1} forany g, € G.

From associativity V(f){V(g) V(h)} = {V(f) V(g)}V (h) and (2.1), one finds that ¢
must satisfy

0@ )" o(f. gh)

= 1forany f, g, h € G, 2.2)
o(f.8)9(fg. h)
where we define z? := zif p = 1 and zP := Z if p = —1. We also see from (2.1) and
V(e) = I that
@(g,e) =¢p(e, g) =1forany g € G. (2.3)

In general a map ¢ : G x G — U(1) that satisfies (2.2) and (2.3) is called a 2-cocycle
of G. We define the product of two 2-cocycles as their point-wise product. Then the set
of all 2-cocycles of G becomes an abelian group, which we denote as Z%(G, UM)p).

3 This decomposition is known as a UA-decomposition. See, e.g., [Par69,SL74]. The same structure is also
known as a Real structure on a group following Atiyah; see, e.g., [BG10, Chapter 2].

4 A map A : H — 'H is said to be an antilinear operator if A(cu + fv) = & Au + BAv for any o, B € C
and u, v € H. The adjoint A* of a bounded antilinear operator A is the unique antilinear operator that satisfies
(u, Av) = (A*u, v) for any u, v € H. An antilinear operator V that satisfies VV* = V*V = I is said to be
an antiunitary operator.

5 Such an assignment of operators was called a co-representation by Wigner. In our paper we call co-
representations simply as representations, as this would not cause any confusions.
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Fig. 1. One can associate a ur}jque index o € H2(G, U(1)p) with the pure split state p restricted onto a half-

infinite chain. a The indices 0% ; and a)‘} describe the transformation properties of “edges states” that emerge

when the infinite chain is decomposed into two half-infinite chains {...,x —2,x — 1} and {x,x+1,...}. b
The half infinite chain {x, x + 1, ...} may be regarded as consisting of the site x and {x + 1, x +2,...}. We
have the corresponding identity (2.6), which is a key ingredient of the present work

Suppose that there is another projective representation V (-) of G with 2-cocycle @,
and it is related to V() by V(g) = ¥ (g) V(g) with ¥ (g) € U(1) for any g € G. From
(2.1) we see that the two 2-cocycles are related by

Y@ U
bl h = <
(g, h) 7 (eh)

This motivates us to define, in general, two 2-cocycles ¢ and ¢ related by (2.4) with
some ¥ to be equivalent with each other. We denote the set of corresponding equivalence
classes of Z2(G, Ul)p)as HZ(G, U(1)p). The quotient set H2(G, U(1)p) also becomes
an abelian group, and is called the second group cohomology of G.® One can thus
associate a unique element o of H(G, U(1)p) with any projective representation V (-)
of G. We say that o is the degree-2 cohomology class of the projective representation
V().

Our theorems are meaningful when H 2(G, U(1)p) is nontrivial. We have’
HZ(G, U(1)p) = {0, 1} for the two important cases discussed in Sect. 1, namely, Z; x Z
or time-reversal symmetry. See Sect. 3.

¢(g,h) forany g,h € G. 2.4)

“Edge states” and the Lieb—Schultz—-Mattis type theorems We consider a quantum
spin system on the infinite chain Z with a certain symmetry group G, accompanied by
a homomorphism p giving the decomposition G = G* LI G~. We assume that there is
a projective representation of G at each site x, and denote by ¢, € H*(G, U(l)y) the
corresponding degree-2 cohomology class.

We then take a pure state p that is invariant under the global action of G and also
satisfies the property called the split property. See Definition 3 below. A unique ground
state accompanied by a nonzero energy gap of the quantum spin chains described in
Sect. 1 is an example. See the end of Sect. 4 for details.

Suppose that one decomposes the infinite chain Z into two half-infinite chains as
Z=A{...,x=2,x—1}U{x, x+1, ...}. It was pointed out by Ogata [Oga19] that, by using
notions from operator algebraic approaches to quantum spin systems, one can associate a
unique degree-2 cohomology class in H 2(G, U(1)p) with the state p restricted onto each
of the half-infinite chains. We denote the degree-2 cohomology classes corresponding to

© When p(g) = 1 forall g € G, H*(G, U(1)p) is written as H2(G, U(1)).
7 We shall express H2(G, U(1)p) as an additive group throughout the present paper.
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the half-infinite chains {..., x—2, x—1}and {x, x+1, ...} as oL and of, respectively.

x—1
See Fig. la. Physically speaking, oxL_l and GE characterize the symmetry properties
of “edge states” that emerge when the infinite chain is decomposed into two. They
correspond to the “topological” indices discussed intensively in the context of symmetry
protected topological phases [PGWS+08,PTBO09,CGW10,ZCZW 15, Tas20].

It was proved by Ogata [Ogal9, Lemma 2.5] that these indices satisfy
ol +oR=0. (2.5)

The identity is natural if we recall that the two “edge states” emerge from a single pure
state. The main ingredient of the present work is the identity

oR=c,+oR, (2.6)
which is proved in Lemma 8 below. This relation is also natural since the half-infinite
chain {x, x + 1, ...} may be regarded as consisting of a single site x and the half-infinite
chain {x + 1, x + 2, .. .}. Compare (a) and (b) of Fig. 1.

With the two identities (2.5) and (2.6), we can easily prove Lieb—Schultz—Mattis
type theorems that lead to Corollaries 1 and 2. First assume that the state p is translation
invariant. Since we then have of = ofﬂ, we find ¢y = 0 from (2.6), i.e., the degree-2
cohomology class of the projective representation at each site must be trivial. For Z, x Z,
or time-reversal symmetry, this means that the spin quantum number S is an integer (see
Sect. 3). This implies the desired no-go statement, Corollary 1. Next assume that p is
invariant under the reflection about the origin. We then have ag = aé‘, which, with (2.5),
implies o}f = —UlR. Substituting this into (2.6) with x = 0, we find ¢ = 20}}. When
H2(G, U(1)p) = {0, 1} this is possible only when ¢y = 0. We then get Corollary 2.

3. Setting and Main Results

C*-algebras and split states We start by defining a general quantum spin system on
the infinite chain Z. For each site® x € Z we associate a Hilbert space h, = C%
with dimension d, € N. For a finite subset A € Z, we define the algebra (5 of local
observables as the set of all bounded operators on the Hilbert space X, , by For finite
subsets A C A’ C Z, the algebra 2, is naturally embedded in 25/ by tensoring its
elements by identity. For any infinite subset I' C Z, we denote by 2 the inductive limit
of the collection of algebras 2[5 with A being an arbitrary finite subset of I". The C*-
algebra of the whole chain is then denoted as 2 = 2(z. We also introduce the C*-algebras
for half-infinite chains by Qlf; =2 x—1,x) and Qlff = Uix,x+1,..}, where x € Z. Note
that Ql]; and QIE can naturally be regarded as subalgebras of 2.
We define states on the C*-algebras as usual. The notion of split states is essential.

Definition 3. Let p be a pure state on 2, and denote by ,o(')“ and ,0}1 be the restrictions of
p onto the subalgebras Ql{; and Qllf, respectively. We say that p satisfies the split property
if p and ,0(])“ ® ,oF are quasi-equivalent.

It is easily seen that one may replace ,0(])“ and p%{ in the above definition by ,of; and ,OEH

with an arbitrary x € Z, which are the restrictions of p onto ngg and QlEH , respectively.

8 Asite may be a collection of sites in the standard sense.
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In the main theorems, Theorems 4 and 5, we state necessary conditions for the
existence of a pure split state. They can be rephrased as no-go theorems for unique
gapped ground states since a unique gapped ground state (of a model with short range
interactions) is known to satisfy the split property [Mat11].? See the end of Sect. 4.

On-site symmetry We always consider a model with certain on-site symmetry. Let G
be a finite group and fix a homomorphismp : G — {1, —1}. For each x € Z, we assume
that there is an operator vy (g) on h, which is unitary if p(g) = 1 and antiunitary if
p(g) = —1, and that v, (-) gives a projective representation of the group G. We denote
by ¢, € H*(G,U(1) p) the degree-2 cohomology class of the projective representation,
as explained in Sect. 2.

We define the adjoint representation of G by E(g)(A) = v,(g)A(vyx(g))* for A €
2(y). One can uniquely extend E(g) to *-automorphisms on 2, AL, and AR, The *-
automorphism E(g) is linear if p(g) = 1 and antilinear if p(g) = —1. Note that E(-)
gives a genuine representation of G, i.e., E(g) o E(h) = E(gh) for any g,h € G.
We say that a state p on 2 is G-invariant if p(E(g)(A)) = p(A) when p(g) = 1 and
p(E(g)(A*)) = p(A) when p(g) = —1 forany A € 2.

Examples in Sect. 1 in this language To see two examples discussed in Sect. 1, we
consider standard quantum spin systems on Z. The dimension of the local Hilbert space
by is given by dy = 28y + 1, where S, € N/2 is the spin quantum number at site x € Z.

For a finite subset A C Z, the algebra 2( 4 consists of polynomials of spin operators S iu)

with v = 1,2,3 and x € A; this is because the operators S,(Cl’z’}) generate the algebra
Q[{x}.

To formulate Zy x Zs transformation, we set'®© G = Z, x Z, = {e, a1, ar, as}, and
p(g) = 1 for all g € G. Then the second cohomology group is H2(Zs x Z»,U(1)) =
{0, 1}. We define the projective representation on the local Hilbert space b, by v, (e) = I
and vy (a,) = exp[— ZJTS(U)] for v = 1,2, 3. The degree-2 cohomology class of the
projective representation is ¢, = 0 if S is an integer, and ¢, = 1 if S, is a half-odd-
integer. It is found that the corresponding adjoint representation satisfies

S)(CM) v=u,

3.1
—S¥ v #£ G-D

E(ay)(SW) = :

forany x € Zand v, u =1, 2, 3.
To formulate time-reversal transformation, we set G = Zp = {e,a} and p(e) = 1,
p(a) = —1. Then one has H%(Z,, U(1)p) = {0, 1}. We define the projective repre-

sentation on h, by vy (e) = [ and vy (a) = K exp[—mS( )] where K is the complex
conjugation map. T The degree-2 cohomology class of the projective representation is
again ¢, = 0if Sy is aninteger, and ¢, = 1if Sy is a half-odd-integer. The corresponding

adjoint representation gives £ (a)(S,(CU)) = —S,Ev) foranyx € Zandv = 1,2, 3.

Translation symmetry We shall describe a class of models with translation symmetry.
Take d,, = d forall x € Z. We can then regard each by, as a copy of a single Hilbert space

9 It is also known that a state with area law entanglement satisfies the split property. Thus our theorems
may be interpreted as no-go theorems for area law states.

10 The multiplication rule is ajay = a3, apaz = ay, aza; = ap, and (a,,)2 =eforv=1,23.

11 We here use the standard matrix representation of spin operators in which all the matrix entries of S)(Cz)
are pure imaginary. See, e.g., [Tas20, section 2.3] for details.
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ho = C?. Forany x,y € Zand A € 2y}, we denote by 7,(A) € A{yx4y) the identical
copy of Ain %, .. We also assume that the on-site symmetry transformation is chosen so
that vy, (g) is an identical copy of v, (g) on bh4,. Wethenhavecy = ¢ € H%(G, U()y)
forall x € Z.

The translation 7, automatically extends to a liner *-automorphism on 2. We say
that a state p on 2 is translation invariant if p(7y(A)) = p(A) forany y € Z and A € .
Here we prove the following theorem, which contains two theorems proved in [OT18]
and summarized as Corollary 1 as special cases.

Theorem 4. Consider a system with translation symmetry, and let p be a pure split state
that is G-invariant and translation invariant. Then one inevitably has ¢ = 0.

Reflection symmetry We consider another class of models that are invariant under
reflection about the origin of the chain (but not necessarily invariant under translation).
Assume that the local dimensions satisfy dy = d_, for all x € Z. We can then take the
local Hilbert spaces b and f_, to be identical. We assume that, for each x € Z, there is
a linear x-automorphism Ry : x; — 24—y, such that R_, o R, = I. We also assume
that v_, (g) is an identical copy on h_, of v, (g).

From R, with all x € Z, one can define a linear x-automorphism R on 2{ such
that R(A) = R, (A) for A € 2,;. We say that a state p on 2 is reflection invariant
if p(R(A)) = p(A) for any A € 2. Then the following is a general form of our new
Lieb—Schultz—Mattis type theorem.

Theorem 5. Consider a system with reflection symmetry, and let p be a pure split state
that is G-invariant and reflection invariant. Then one inevitably has co = 2c¢ with some
c e HX(G,U(1)p).

As we have already noted, the conclusion of the theorem implies ¢9 = 0 when
H Z(G, U(1)p) = {0, 1} as in the two models with Z, x Z; or time-reversal symmetry
discussed in Sect. 1. We also note that, by using the original idea of Lieb, Schultz, and
Mattis, one can prove a similar (but different) theorem for a class of quantum spin chains
with U(1) x Z; symmetry. See Appendix B.

There is a generalization of Theorem 5 to Z,, invariant quantum spin system on the
lattice A,:={o} U{(,x) |i =1,...,m,x = 1,2,...}, which consists of the central
site 0 and m semi-infinite chains attached to it. See Fig. 2 for the case m = 5. We
associate with the central site o a Hilbert space b, and a projective representation v, (-)
of G. We impose Z,, symmetry by requiring that, for each x = 1,2, ..., the Hilbert
space (; x) associated with site (i, x) fori = 1, ..., m is an identical copy of a single
Hilbert space b, and also that the corresponding projective representation vy y)(-) is
identical to v, (). We consider the transformation that shifts the chain-index asi — i+1,
where we identify m + 1 with 1. This defines Z,, symmetry.

To define the split property for this system, we note that the quantum spin system
on A,, can be regarded as a quantum spin chain by identifying the central site 0 € A,,
with the origin O € Z, the site (1, x) € A,, withx € Z, and the collection of m — 1 sites
2,x), ..., (m,x) with —x € Z. We then say that a Z,,, -invariant state p on A,, satisfies
the split property if the state on Z obtained by the above identification satisfies the split
property.

Theorem 6. Consider the quantum spin systemon A, and let p be a Z,, and G-invariant

pure state that satisfies the split property. Then one inevitably has ¢, = mc with some
c e HX(G,U(1)p).

Clearly Theorem 5 is a special case of Theorem 6 for m = 2.
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Fig. 2. The lattice A,; consists of the central site (black dot) and m semi-infinite chains attached to it. The
figure is form =5

4. Indices for Half-Infinite Chains and the Proofs of Theorems

Let us discuss key ingredients of the present work, and prove the theorems and the
corollaries. Throughout the present section, we assume that p is a G-invariant pure split
state.

Definition of indices We first follow Ogata [Ogal8], and define indices o, oR €
H 2(G, U(1)p) associated with the state p restricted on the half-infinite chains. See
Fig. la.

Letus fix x € Zand D € {L, R}. Let p)? be the restriction of p onto the subalgebra
AP, Let (KD, 70, QP) be the GNS triple corresponding to 2P and pP. Since pP is
G-invariant, one can use a standard argument (see, e.g. [BR79, Section 2.3.3]) to define

a x-automorphism EP (g) on 72 (AP)” that satisfies
(EX(9) 0 m))(A) = (7] 0 B(9)) (), (4.1)

for any A € Ql)]? and g € G. Again é?(g) is linear if p(g) = 1 and antilinear if

p(g) = -1

From the split property of p, it follows that 7'[?(2[?)’ " is a type-I factor, and hence is
isomorphic to B(IC?), the set of all bounded operators on a certain Hilbert space IC)]C). Let
us denote by (2 : 72 (RAP)” — B(KCP) the corresponding *-isomorphism. The space XP
may be regarded as an effective Hilbert space that describes the states on the half-infinite
chain that are close to pP.

Combining the above, we get, for each g € G, a x-automorphism L)]? o é)'? (g)o (LE)_I

on B(ICE). It is linear if p(g) = 1 and antilinear if p(g) = —1. Then it follows from
Wigner’s theorem that there is an operator V°(g) on P such that

(Lo EP(g) o (D)™ (x) = VP(0) X (VP(9))", 4.2)
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for any X € B(KD). The operator V2 (g) is unitary if p(g) = 1 and is antiunitary if
p(g) = —1. Clearly V)P (-) gives a projective representation of G. Wigner’s theorem also
guarantees that the degree-2 cohomology class of the projective representation, which
we denote as o2 € H?(G, U(1)y), is independent of the choice of K2, (2 or VP ().

Properties of the indices The following basic property of the indices was proved by
Ogata and plays an important role in the present work. See Fig. 1a.

Lemma 7 (=[Ogal9, Lemma 2.5]). Let p be a pure split state that is G-invariant. Then
the indices defined above satisfy ai“_l + of = 0 forany x € Z.

The most important ingredient of the present work is the following lemma, which
relates the indices o*f to the degree-2 cohomology class ¢, of the on-site projective
representation of G at site x. See Fig. 1b.

Lemma 8. Let p be a pure split state that is G-invariant. Then the indices defined above
satisfy

R R L L
0, =Cy+0,4, O =Cx+0, . 4.3)

The following two lemmas state invariance properties that follow from the assumed
symmetry.

Lemma 9. Consider a system with translation symmetry, and let p be a pure split state
that is G-invariant and translation invariant. Then o* and o® are independent of x.

Lemma 10. Consider a system with reflection symmetry, and let p be a pure split state
that is G-invariant and reflection invariant. Then one has oi‘ = O’Ex forany x € Z.

We shall prove Lemmas 8, 9, and 10 in Sect. 5.

Proof of the theorems. Let us prove the theorems, assuming Lemmas 7, 8, 9, and 10.
Our strategy was already described in Sect. 2.

Assume that the state is translation invariant. Then, since Lemma 9 implies O’E =
0')5_ 1» we readily find from (4.3) that ¢, = 0 for any x. Theorem 4 has been proved.

Assume that the state is reflection invariant. We see from Lemma 10 that c7§ = ok.
Noting that Lemma 7 implies aé“ + O’lR = 0, we have alR = —o(l){. We then see from

(4.3), in particular aé‘ =co+ O'IR, that co = 20§. Theorem 5 has been proved.
Theorem 6 can be proved analogously by focusing on the corresponding state on
the chain. One only needs to note that Lemmas 8 and 7 imply 0($ = co+ alR and

o§ = —U]_“l, respectively, and the Z,, symmetry implies GEI = (m — l)crlR. It then
follows that ¢g = —malR. O

Proof of the corollaries. Consider a quantum spin system described in Sect. 1 and as-
sume that the model has a unique gapped ground state. (See, e.g., [OT18] or [Tas20,
Appendix A.7] for a precise definition of unique gapped ground states.) By using Hast-
ings’ result on the area law [Has07], Matsui [Mat11] proved that such a ground state
satisfies the split property. Then, by noting that a unique ground state has the same
symmetry as the Hamiltonian, we get Corollaries 1 and 2 from Theorems 4 and 5, re-
spectively. It is also clear that a unique gapped ground state of the model on A, (treated
in Theorem 6) satisfies the split property. O
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5. Proof of Lemmas

Proof of Lemma 8 Because of Lemma 7, it suffices to prove one of the two relations
in (4.3). We can also set x = 0 without losing generality. Our goal is thus to prove
R _ R
oy =co+op.
We claim that there is a x-isomorphism 8 : WOR(Q(IF)/ " — 7'[11{ (Q[lf)” such that

Boni(ly® B) =ny(B), BeAR. (5.1)

To see this, let H be the norm-closure of the subspace ﬂOR(Qllf) QOR of HR, and p the
orthogonal projection onto H. Then p € 7} (AR)” and 7R (B):=nx (Ip ® B) p, B € AR
defines a *-representation of Qllf on H. (See the proof of [BR79, Lemma 2.4.14].) By
definition of H R Qg is cyclic for 7'[5 (Ql‘f) in H , and (I:I , ﬁg, Qg) is a GNS triple of
,oF = p|m111. Namely we may regard (H, ﬁg, QOR) = (HR, ﬂ}f, Q‘f). We define 8 by

Ba):=ap, aema@AR)". (5.2)

Because of p € 7'[0R (Ql]f)’ and the definition of ﬁ(l} = nlf, this is a *x-homomorphism
satisfying (5.1).

It is clear from (5.1) that the range of B is in 7R (AR)”. The homomorphism
is actually onto ﬂlf (Qllf)/ ’. Indeed, by the Kaplansky density Theorem, for any b €
TR (AR)”, there is a bounded net { By }o in AR such that o-weak limg 78 (By) = b. We
then have a bounded net {7'[0R (I® By)}y in ﬂg (Qllf)/ ’. Because of the o -weak compactness
of the unit ball of 7TOR (Qllf)’ ', we may take a o -weak convergent subneti.e., {ng (IQBy)} o -
We use it to define a by o-weak lim,/ 7'[0R (I® By)=:a € 7'[0R (2[11{)’ ’. Then we obtain

B(a) = ap = o-weak lirp ﬂg(ﬂ ® By) p = o-weak 1irp nlf(Ba/) =b. (5.3)
o o

This proves the surjectivity.
To see that 8 is injective, suppose a € HOR(QIII{)” satisfies S(a) = 0. Then because

a € TR (y)’, we have

ami(A® B)Qf =amy(A®Dmy(I® B)Qf =my(A®Damy(I® B)Qf
=R(A®Dapmh(I® B) QR =0, (5.4)

for all A € Ay and B € AR. As vectors of the form 75 (A ® B) QF span HE, this
means a = 0. Hence 8 is injective.

Take an arbitrary orthonormal basis {|v;)} j=1,....d, of the local Hilbert space b, and
denote by e x = |¥;) (k| the corresponding matrix unit in 24oy.

Recall that lOR ) ﬂOR is an irreducible representation of QlOR on ng. We define N =
(tg o T[OR(e 1.1)) ICR, which is intuitively interpreted as the effective Hilbert space (for the
half-infinite chain {0, 1, ...}) with the spin at x = 0 “frozen” into the state [v1). We
then set ICg = ho ® N, where we have “supplied” the missing spin.

We now construct x-isomorphisms Qg : ﬂg(ﬂg)’ "— B (IE(}}) and O : ﬂlf (Qllf)/ " —
B(N'). We start with the construction of ®¢. Let us define an operator U : ICg — IE(I){
by

do
UE =" 1¥)) ® {(iff o (er,)) &} (5.5)

j=1
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One finds by inspection that the action of U* is given by

do do
U 1) ®@nj =Y (1§ o (ej.0)) 1), (5.6)

j=1 j=1

where we wrote an arbitrary element of IEOR in the form Z‘;‘):l [¥) ®n;. It can be easily
checked that U is unitary. By using U, we define a x-isomorphism ® : 7'[OR (QLOR)” —
B(K§) by
O(Y) = U (V) U*, (5.7)
for Y € i (AR)”.
We next construct ®1. Let A € o) and B € Qllf. For any Z?OZI Vi) ®n; € /El,}
we observe that

dy do
(©oom§(A®B) Y 1Y) ®@n; = U(f omy(A® B)U* Y %)) ®n;
j=1 j=1
do
=Y U(§ omii(Aej1 ® B))nj
j=1

do
= Z [Yi) ® {(tg oTIZOR(el’i Aej 1 ® B)) nj}
Q=1

do
= Y Wil Al @ { (i o 76 (e11 ® B)) 0y}

i,j=I
do

=Y A @ {(1§ oy eri ® B))nj}.  (5.8)
j=I1

where I is the identity in 2 o). Let y be a *-representation of Qllf on N defined by
y(B):=1§ oy (e1,1 ® B), B eAY. (5.9)

From above, we have
Opomy(A® B)=AR®y(B), AcUyp, BeAX (5.10)

Because ®g is a *-isomorphism, elements with these form in B(lz(}}) span a o-weak
dense subspace of @0(7TOR (ng)/ =B (Eg). From this, we conclude that the commutant
y(Qllf)/ of y(Q[lf) is trivial, because otherwise @0(7'[0R(2l0R)” ) = B(Eg) would have a
non-trivial commutant. Therefore, y is irreducible. (See [BR79, Section 2.3].)

Let j : BWW) — Cly ® B(NN) be the *-isomorphism given by j(x):=Iy ® x, for
x € B(N). From above, j~! 0 ©9 o 7! is well-defined on (7} (AR))” and we get

ito®poplon(B)=y(B), BeAX (5.11)

Set®1:=j1o®yo B! : MR (ARY” — B(N). Again by the Kaplansky density theorem
and the irreducibility of y, ®1 is a *-isomorphism.
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Therefore, we may regard N = IC?. By the definition, we have
y(B) = ©omN(B), BeAR (5.12)
We can then repeat the construction in (4.2) by using A/ and ©; to have
(@108} (@) 007X = Vie) X (Vi(9)", (5.13)

forany g € G and X € B(N). V;(g) is unitary if p(¢) = 1 and antiunitary if p(g) = —1.
We see that V (-) gives a projective representation of G on /. The degree-2 cohomology
class of Vi (-) is olR by uniqueness that follows from Wigner’s theorem. Note that

Vi(®) y(B) (Vi(9)" = y(EY(¢)(B)), B eAf. (5.14)

Let us finally define unitary or antiunitary operators on KR = ho ® N by!'?

Vo(g) = vo(g) ® Vi(g). (5.15)

It is clear that Vp(-) forms a projective representation of G with degree-2 cohomology

class co + O’IR e H*G, U(1)p). We shall show that the 2-cocycle associated to the

projective representation Vo (-) is equivalent to that given by ng (+), and has the associated

degree-2 cohomology class a§. This implies the desired identity cq + alR =oX.

To confirm the claim, note for any A € 20y and B € Qllf that

Vo(8){©0 o i (A ® B)}(Vo(8))* = Vo(8)(A ® ¥(B)))(Vo(g)*
= {vo(9) A (vo(e)*} & {Vi () (v(B)) (V1 ()"}
E(9)(A) @ {(¥ 0 E(9)(B)}
(®p o 0 E(9))(A ® B)
= (@90 ER(g) o M) (A ® B). (5.16)

This implies ; y ~
(90 EF 0 (©0) ) (X) = Vo(g) X (Vo(g))*, (5.17)

forany X € B(Eg). This should be compared with (4.2) with x = 0 and D = R. Again
from the uniqueness of the cohomology class, we see that the projective representation
Vo () is characterized by o(l){. O
Proof of Lemmas 9 and 10 To prove the two lemmas in a unified manner, consider two
sub C*-algebras 2U; and 2, of A related by a linear *x-automorphism y on 2 such that
y () = A;. We assume that p(y (A)) = p(A) for any A € 2, and that y o E(g) =
E(g)oy.Inthe context of Lemma 9, we set | = Ql?, Ay = Ql§ or; = Ql%, Ay = Qlly‘,
and let y be the corresponding translation. In the context of Lemma 10, we set2(; = Ql)';,
Ay = QLEX, and let y be the reflection R.

Let (H, 7, ) be a GNS triple of plg,, and ¢ be a *-isomorphism from 77 ()" onto
B(K), for some Hilbert space K. Assume that there is a projective representation V (g) of
G on KCsuchthat AdV (g)otomr = tomo E(g). By the y-invariance of p, (H, woy, Q) is

12 1 et A1 and A3 be antilinear operators on Hilbert spaces H 1 and Hj, respectively. We denote by A1 ® Ap
the unique antilinear operator on H| ® Hj that satisfy (A} ® Az)(v] ® v2) = (A1v]) ® (Azvy) for any
vy € Hyand vy € Hp.
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aGNS triple of poy|g, = plar,. Then, ¢ is a k-isomorphism from 7w oy (2A2)” = 7w (A)”
onto B(K), and we have

AdV(g)otomoy(A)=tomoyo&(g)(A), A . (5.18)

This means that V (g) plays a role of VxD (g) in (4.2) and completes the proof. O

6. Discussion

We have developed a general method for proving Lieb—Schultz—Mattis type no-go the-
orems for quantum spin chains with on-site symmetry. Our method makes use of the
topological indices that characterize projective representations of the symmetry that
emerge at the edges of half-infinite chains. In order to define meaningful indices in a
mathematically rigorous manner, it was essential to follow [Ogal8] and introduce the
effective Hilbert space ICE for the half-infinite chain through the von Neumann algebra
D oDy
(A7)

By using this method we proved a general theorem, Theorem 4, for translation in-
variant models with on-site symmetry, which is a fully general and rigorous version of
the conjecture stated by Chen et al. [CGW10]. We also proved another general theorem,
Theorem 5, which applies to models with on-site symmetry and the reflection invariance
about the origin. This statement previously appeared as a conjecture in a paper by Po
et al. [PWJZ17].

The reader might notice that, under the assumption that there is a pure split state,
Theorem 5 only poses a constraint ¢g = 2c¢ on the degree-2 cohomology class cp of
the site at the origin, while Theorem 4 completely determines the degree-2 cohomology
class of all the sites as ¢, = 0. This does not mean that Theorem 5 is incomplete. One
can explicitly construct a reflection invariant pure split state with ¢ % 0, for example,
in a model with on-site Z3 x Z3 symmetry, where the second group cohomology is given
by H>(Z3 x Z3,U(1)) = {0, 1, 2}. See [OT20].

It is clear that Theorem 4 can be readily extended to an on-site symmetric model
that is invariant under translation followed by a global transformation (such as a spin
rotation) which preserves the symmetry. Likewise Theorem 5 can be extended to an on-
site symmetric model that is invariant under the reflection followed by a similar global
transformation. We do not, however, regard these statements as genuine extensions since
these models may be transformed into translation invariant ones or reflection invariant
ones.

Our Lieb—Schultz—Mattis type theorems for on-site symmetric quantum spin chains
are obtained by detecting a nontrivial necessary condition for the existence of a pure
split state that follows from basic properties of the degree-2 cohomology classes and the
assumed geometric invariance of the model. Recalling that translation and reflection are
essentially the only nontrivial invariance of the infinite chain Z, it is likely that Lieb—
Schultz—Mattis type theorems for quantum bosonic spin chains with discrete on-site
symmetry are essentially exhausted by our two theorems.

Similar Lieb—Schultz—Mattis type statements in two or higher dimensions have been
discussed in the literature [PTAV12, WPVZ15,PWIJZ17,Wat18]. It is quite challenging
to see if these statements can be made into theorems by using similar operator algebraic
techniques.
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A Generalization to Compact Lie Groups

In the main part of the paper we assumed that the on-site symmetry group G is finite.
Here we outline how to generalize our setup to cover the case where the on-site symmetry
group G is a compact Lie group. This generalization was first considered in [DQ12].

‘We note that the original theorem of Lieb, Schultz, Mattis given in [LSM61, Appendix
B] was for the SU(2)-symmetric Heisenberg chain, which can be thought of as an
example of our general theorem when G = SO(3),0or G = Zy x Zy C SO(3), as we
used in Sect. 1. Lieb—Schultz—Mattis type theorems for compact Lie groups for more
general compact groups have also been discussed in the literature, see [YHO18] and the
references therein.

The main technical issue is that the definition of the group cohomology associated to
a projective representation, given in Sect. 2, requires modifications when G is a compact
Lie group. Just as we want a representation V (g) of a Lie group G to be a continuous
map, we need to impose some appropriate conditions on the cocycle ¢ (g, /) as a function
onG x G.

We split the discussions in two cases, namely i) when the compact group G is con-
nected and the corresponding Lie algebra g is semisimple, and then ii) when G is a more
general compact Lie group. We give a proof in the case i); we only give an indication
of a proof in the case ii). The essential idea in the case i) is to find a suitable choice
of finite subgroups G; of G so that the projective representations of G can be captured
by those of G;. This approach was already studied e.g. in [EBD13,DQ13] when G is a
classical simple group except Spin(4n). Here we give a general construction applicable
for arbitrary connected semisimple groups, based on a mathematical result [BFM99].
The main point in the case ii) is that a cohomology theory suitable for characterizing pro-
jective representations of continuous groups was already given by Mackey and Moore
[Mac58,Moo64a,Moo64b].

When G is a compact connected semisimple group In this case, let G be the universal
covering group of G such that G = G/H where H is an abelian normal subgroup of G
so that we have the extension

0—H—G-2G6—o0. (A.1)

We note that H = 71 (G).
Let us consider a translation-invariant quantum spin chain where the Hilbert space

b at each site is in a representation of G. 2, carries an adjoint action of G. Suppose
that b, as a representation of H is a direct sum of a single irreducible representation ¢
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of H. Then H acts trivially on 2. Therefore 2, is a representation of G, and therefore
2l is a representation of G. The version of theorem 4 in this setting is the following:

Theorem 4’ Consider a system with translation symmetry. Suppose there is a pure split
state p that is G-invariant and translation invariant. Then c is the trivial representation
of H = m1(G).

The proof of the theorem 5 for compact connected semisimple G is entirely similar,
so we omit it. Our proof relies on the following lemma 12.

To motivate the context of the lemma, consider the case G = SO(3), for which we
have G = SU(2) and H = Z,. Recall that we used G' = Zo x Zo C SO(3) as one of
the main examples in the main part of the paper. Let G’ := p~!'(G') sothat G’ = G'/H.
We then have the commutative diagram of extensions

0— H—>G — G —0
I U U . (A2)
0— H—>G — G —0

An element ¢ € H then gives an extension of G’ by U(1), therefore we have a homo-
morphism

(i H — H*(G',UQ)). (A.3)

For G’ = Z, x 7Z; this homomorphism ¢ is an isomorphism; equivalently, G’ is the
representation group of G’ = Z; x Z; in the sense of Schur, i.e. G’ is an extension of
G’ by H such that any projective representation of G’ is a genuine representation of G’
and H = H2(G', U(1)). This allows us to reduce the LSM theorem for G = SO (3) to
the LSM theorem for G’ = Z, x Z».

This construction directly generalize when G=SUn),H =17Z,and G = PSU(n).
In this case we consider two elements a, b € G given by

1 01
c 01
c? 01
a=vy . , b=y o , (A4)
"2 01
Cnfl 1 0
where ¢ is a primitive n-th roots of unity and y”* = ¢""~1/2_ They satisfy ab = cba.

Furthermore, we have

1 (n : odd),

a" =b" =
"% (n :even).

(AS)

Then G’ = (a,b) and p(G') = G’ = Z, x Z, fit in the commutative diagram (A.2)
above. We can now reduce the LSM theorem for G = P SU (n) to that for G =7y x7Zy.
In general, two elements a, b € G in a connected simply-connected Lie group such
that ab = cba where ¢ € H are said to form an almost commuting pair, and all such
pairs for an arbitrary ¢ were described in [Sch96,BFM99,KS99] for arbitrary Dynkin
type. We will make use of the following lemma concerning almost commuting pairs:
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Lemma 11 (= [BFM99, Corollary 4.2.1]). Let G be simply-connected semisimple com-
pact group and H be its center. For any ¢ € H of order n, there is an almost commuting
paira, b € G such that ab = cba satisfying (A.5).

From this lemma we derive another lemma given below:

Lemma 12. For any compact connected semisimple group G, there is a finite collection
of finite subgroups G which fits in the commutative diagram

0— H—>G — G —0
U U U (A.6)
0— H — G, — G, —0

such that we have H; ~ H2(G§,U(1)), [1H; >~ H, and therefore A ~ ]_[I:I, ~
@ H*(G}. U(1).

We provide the proof of the theorem first, and then that of the lemma.

Proof of the theorem 4’. A G-symmetric system is also G}-symmetric for each i. We

assumed that by is a direct sum of a single irreducible representation ¢ € H. This
means that as a G}-symmetric system, the degree-2 cohomology class associated to b,

is given by ¢; € H 2(G;, U(1)), where ¢; is the i-th direct sum component of ¢ in the

decomposition H ~ PH 2(G;, U(1)). We use the original Theorem 4 and conclude
that ¢; = O for each i. We therefore conclude c = 0. 0O

Proof of the lemma 12. H is a finite Abelian group, and therefore a product of cyclic
groups, H = []; Zy, . Let w; be the generator of Zy, . From Lemma 11, there is an almost

commuting pair a;, b; € G for w;. We take G; = (a,b) and G} = p(Gg). We have

G/ = 7y, x Zy, and G is its extension by Z, . The resulting group is well-known to be
the representation group of G;. O

When G is a general compact Lie group The discussion above is not satisfactory, if
one wants to consider the cases when G is not necessarily connected, e.g. G = O(n). In
such cases it is not clear to the authors whether we can always choose finite subgroups

G' of G so that the LSM theorem for G can be deduced from the LSM theorems for G

as we did above.!3

Instead, we can use a more general theory of projective representations of locally
compact Lie groups G developed in [Mac58,Moo64a,Moo64b]. There, the group co-
homology H 2(G, U(1)p) is defined by placing the condition that the cochains ¢(g, /)
on G x G is a Borel function. When G is connected and semisimple, the group coho-

mology defined in this manner is known to agree with 7;(5) as used above [Moo64a,
Proposition 2.1].

Another important theorem [Mac58, Theorem 2.2] for our purpose states that any
continuous homomorphism G — PU (H) determines a unique class in H(G, U(1)),
where PU(H) = U(H)/U(1) is the projective unitary group for a Hilbert space H.

13 Note added in proof: It is known that for a compact Lie group G, the map H*(BG, Z) — [l H*(BF,Z)
is injective, where F runs over finite subgroups of G, see https://math.stackexchange.com/questions/3821407/
and https://mathoverflow.net/questions/372106/. This means that the LSM theorem for general compact Lie
groups can be reduced to the LSM theorems for finite groups.
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Using this theorem instead of Wigner’s theorem, we should be able to attach the degree-
2 classes a}‘, af € HZ(G, U(1)p) asin the finite group case, see the discussions around
(4.2). The proof of the crucial lemma 8 then goes mostly unchanged.

Comment on the case G = U (1) Our approach does not say anything nontrivial when
G = U(1), since HX(U (1), U(1)) = {0} when defined using the Borel functions. This
is unfortunate, since early extensions of the original theorem of LSM were mainly about
relaxing the S O (3) symmetry to its U (1) subgroup. One important result in this direction
was obtained in [OYA96], where it was shown that there is no unique gapped ground
state if the filling factor v of a U (1)-symmetric system is not an integer.

More recently, in [CHR17], the various LSM theorems were given an interpretation in
terms of the mixed anomaly between the on-site symmetry G and the lattice translation
symmetry Z. This is captured by an element in

H*(B(G x Z),U(1))/H*(BG,U(1)) = H*(BG, U(1)) (A7)

where BG is the classifying space of G. In many cases the group cohomology
H2(BG, U(1)) defined in terms of the classifying space reduces to H 2(G, U(1)) defined
using cocycles on the group manifold. When G = U(1), however, this is not so, and
H%(BU (1), U(1)) = U(1) = R/Z. Moreover, it was argued in [CHR17] that the filling
factor v mod 1 specifies the element in H2(BU (1), U(1)).

In this sense, the formulation given in [CHR17] is more general and unifies two lines
of generalizations of the LSM theorem, namely to U(1) and to finite groups and com-
pact connected semisimple groups. It would be interesting to look for a mathematically
rigorous formulation which covers both these cases simultaneously.

B A Theorem for Reflection Invariant Models with U(1) Symmetry

We here describe and prove a theorem corresponding to Corollary 2 or Theorem 5
obtained by the original method of U(1) twist devised by Lieb, Schultz, and Mattis
[LSM61, Appendix B]. Let us consider a standard quantum spin chain on Z as in Sect. 1.

We let the spin quantum number at site x be S’x € {%, 1, % e, S‘max}, and assume the

symmetry S, = S_,. The spin chain is described by the formal Hamiltonian H =
Y rez hx, where the local Hamiltonian 4, acts nontrivially only on sites y such that
|y — x| < R, and satisfies ||, || < B. We further assume that %, is U(1) invariant, i.e.,

expli0 Y SPhgexp[—i0 Y SP]=hy, (B.1)
yily—x|<R yily—x|<R

forany x € Zand 6 € [0, 27r). We also define a linear x-automorphism R by 7~3(S)(Cl)) =
S(_lz and 7@(5)(5”)) = —S(_V)Z for v = 2,3, for all x € Z. Note that R describes a Zy
transformation which consists of reflection about the origin and the  -rotation about the
1-axis. We make an essential assumption that ﬁ(hx) = h_, for all x € Z. The model
has a U(1) x Z, symmetry.

Note that the Z, symmetry in this case is not an on-site symmetry, but is a global
symmetry described by R. This means that the present class of models is not covered
by Corollary 2 or Theorem 5.4

The main result of the present Appendix is the following.

14 Asa special case, one can consider spin chains which have both on-site U(1) % Z; symmetry and reflection
symmetry. Corollary 2 certainly applies to such models because Zy x Zy C U(1) % Z.



General Lieb—Schultz—Mattis Type Theorems for Quantum Spin Chains

Theorem 13. Suppose that the above quantum spin chain has a unique ground state w.
When Sy is a half-odd integer, there is no gap above the ground state.

Proof We follow Affleck and Lieb [AL86] and define the local twist operator

1
. x+4£ 3
Upi= exp[—t 3 s >], (B.2)
x=—{
for £ = 1,2, .... From the standard argument based on the U(1) invariance of iy, we
find for any ¢ that
C
(U HLUY) = o(H)| < . (B.3)

with a constant C, where Hy = Z§=7L hy withany L > £+R. See, e.g., [Tas17,Tas20].
‘We also note that

L

4
- —x+4 is®
R =exp|i Y xTns;3>] =exp[2ni Y. SO U= U, (B4

x=—4 x=—{

vghich implies 7~€(Ug) = —U,; when S is half-odd integral [AL86,MT98]. Since w is
‘R-invariant, this means that
w(Uy) =0. (B.5)

It is standard that (B.5) and (B.3) imply that there is no gap above the ground state. O

References

[AL86] Affleck, I., Lieb, E.H.: A proof of part of Haldane’s conjecture on spin chains. Lett. Math. Phys. 12,
57-69 (1986). https://doi.org/10.1007/BF00400304

[AN93] Aizenman, M., Nachtergaele, B.: Geometric aspects of quantum spin states. Commun. Math. Phys.
164, 17-63 (1994). https://projecteuclid.org/euclid.cmp/1104270709, arXiv:cond-mat/9310009

[BBDRF18] Bachmann, S., Bols, A., De Roeck, W., Fraas, M.: A many-body index for quantum charge trans-
port. Commun. Math. Phys. (2019). https://doi.org/10.1007/s00220-019-03537-x, arXiv:1810.07351
[math-ph]

[BFM99] Borel, A., Friedman, R., Morgan, J.W.: Almost commuting elements in compact Lie groups. Mem.
Am. Math. Soc. 157, x+136 (2002). https://doi.org/10.1090/memo/0747, arXiv:math.GR/9907007

[BG10] Bruner, R.R., Greenlees, J.P.C.: Connective real K-theory of finite groups. Mathematical Surveys
and Monographs, vol. 169, American Mathematical Society, Providence, RI (2010). https://doi.org/10.
1090/surv/169

[BR79] Bratteli, O., Robinson, D.W.: Operator algebras and quantum statistical mechanics. I: C*- and W*-
algebras, algebras, symmetry groups, decomposition of states. Texts and Monographs in Physics.
Springer, New York-Heidelberg (1979). https://doi.org/10.1007/978-3-662-02520-8

[BR81] Bratteli, O., Robinson, D.W.: Operator algebras and quantum-statistical mechanics. II: Equilibrium
states. models in quantum-statistical mechanics. Texts and Monographs in Physics. Springer, New
York-Berlin (1981). https://doi.org/10.1007/978-3-662-09089-3

[CGW10] Chen, X., Gu, Z.-C., Wen, X.-G.: Classification of gapped symmetric phases in one-dimensional
spin systems. Phys. Rev. B 83 (2011). https://doi.org/10.1103/PhysRevB.83.035107, arXiv:1008.3745
[cond-mat.str-el]

[CHR17] Cho, G.Y., Hsieh, C.-T., Ryu, S.: Anomaly Manifestation of Lieb—Schultz—Mattis Theorem and
Topological Phases. Phys. Rev. B 96, 195105 (2017). https://doi.org/10.1103/PhysRevB.96.195105.
arXiv:1705.03892 [cond-mat.str-el]

[DQ12] Duivenvoorden, K., Quella, T.: Topological phases of spin chains. Phys. Rev. B 87 (2013). https://
doi.org/10.1103/physrevb.87.125145, arXiv:1206.2462 [cond-mat.str-el]

[DQ13] Duivenvoorden, K., Quella, T.: From symmetry-protected topological order to landau order. Phys.
Rev. B 88 (2013). https://doi.org/10.1103/physrevb.88.125115, arXiv:1304.7234 [cond-mat.str-el]


https://doi.org/10.1007/BF00400304
https://projecteuclid.org/euclid.cmp/1104270709
http://arxiv.org/abs/cond-mat/9310009
https://doi.org/10.1007/s00220-019-03537-x
http://arxiv.org/abs/1810.07351
https://doi.org/10.1090/memo/0747
http://arxiv.org/abs/math.GR/9907007
https://doi.org/10.1090/surv/169
https://doi.org/10.1090/surv/169
https://doi.org/10.1007/978-3-662-02520-8
https://doi.org/10.1007/978-3-662-09089-3
https://doi.org/10.1103/PhysRevB.83.035107
http://arxiv.org/abs/1008.3745
https://doi.org/10.1103/PhysRevB.96.195105
http://arxiv.org/abs/1705.03892
https://doi.org/10.1103/physrevb.87.125145
https://doi.org/10.1103/physrevb.87.125145
http://arxiv.org/abs/1206.2462
https://doi.org/10.1103/physrevb.88.125115
http://arxiv.org/abs/1304.7234

Y. Ogata, Y. Tachikawa, H. Tasaki

[EBD13] Else, D.V., Bartlett, S.D., Doherty, A.C.: Hidden symmetry-breaking picture of symmetry-
protected topological order. Phys. Rev. B 88 (2013). https://doi.org/10.1103/physrevb.88.085114,
arXiv:1304.0783 [cond-mat.str-el]

[Fuj14] Fuji, Y.: Effective field theory for one-dimensional valence-bond-solid phases and their symme-
try protection. Phys. Rev. B 93 (2016). https://doi.org/10.1103/physrevb.93.104425, arXiv:1410.4211
[cond-mat.str-el]

[Has03] Hastings, M.B.: Lieb—Schultz-Mattis in higher dimensions, Phys. Rev. B 69 (2004). https://doi.org/
10.1103/PhysRevB.69.104431, arXiv:cond-mat/0305505 [cond-mat.str-el]

[HasO4] Hastings, M.B.: Sufficient conditions for topological order in insulators. Europhys. Lett. 70, 824-830
(2005). https://doi.org/10.1209/epl/i2005- 10046-x. arXiv:cond-mat/0411094 [cond-mat.str-el]
[Has07] Hastings, M.B.: An area law for one-dimensional quantum systems. J. Stat. Mech. Theory Exp.

P08024 (2007). https://doi.org/10.1088/1742-5468/2007/08/P08024, arXiv:0705.2024 [quant-ph]

[HKHO8] Hirano, T., Katsura, H., Hatsugai, Y.: Degeneracy and consistency condition for Berry phases:
Gap closing under a local gauge twist. Physi. Rev. B 78 (2008). https://doi.org/10.1103/physrevb.78.
054431, arXiv:0803.3185 [cond-mat.str-el]

[KS99] Kac, V.G., Smilga, A.V.: Vacuum Structure in Supersymmetric Yang—Mills Theories with Any Gauge
Group, arXiv:hep-th/9902029

[LSM61] Lieb, E., Schultz, T., Mattis, D.: Two soluble models of an antiferromagnetic chain. Ann. Phys. 16,
407466 (1961). https://doi.org/10.1016/0003-4916(61)90115-4

[Mac58] Mackey, G.W.: Unitary representations of group extensions. I. Acta Math. 99, 265-311 (1958).
https://doi.org/10.1007/BF02392428

[MatO1] Matsui, T.: The split property and the symmetry breaking of the quantum spin chain. Commun.
Math. Phys. 218, 393—416 (2001). https://doi.org/10.1007/s002200100413

[Matl1] Matsui, T.: Boundedness of entanglement entropy, and split property of quantum spin chains. Rev.
Math. Phys. 25 1350017, 31 (2013). https://doi.org/10.1142/S0129055X 13500177, arXiv:1109.5778
[math-ph]

[Moo64a] Moore, C.C.: Extensions and low dimensional cohomology theory of locally compact groups. 1.
Trans. Am. Math. Soc. 113, 40-63 (1964). https://doi.org/10.2307/1994090

[Moo64b] Moore, C.C.: Extensions and low dimensional cohomology theory of locally compact groups. II.
Trans. Am. Math. Soc. 113, 40-63 (1964). https://doi.org/10.2307/1994091

[MT98] Marston, J.B., Tsai, S.-W.: Chalker—Coddington network model is quantum critical. Phys. Revi. Lett.
82, 4906-4909 (1999). https://doi.org/10.1103/physrevlett.82.4906. arXiv:cond-mat/9812261 [cond-
mat.mes-hall]

[NSO06] Nachtergaele, B., Sims, R.: A multi-dimensional Lieb—Schultz—Mattis theorem. Commun. Math.
Phys. 276, 437-472 (2007). https://doi.org/10.1007/s00220-007-0342-z. arXiv:math-ph/0608046

[Ogal8] Ogata, Y.: A Zj-index of symmetry protected topological phases with time reversal symmetry for
quantum spin chains. Commun. Math. Phys. (2019). https://doi.org/10.1007/s00220-019-03521-5,
arXiv:1810.01045 [math-ph]

[Ogal9] Ogata, Y.: A classification of pure states on quantum spin chains satisfying the split property with
on-site finite group symmetries, arXiv:1908.08621 [math.OA]

[Osh99] Oshikawa, M.: Commensurability, excitation gap, and topology in quantum many-particle systems
on a periodic lattice. Phys. Rev. Lett. 84, 1535-1538 (2000). https://doi.org/10.1103/PhysRevLett.84.
1535. arXiv:cond-mat/9911137 [cond-mat.str-el]

[OT18] Ogata, Y., Tasaki, H.: Lieb—Schultz—Mattis type theorems for quantum spin chains without continuous
symmetry. Commun. Math. Phys. 372, 951-962 (2019). https://doi.org/10.1007/s00220-019-03343-
5. arXiv:1808.08740 [math-ph]

[OT20] Ogata, Y., Tasaki, H.: Complete classification of unique gapped ground states in quantum spin chains
with on-site symmetry (in preparation)

[OYA96] Oshikawa, M., Yamanaka, M., Affleck, I.: Magnetization plateaus in spin chains: “Haldane gap”
for half-integer spins. Phys. Rev. Lett. 78, 1984—1987 (1997). https://doi.org/10.1103/PhysRevLett.78.
1984. arXiv:cond-mat/9610168 [cond-mat.str-el]

[Par69] Parthasarathy, K.R.: Projective unitary antiunitary representations of locally compact groups. Com-
mun. Math. Phys. 15, 305-328 (1969). http://projecteuclid.org/euclid.cmp/1103841989

[PGWS+08] Pérez-Garcia, D., Wolf, M.M., Sanz, M., Verstraete, F., Cirac, J.I.: String order and symmetries in
quantum spin lattices. Phys. Rev. Lett. 100 (2008). https://doi.org/10.1103/PhysRevLett.100.167202,
arXiv:0802.0447 [cond-mat.str-el]

[Pra20] Prakash, A.: An elementary proof of 1d LSM theorems, arXiv:2002.11176 [cond-mat.str-el]

[PTAV12] Parameswaran, S.A., Turner, A.M., Arovas, D.P., Vishwanath, A.: Topological order and absence
of band insulators at integer filling in non-symmorphic crystals. Nat. Phys. 9, 299-303 (2013). https://
doi.org/10.1038/nphys2600. arXiv:1212.0557 [cond-mat.str-¢el]


https://doi.org/10.1103/physrevb.88.085114
http://arxiv.org/abs/1304.0783
https://doi.org/10.1103/physrevb.93.104425
http://arxiv.org/abs/1410.4211
https://doi.org/10.1103/PhysRevB.69.104431
https://doi.org/10.1103/PhysRevB.69.104431
http://arxiv.org/abs/cond-mat/0305505
https://doi.org/10.1209/epl/i2005-10046-x
http://arxiv.org/abs/cond-mat/0411094
https://doi.org/10.1088/1742-5468/2007/08/P08024
http://arxiv.org/abs/0705.2024
https://doi.org/10.1103/physrevb.78.054431
https://doi.org/10.1103/physrevb.78.054431
http://arxiv.org/abs/0803.3185
http://arxiv.org/abs/hep-th/9902029
https://doi.org/10.1016/0003-4916(61)90115-4
https://doi.org/10.1007/BF02392428
https://doi.org/10.1007/s002200100413
https://doi.org/10.1142/S0129055X13500177
http://arxiv.org/abs/1109.5778
https://doi.org/10.2307/1994090
https://doi.org/10.2307/1994091
https://doi.org/10.1103/physrevlett.82.4906
http://arxiv.org/abs/cond-mat/9812261
https://doi.org/10.1007/s00220-007-0342-z
http://arxiv.org/abs/math-ph/0608046
https://doi.org/10.1007/s00220-019-03521-5
http://arxiv.org/abs/1810.01045
http://arxiv.org/abs/1908.08621
https://doi.org/10.1103/PhysRevLett.84.1535
https://doi.org/10.1103/PhysRevLett.84.1535
http://arxiv.org/abs/cond-mat/9911137
https://doi.org/10.1007/s00220-019-03343-5
https://doi.org/10.1007/s00220-019-03343-5
http://arxiv.org/abs/1808.08740
https://doi.org/10.1103/PhysRevLett.78.1984
https://doi.org/10.1103/PhysRevLett.78.1984
http://arxiv.org/abs/cond-mat/9610168
http://projecteuclid.org/euclid.cmp/1103841989
https://doi.org/10.1103/PhysRevLett.100.167202
http://arxiv.org/abs/0802.0447
http://arxiv.org/abs/2002.11176
https://doi.org/10.1038/nphys2600
https://doi.org/10.1038/nphys2600
http://arxiv.org/abs/1212.0557

General Lieb—Schultz—Mattis Type Theorems for Quantum Spin Chains

[PTBO09] Pollmann, F., Turner, A.M., Berg, E., Oshikawa, M.: Entanglement spectrum of a topologi-
cal phase in one dimension. Phys. Rev. B 81 (2010). https://doi.org/10.1103/PhysRevB.81.064439,
arXiv:0910.1811 [cond-mat.str-el]

[PWIZ17] Po, H.C., Watanabe, H., Jian, C.-M., Zaletel, M.P.: Lattice homotopy constraints on phases
of quantum magnets. Phys. Rev. Lett. 119 (2017). https://doi.org/10.1103/PhysRevLett.119.127202,
arXiv:1703.06882 [cond-mat.str-el]

[Sch96] Schweigert, C.: On moduli spaces of flat connections with nonsimply connected struc-
ture group. Nucl. Phys. B 492, 743-755 (1997). https://doi.org/10.1016/S0550-3213(97)00152-1.
arXiv:hep-th/9611092

[SL74] Shaw, R., Lever, J.: Irreducible multiplier corepresentations and generalized inducing. Commun.
Math. Phys. 38, 257-277 (1974). https://projecteuclid.org:443/euclid.cmp/ 1103860084

[SPGC10] Schuch,N.,Pérez-Garcia, D., Cirac, I.: Classifying quantum phases using matrix product states and
projected entangled pair states. Phys. Rev. B 84 (2011). https://doi.org/10.1103/physrevb.84.165139,
arXiv:1010.3732 [cond-mat.str-el]

[SutO4] Sutherland, B.: Beautiful Models: 70 Years of Exactly Solved Quantum Many-Body Problems. World
Scientific, Singapore (2004). https://doi.org/10.1142/5552

[Tas17] Tasaki, H.: Lieb-Schultz—Mattis theorem with a local twist for general one-dimensional quan-
tum systems. J. Stat. Phys. 170, 653-671 (2018). https://doi.org/10.1007/s10955-017-1946-0.
arXiv:1708.05186 [cond-mat.stat-mech]

[Tas20] Tasaki, H.: Physics and Mathematics Of Quantum Many-body Systems. Graduate Texts in Physics.
Springer, Berlin (2020)

[Wat18] Watanabe, H.: Lieb—Schultz—Mattis-type filling constraints in the 1651 magnetic space groups. Phys.
Rev. B 97 (2018). https://doi.org/10.1103/PhysRevB.97.165117,arXiv:1802.00587 [cond-mat.str-el]

[WPVZ15] Watanabe, H., Po, H.C., Vishwanath, A., Zaletel, M.: Filling constraints for spin-orbit coupled
insulators in symmorphic and nonsymmorphic crystals. Proc. Natl. Acad. Sci. 112, 14551-14556
(2015). https://doi.org/10.1073/pnas.1514665112, arXiv:1505.04193 [cond-mat.str-el]

[YHO18] Yao, Y., Hsieh, C.-T., Oshikawa, M.: Anomaly matching and symmetry-protected critical phases
in SU(N) spin systems in 1 + 1 dimensions. Phys. Rev. Lett. 123 (2019). https://doi.org/10.1103/
PhysRevLett.123.180201, arXiv:1805.06885 [cond-mat.str-el]

[YOA97] Yamanaka, M., Oshikawa, M., Affleck, I.: Nonperturbative approach to Luttinger’s theorem in
one dimension. Phys. Rev. Lett. 79, 1110-1113 (1997). https://doi.org/10.1103/PhysRevLett.79.1110.
arXiv:cond-mat/9701141 [cond-mat.str-el]

[ZCZW15] Zeng, B., Chen, X., Zhou, D.-L., Wen, X.-G.: Quantum information meets quantum matter: from
quantum entanglement to topological phases of many-body systems. Quantum Science and Technology.
Springer, New York (2019). https://doi.org/10.1007/978-1-4939-9084-9. arXiv:1508.02595 [cond-
mat.str-el]

Communicated by Y. Kawahigashi


https://doi.org/10.1103/PhysRevB.81.064439
http://arxiv.org/abs/0910.1811
https://doi.org/10.1103/PhysRevLett.119.127202
http://arxiv.org/abs/1703.06882
https://doi.org/10.1016/S0550-3213(97)00152-1
http://arxiv.org/abs/hep-th/9611092
https://projecteuclid.org:443/euclid.cmp/1103860084
https://doi.org/10.1103/physrevb.84.165139
http://arxiv.org/abs/1010.3732
https://doi.org/10.1142/5552
https://doi.org/10.1007/s10955-017-1946-0
http://arxiv.org/abs/1708.05186
https://doi.org/10.1103/PhysRevB.97.165117
https://doi.org/10.1073/pnas.1514665112
http://arxiv.org/abs/1505.04193
https://doi.org/10.1103/PhysRevLett.123.180201
https://doi.org/10.1103/PhysRevLett.123.180201
http://arxiv.org/abs/1805.06885
https://doi.org/10.1103/PhysRevLett.79.1110
http://arxiv.org/abs/cond-mat/9701141
https://doi.org/10.1007/978-1-4939-9084-9
http://arxiv.org/abs/1508.02595

	General Lieb–Schultz–Mattis Type Theorems for Quantum Spin Chains
	Abstract:
	1 Introduction
	2 Outline of the Argument
	3 Setting and Main Results
	4 Indices for Half-Infinite Chains and the Proofs of Theorems
	5 Proof of Lemmas
	6 Discussion
	References




