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The Hubbard model

H=—t z c;gcja + h.c. —,uz cl-f,cia + Uz nin;y
l,0 l,0

(ij),o

e Hubbard 1963: originally for itinerant ferromagnetism (FM) ---
unsuccessful.

e Successful for metal-Mott
insulator transitions.

Tem perature

e High T, cuprates?

--- Still in debates.

Doping or Charge Carrier Density



1D Mott state — Absence of long-range order

o Half-filled (U>0) — Lieb-Wu solution (Hubbard).

1. Charge gap opens at U ->0: Relevance of the Umklapp term

2. Spin channel is critical > no symmetry breaking

3. Bosonization+Sine-Gordon, DMRG

e Bethe ansatz solution for the Heisenberg model.
1. Ground state energy E/N = % — In2
2. Fractionalized gapless excitation: spinon

C. N. Yang, PRL 19, 1312 (1967); Lieb and F. Y. Wu, PRL 20, 1445, (1968).



2D: Slater v.s. Mott (half-filling)
Q = (mm)

T

e Fermi surface nesting (U/t -0 ) : strong
charge fluctuations.
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e Local moments (U/t > ) : AF super-exchange.
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Crossover: Slater > Mott

e AF long-range order for all values of U.

Determinant QMC: J. Hirsch, 1985.
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Blackenbecler, Scalapinio, Sugar, PRD (1981); J. Hirsch, PRB 31, 4403 (1985).



SO(4) symmetry — pseudo-spin SU(2)

e Yang and Zhang’s n-pairing: the charge channel.
N~ =X(Deuca, nt =X ehel, [nTntl= 2N,

e Degeneracy between charge-density-wave (CDW) and
superconductivity (SC) at half-filling (U<0)

OCdW = Zi(_)ini ) A= Zi Cit Cil, A+ — ici-ici-"-[: [77+»A] — OCdW )

e Pseudo-Goldstone: n-mode

H(n+|Gsc>) = (U — o) 77+|Gsc>r ¢ g
SC CDW/SC SC



Nagaoka FM: infinite-U + single hole

P A" s coherent — ' H =
— ole’s coheren
‘m/:‘ ,K>,I\I|¢ hopping L Ilﬁ L s P +c ¢ }P
nr N w ‘o
i — L
e / / /

P: no double occupancy

e Ground state WF positive definite — Perron-Frobenius

Bases: |y(hj,{0;}) = (—)jcil(il) CI-Z G—1) ciz(j + 1) ... |vac).

e Nearly arbitrary graph (e.g. honeycomb, 15/ 2| 1 |12
diamond) -- 15 puzzle problem. 8|5|6[11
9 (10| 7

E. Bobrow, K. Stubis, Yi Li, Phys. Rev. B 98, 180101 3 [1a]13]

(2018)



Phase string — hole’s motion

e The Marshall sign can H = —t Z P{chcip + clhcio) P
be absorbed. (ifyo
+] ) S-S,

e The hole exchanges
with a spin | = a minus

(o)
Sign_ Cic = Cig» Cio — (_) Cig

H=t 2 P{—C;—TC]-T + c;rlc]-i + h.c.}P

e Hole’s motion &

frustrates the WF.

+] Z(l]){_§X * §x _§y' §y +SZ SZ}

D. Sheng, Chen, Z. Y. Weng, Phys. Rev. Lett. 98, 180101 (1996)
Z. Y. Weng, Front. Phys. 6, 370 (2011).



Transition metal oxides (large S > classical)

e Large spin magnitude from Hund'’s coupling.

e Inter-site coupling: exchange a single pair of electrons.

e 1/S-fluctuations: AS, = 1

e Bilinear exchange dominates

§.8 40t

t ~ =~ \2
Thabe (S, -S,)" +...

‘0\ ‘QCQ.
) <} ‘&’0\

g
g
Lgl d

C. Wu, Physics 3, 92 (2010).

C. Wu, Nature Physics 8, 784 (2012) (News and Views).
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Large-spin cold fermions inaccessible in solids

e A new view point: high symmetries, Sp(2N), SU(2N).

Sp(4), SO(5), SU(4) : (spin -%) 132Cg, 9Be, 135Ba, 137Ba, 2%1Hg

C. Wu, S. C. Zhang, S. Chen, Y. P. Wang, A. Tsvelik, G. M. Zhang, Lu Yu,
X. W. Guan, Azaria, Lecheminant, et al. (2003 ---).

SU(2N): V. Guriare, M. Hermele, A. Rey, E. Demler, M. Lukin, P. Zoller, et
al. (2010 ---).

e What is large? --- High symmetry (SU(2N), Sp(2N)) rather
than large spin magnitude (large S).



Cold fermions: large N=> enhanced fluctuations!

e One step of super-exchange can completely overturn spin
configurations.

AS, = +1,42,..+ S

S5 F

Large S

Large N

e Bilinear, bi-qudratic, bi-cubic terms, etc.,~ equal importance.

13



Spin-3/2 Hubbard model

H=>-t{c/,c,,+hc}- ﬂZC.a.a H§> %>

(i),

+UOZ77 (Hn(1)+U, Z)(a (. (1) { “%>

_1~

e Fermi statistics: only F,,.=0, 2 are allowed.

singlet: 77 () = (001 e (e, () | Vs

quintet: x, () = Z<2a| 2z of)c, (1)c, (i)

e Exact Sp(4), or, SO(5) symmetry: arbitrary values of t, u, Uo,
U2 and lattice geometry.

CW, J. P. Hu, S. C. Zhang, Phys. Rev. Lett. 91 , 186402(2003).



Grand unification under symmetry principle

o 42=1+3+5+7: charge, spin, quadrupole, octupole
spin (3) + spin octupole (7) = 10: Sp(4) or SO(5)

MC boundary
3 Uo=-5U2

F:SO(T)line
Uo= =32~

C: < 77(1') >#()

B: < (-)

G: SO(5)*SU(2) line
Uo=5 U2

MC boundary
Uo=U2

D<)

Pseudospin SO(3) vector
/7 = singlet SC (2) + CDW

(1)

Uzt E: SU(4) line

UO=U2 SO(7) vector
(i) >% 0 7 = singlet SC (2) + AF
7 spin qudraople (5)

A < (—)fLﬂb (i)>2£0
' » Uo

CW, J. P. Hu, S. C. Zhang, Phys.
- S0(7) line Rev. Lett. 91 , 186402(2003).

N(i)>#0 U0=3 Uz https://wucj.physics.ucsd.edu/teach/

Phy239_2019/phy239.html

“Grand unification” via SO(7) — adjoint
21 = CDW (1) +quintet SC (10) + AF
spin (3) and octupole (7)


https://wucj.physics.ucsd.edu/teach/Phy239_2019/phy239.html
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Half-filled SU(2N) Hubbard model

—t i {cihcie +he Y +— E(nl N)?

(ij)o=1

AE =U
e Atomic limit t=0. i i :> X B i

o # of super-exchange processes scales as N2.

SU(4) one step of i l l i

exchange

e 22 % 1

two steps of

exchages l i



Enhanced spin fluctuations

e Neel state unfavorable as N increases.

2
AE = —ZZN% j L classic-Neel

w-  38+88+838 L.,
v+ $8 88 L8 g snge

e Dimer state consists of (ZNN) resonating configurations.

e As N > z (coordination number), valence bond dimerization

favorable (Sachdev + Read).
18



Quantum Monte Carlo Simulations

Aesthetics of

Size L? brutal force
Dimension of
Hilbert Space . ( Numerical
~ efL? exactness
Poll the I Beautiful mathematical
Hilbert space structure

Quantum
Monte Carlo

« Condensed matter (Magnetism and Superconductivity),
high energy, nuclear physics



AFM: non-monotonic dependence on U

0.35 T T r
SU(2) Heisenberg limit
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D. Wang, Y. Li, Z. Cai, Z. Zhou, Y. Wang, CW, Phys. Rev. Lett. 112, 156403 (2014).



SU(4): Heisenberg model (self-conjugate)

e Stronger quantum fluctuations: AF long-range order with a
smaller moment

1 .
U—-oo:m= Z«_)l(nl +n, —n; —ny)) = 0.11 + 0.04

Assaad et al, arXiv 1906.06938

0.35

e Consistent with 1/U scaling Ll
of m based on our data. .
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SU(6): Slater > Mott, guantum phase transitions

015 T 5
Slater-AF i Moit-AF I'l.-'I::-Tt-'l.-'E;:S Mott_Heisenberg
I 14
| -
0.1} I F
. I s
2 | 3
z 5 / .
£ ,
— — —0.05+
Slater: Q(m,m ) | |
0 15
dimer Q(m,0)
= /0 = — B
. . —s I—b
g Single-particle gap A,
Py

D. Wang, Lei Wang, CW, arXiv:1907.01748



Single-particle gap softened as N increases

e Hole’s band width W ~ Nt.

20
b o ¢ = ]
Sy (2) ( )_. - " @ = 1.63
= 12 SU(4)
0.8] .
’ © . f_ ]
SU(4) P ? - ¥ \\U(G)
0 : , :




Critical exponents of the AF transition

e A continuous transition. i

i
|
o
()
_ ~|
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D. Wang, Lei Wang, CW, arXiv:1907.01748



e Structure factor fitting: 13 < U, < 13.5

—_ + .

e Columnar VBS when deep

1

Dimerization -- VBS

inside the VBS phase.

e Data insufficient to judge deconfined criticality or not

@ o1
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Mott transition of Dirac-fermion (honeycomb)

e AF - 0 for all values of U.

e Mottness starts later than

the case of square lattice:

U* = 11 for SU(6).

<" —=— SU(4)
—e— SU(6)
0.6-
Single-particle gap
0.4-
0.2- E

u- // — -i%
11

7 8 9 10
U

12

£
1.“' |:E:| ‘_!-.'_! “_.-
SU(4) s
0.8 Py
B
I 0.6 I e = U=E
:é.—;- #.__._?.'!:.'-- « =g
| . & =10
0.4 'fi T
r o » U=14
0.2 "i:! « U=16
I » U=18
(i L T T !
0.1 0.2 0.3 1L
1.5 s
(b} f?‘-";-i
1.2 A
SU(6) .1_51_'1
- 0.3 e -
= Wy " LA
= e . U=8
w1161 e a & =10
i v =12
+= LI=14
0.3 - =16
U=18
l.'l T I i
W 0.1 0.2 0.3 1L

Z. C. Zhou, D. Wang, Zi Yang Meng, Yu Wang, CW , Phys. Rev. B 93, 245157 (2016).



Dirac semi-metal - VBS transition

1 Ty —
- ) ] 2. IK-1T; 0.074 'me—su(a)
LZ Z(dl,ea + (l)dl’eb + w dl,ec)e ﬂ.ﬂ'ﬁ- —+— SU(B) {AH

Fa ™) = m| )2 — (™ + ) + ra|v |

Z. C. Zhou, D. Wang, Zi Yang Meng, Yu Wang, CW, Phys. Rev. B 93, 245157 (2016).
Hong Yao et al, Nature Communications 8, 314 (2017)



SU(4) Hubbard model ( -flux square lattice)

o Absence of the AF order at until U < 20, but expect to
appear at U — oo

e VBS order appears at U, =~ 9.8~9.9 via Binder ratio scaling.
Non-monotonic dependence on U .

lezy = Xx,y (L, Qx,y)/)(x,y (L; Qx,y + AQl,Z)

e Anomalous dimension via structural factor scaling

1
p2(L) = L1 (U = U,|1¥) > z 471 = 1.86 + 0.04

172 , . , ' x10°

o U=96 A 10
0.2} | * U=10.0 Pl
o U=12.0 A 8f
o U=20.0 P 1.68
0.15} /«g E
e jan _
78 = o 5t
0.1} Q,gff/y {1 D4 ‘a
B,na’if
e
0.05b--"" 4"
27 16 4f
0E2 . . - . : : : : 10 12 14 i
0 0.05 0.1 0.15 0.2 0.25 9.6 9.7 9.8 9.9 10 L
1/L U

Z.C. Zhou, CW, Yu Wang, Phys. Rev. B 97, 195122 (2018).



Ring exchange

o Difference between 0 and m -flux SU(4) Hubbard model starts
from the ring-exchange process: the order of t*/U3.

Pt BN
HE g -

0 - flux t/U=0
Heisenberg

o —X
AFM VBS

T - flux
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Convergence of itinerancy and locality
1D half-filled SU(N) Hubbard model: QMC study

relative band width: Wy, = (Ex (U))/{ER)

weak coupling: R
enhancement of
collision as N — oo

Hint:
an interacting[ e

large-N limit? | 3 %6} _
.

ALy N—1)U

e strong coupling: )
softening of
Mottness

AE
“ ~ —Nt2/U

N= 4 6 8 10 12 14

N

J

S. Xu, J. Barreiro, Y. Wang, CW, Phys. Rev. Lett.
121, 167205 (2018)



Fermi distribution in the strong coupling regime

e Sharpening ns(k) as N (even) increases

° Ny # the ideal Fermi distribution as N — oo

(@) , S (b) ,
0.8 0.8
0.6t 0.6
3 =
c c
0.4¢r 0.4
0.2 0.2
0 . . . . 0 0.26 03 034
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
ki K



The AF structure factor

e Opposite dependences of S(m) on N from the strong

(local moment) and weak (itinerancy) interaction regimes.

a b
@,;, __ ()
_i: ¥ even
;JII iﬂdd 2r4l.l-5ti
250 /% U =15 | R
r ¥ f— y
LI ’ Usdte -
\ — 227" - I

2.4} : p =30 - el Tt

" ' " - e--3e
' Y Y

mza- . | @ 2M=2te - * :__.---'

’ - -l".-'-:.-n ="t

e 1_,I"
8 # _.-".
2.2¢ LA 1 18y « 2
*
ot-s ‘1 U=0.5t
2.1 1.6=——
2 4 [ B 10 12 14 4 6 8 10 12 14
N even N
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Ya-filling of SU(4) -- “color magnetism”

blue red

@ reen
Bhe: BF (BT) - BR: o KIT (7
3EREBEE R+, WEF) .

* 4 sites - an SU(4) singlet (Each site belongs to the
fundamental Rep. )

baryon-like (ZM v Qv @, 3w, (4)0)

Bossche et. al., Eur. Phys. J. B 17, 367 (2000).



Sp(4) Heisenberg model at ¥-filling

e Spin exchange: bond singlet (J,), quintet (J,).

Ha = Y~ 35Qu i)~ 3,Q, i) & @

(i)
Jo=4t"1Uy,d, =4t /U, 3, =3, =0 EXE: 0+2+1+43
22

e SO(5) or Sp(4) explicitly invariant form:

Jo +

43J2 n(n,(i)  ab=1~5

J,+J : =
Hexzz 04 2Lab(|)Lab(J)+

ij

L.,: 3 spins + 7 spin-octupole tensors; n,: spin-quadrapole operators;

L, and n, together form the 15 SU(4) generators. .



1D lattice (one particle per site)

 Phase diagram obtained from bosonization + DMRG.

« Gapped spin dimer phase
at Jo > /. Jo 4

 Gapless spin liguid phase
atjo </, .

 Spin correlation exhibits
4-site periodicity of
oscillations.

o—0

spin gap
dimer

SU4): Jo =2

-0.050

-0.055 -
-0.060 '\ .
<, 0.070) *

-0.0754

-0.080 1

o 008 O log

E/Q 0,065 -\/’ \.\/.'\.\/.-_.\./.o.\]-.\./.o .\./.-.\./ ..'\./'.'\./'..\./ .-.\./. .\./"\./. .\./. .\./. .\/. \/ |

gapless spin liquid

C. Wu, Phys. Rev. Lett. 95, 266404 (2005); Hung, Wang, and Wu, PRB 05446, (2011)

—
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Sp(4) magnetism: a four-site problem

e Bond spin singlet: e

e Plaquette SU(4) singlet:

E
o VYvvs|0)

4-body EPR state; no v J
bond orders

e Level crossing:

d-wave to s-wave

e Hint to 2D?




Unsolved difficulty: 2D phase diagram

e J,=0, Neel ordering obtained by QMC.

K. Harada et. al. PRL 90, 117203, (2003).

e J,>0, no conclusive results!
Difficult both analytically and
numerically.

2D Plaquette ordering at
the SU(4) point?

Exact diagonalization on a 4*4
lattice

Bossche et. al., Eur. Phys. J. B 17, 367 (2000).

e Phase transitions as J,/J,?

i
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4x4 Exact diag. (I): Neel correlation

» Spin structure form factor peaks at (x,z) at € > 60", indicating

strong Neel correlation. o
S (q) ~ Z Z< ab(I)Lab(J)> )

1<a<b<5 i, ]

1.00

I
-

By W s o 3 = mm W O
. L B B B B B B

0.75

S.(a)

0.25 |

0.00

40

H. H. Hung, Y. P. Wang, C. Wu, Phys. Rev. B 84, 054406, (2011).



4x4 Exact Diag. (II): Dimer correlation

. E0)=EQ- 5"

* a) Break translational symm: * b) Break rotational symm:

» Susceptibility: H(5)=H, +0*H

Hoo = 31008(Q-7) Hy(i,i+%),  Hipen = 2 Hoc i1+ %) —H (i,i+)

111
111




4x4 Exact Diag. (III): Plaguette formation?

* Local Casimir; analogy to total spin of SU(2).

Open boundary condition

0 L | L | N
0° 30° 60° 9Q° 42



Pairing v.s. quartetting (RG 1 loop)

9, ,

C: Singlet
pairing

su4) Y% =9,

SU(4)
J,=0,
/
/
/
/ A
/
/
—————— >
Yo
: | Quartetting

&

CW, Phys. Rev. Lett. 95, 266404 (2005).

e (A) Luttinger liquid,
spin-charge separation.

e Two spin gap phases:
(B) quartetting, (C)
pairing.

e Ising duality
between (B) and (C).
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Digression: itinerant FM based on Hubbard model

Y. Li, E. H. Lieb, CW, PRL

An entire phase of 112, 217201 (2014).

i, QMC study to Curie-
ground state

Weiss metal

itinerant FM S. Xu, Y. Li, and CW, PRX 5, (sign problem-free)
021032, (2015).
The first proof to our \
knowledge.

A simple and
quasi-realistic
model

I

Curie-Weiss susceptibility
) v.S. metallic compressibili
. Mechanism and P o
1. Strong correlation R -
2. Hund’s rule P




Momentum space picture for CW metal

ng(k)=n;(k)+n, (k)

Domain flucutations

c.f. pseudogap phase 12 —
of high Tc V=0 =10 | T,/t ~ 0.08
1 ?%/{, b At k=0, ny(k) =
/w\ s n (k) = 0.54 < 1
b ."‘m.

0 0.2 0.4 0.6 0.8 1
k/

« Exclusion in momentum space (nytny;) = 0

« Large entropy capacity—> Wilson ratio yT/C =?
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Slater v.s Mott

Neel v.s VBS

Slater-AF

Summary

Color Magnetism
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How do interaction effec

's scale with N?

e 1D SU(N) Hubbard models: U fixed, particle # per site N/2,

.e., (k; = m/2, half-filling).

e Large U limit - softening of Mottness »> % ~ —Nt?/U
Small U limit = enhance of collision > % ~(N—-1)U

e Relative band width:

0¢ <« S°0=01

(a) T3
0.8f .~ . Y _'E -
g D.E E . - _wm T F'_ :
-« " :H ....::'--"'-- -
0.4 "':-. ':, T
117 ]
4 6 8 10 12 14

(b) 4

0.8}

0.4¢

0.2

;
H
:
5

TR RETE
Wobo b b b 4o

Preexisting
charge

fluctuation
at odd N’'s



Two views of spin quartet (weight diagrams of Lie algebra)

Solid: SU(2) (1D lattice)
S, S, 5,

—— P — > —> S

® *o—0—0 -
32 4172 1/2 3)2

Cold fermions Sp(4) or SO(5)

(2D lattice) o
2

e A high rank spinor Rep.
of a small group.

o Off-diagonal operator:

(fluctuation) s,

e The fundamental spinor

Rep of a large group.

e Much more off-diagonal

operators.

x> Tloys T3y 7lyy



