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,Φq1q2 ) =

1
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[δ(q′1 − q1)δ(q′2 − q2)± δ(q′2 − q1)δ(q′1 − q2)]

KKKÒÒÒéééüüü���âââfffÑÑÑ´́́¤¤¤���fff������///,���ÒÒÒéééÙÙÙ§§§���///(üüü���âââfffÑÑÑ´́́ÀÀÀÚÚÚfff½½½
������´́́ÀÀÀÚÚÚfff������´́́¤¤¤���fff).

���������¹¹¹: (Φq′1q′2···q
′
M
,Φq1q2···qN ) =

δMN

N!

∑
P

δP
∏

i

δ(qi − q′P i) N������éééÓÓÓ«««âââfff

¦¦¦ÚÚÚééé¤¤¤kkk���UUU���ééé���III1, 2, · · · ,N���������üüüSSSP¢¢¢111.ééé������üüüSSS¥¥¥���999ÛÛÛ
êêêggg¤¤¤���fff���������,δP = −1,ÙÙÙ§§§���¹¹¹���������üüüSSSδP = 1.

���½½½: (Φα′ ,Φα) = δ(α′ − α)

∫
dα · · · ≡

∑
n1σ1n2σ2···

∫
d~p1

∫
d~p2 · · ·

Φ =

∫
dα Φα(Φα,Φ) 1 =

∫
dα Φα(Φα, ) õõõâââfff������¤¤¤������888��� ������H������!!!kkkeee...ÃÃÃþþþ...

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT
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ÑÑÑ���¯̄̄KKK:
���|||333÷÷÷***þþþ���åååééé���������ppp���mmmvvvkkk���ppp���^̂̂���âââfffÅÅÅììì���ppp���CCC������***
þþþééé������«««���uuu)))���ppp���^̂̂§§§222ÅÅÅìììppp���©©©lll���÷÷÷***þþþ���åååééé������ppp���mmmØØØ
222kkk���ppp���^̂̂���«««���"""

���ppp���^̂̂uuu)))333âââfffÅÅÅììì���ppp���CCC������***þþþééé������«««���"""PPP������kkk���ppp���^̂̂
NNNXXX���oooNNN���mmm²²²£££)))¤¤¤������ÎÎÎ���H,���¡¡¡���NNNXXX���MMM���îîîþþþ§§§´́́NNNXXXooooooÄÄÄ
þþþ���"""©©©þþþ"""rrrùùù���NNNXXX������ppp���^̂̂���ØØØ���������ÃÃÃ���ppp���^̂̂���gggdddâââfffNNNXXX
���MMM���îîîþþþPPP���H0.òòòüüü���MMM���îîîþþþ������½½½ÂÂÂ���NNNXXX������ppp���^̂̂Vµµµ

H = H0 + V
òòòNNNXXX¥¥¥âââfff���åååééé���§§§���ppp���mmmvvvkkk���ppp���^̂̂���ÐÐÐ©©©ÚÚÚ"""


GGG���©©©OOO¡¡¡���
???���ÚÚÚÑÑÑ���§§§PPP���: Ψ+

αÚÚÚΨ−α
I ???���ÚÚÚÑÑÑ���©©©OOO���¤¤¤������888

I ���ppp���mmmÃÃÃ���ppp���^̂̂V???���ÚÚÚÑÑÑ���©©©OOO������www¤¤¤���|||gggdddõõõâââfff���

I ???���ÚÚÚÑÑÑ���÷÷÷vvv���gggdddõõõâââfff���ÓÓÓ������âââÕÕÕ[[[ÚÚÚSSSÜÜÜééé¡¡¡555CCC���'''XXX

I LLL§§§���±±±YYYµµµÃÃÃ���ppp���^̂̂���ÃÃÃ¡¡¡òòò555Wuuu)))���ppp���^̂̂���yyy333WÃÃÃ���ppp���^̂̂���ÃÃÃ¡¡¡LLL���

������ ���uuu���ÆÆÆ
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???���ÚÚÚÑÑÑ���÷÷÷vvv���âââÕÕÕ[[[CCC���: ÷÷÷vvv���gggdddõõõâââfff���ÓÓÓ������kkk���ppp���^̂̂XXXÚÚÚ���âââÕÕÕ[[[CCC���'''XXX

U(Λ, a)Ψ±p1,σ1,n1;p2,σ2,n2;··· = eiaµ((Λp1)µ+(Λp2)µ+··· )

√
(Λp1)0(Λp2)0 · · ·

p0
1p0

2 · · ·
∑
σ′1σ
′
2···

Dσ′1σ1
(W(Λ, p1))

×Dσ′2σ2
(W(Λ, p2)) · · ·Ψ±Λp1,σ

′
1,n1;Λp2,σ

′
2,n2;···≡

∫
dα′ (U0)α′αΨ±α′

U(T(θ))Ψ±p1,σ1,n1;p2,σ2,n2;··· = ei(qa1+qa2+··· )θa
Ψ±p1,σ1,n1;p2,σ2,n2;···

Λ = 1, a = (ε,~0)

eiεHΨ±α = eiεEαΨ±α HΨ±α = EαΨ±α Eα = p0
1 + p0

2 + · · ·

òòòH0ÀÀÀJJJ���¦¦¦ÙÙÙäääkkk���H������������������������ÌÌÌ,===

H0Φα = EαΦα (Φα′ ,Φα) = δ(α′ − α)

Φα´́́H0������������"""

������ ���uuu���ÆÆÆ
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???���ÚÚÚÑÑÑ���÷÷÷vvv���âââÕÕÕ[[[CCC���: ÷÷÷vvv���gggdddõõõâââfff���ÓÓÓ������kkk���ppp���^̂̂XXXÚÚÚ���âââÕÕÕ[[[CCC���'''XXX

U(Λ, a)Ψ±p1,σ1,n1;p2,σ2,n2;··· = eiaµ((Λp1)µ+(Λp2)µ+··· )

√
(Λp1)0(Λp2)0 · · ·

p0
1p0

2 · · ·
∑
σ′1σ
′
2···

Dσ′1σ1
(W(Λ, p1))

×Dσ′2σ2
(W(Λ, p2)) · · ·Ψ±Λp1,σ

′
1,n1;Λp2,σ

′
2,n2;···≡

∫
dα′ (U0)α′αΨ±α′

U(T(θ))Ψ±p1,σ1,n1;p2,σ2,n2;··· = ei(qa1+qa2+··· )θa
Ψ±p1,σ1,n1;p2,σ2,n2;···

HΨ±α = EαΨ±α H0Φα = EαΦα Eα = p0
1 + p0

2 + · · ·

LLL§§§���±±±YYYVþþþfff���������mmm���üüüzzz
nnnØØØ¥¥¥vvv½½½ÂÂÂ

=====⇒III½½½ÂÂÂ���������mmm���üüüzzz!

������ ���uuu���ÆÆÆ
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???���ÚÚÚÑÑÑ���

���mmm���üüüzzz

'''uuu���mmm���NNN555µµµ

ýýýééé���!!!ýýý¢¢¢���ÚÚÚêêêÆÆÆ������mmm§§§dddÙÙÙAAA555ûûû½½½§§§ggg���þþþ!!!///666²²²§§§

���������			333¯̄̄ÖÖÖÃÃÃ'''§§§qqq¶¶¶òòòYYY¶¶¶

���ééé���!!!LLL������ÚÚÚÊÊÊÏÏÏ������mmm´́́���aaa���ÚÚÚ			333���£££ØØØØØØ´́́°°°(((���½½½

´́́ØØØþþþ!!!���¤¤¤ééé$$$ÄÄÄ���òòòYYY���þþþÝÝÝ§§§§§§~~~���^̂̂±±±���OOOýýý¢¢¢������mmm§§§

XXX���������!!!���UUU!!!���������!!!���ccc"""

555ggg,,,óóóÆÆÆ���êêêÆÆÆ���nnn–���»»»NNNXXX666 ���iii���.ÚÚÚîîî 1686ccc5���8FFF

���mmm���üüüzzz´́́µµµþþþ!!!666²²²

������ ���uuu���ÆÆÆ
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???���ÚÚÚÑÑÑ���

E.Wigner, Ann.Math.40,149(1939) On Unitary Representations of the Inhomogeneous Lorentz Group

If we knew, e.g., the operator K corresponding to the measurement

of a physical quantity at the time t = 0, we could follow up the change

of this quantity throughout time. In order to obtain its value for the time

t = t1, we could transform the original wave function φl by D(l′, l) to

a coordinate system l′ the time scale of which begins a time t1 later︸ ︷︷ ︸
t′=t−t1, t≥t1

.

The measurement of the quantity in question in this coordinate system

for the time 0︸ ︷︷ ︸
t′=0

is given–as in original one–by the operator K. This

measurement is identical, however, with the measurement of

the quantity at time t1 = t in the original system. · · · · · ·
������ ���uuu���ÆÆÆ
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þþþfff���������mmm���üüüzzz

òòò������üüüzzz���mmm���ÈÈÈ���üüü***ÿÿÿööö���***ÿÿÿ���mmm��� ÒÒÒ���������<<<gggCCCOτÚÚÚ¦¦¦ÃÃÃþþþ������ÃÃÃLLLO

I ***ÿÿÿöööO������¨̈̈IIIPPPt§§§***ÿÿÿ���������nnnØØØ���©©©bbb���¥¥¥������Ψ

I ***ÿÿÿöööOτ������¨̈̈IIIPPPt′ = t − τ§§§aaaÉÉÉ������üüüzzz§§§***ÿÿÿ������������Ψ(τ)
***ÿÿÿöööOτggg···���mmm���///yyy333000 t′=0���§§§***ÿÿÿöööO������mmmVVV¹¹¹���t =τ . Ψ(τ)éééτ������666ÒÒÒ���������<<<333wwwgggCCC���ÃÃÃLLL"""

Ψ(τ) = U(1,−τ)Ψ = e−iHτΨ i
∂

∂τ
Ψ(τ) = H Ψ(τ) ÅÅÅ½½½������§§§���

���mmm���þþþ!!!666²²²NNNyyy������XXX���***ÿÿÿööö���mmm���þþþ!!!������mmm***ÿÿÿmmm������

������ ���uuu���ÆÆÆ
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???���ÚÚÚÑÑÑ���

???���ÚÚÚÑÑÑ������H0���������������'''XXXµµµ

???���µµµ

���¦¦¦333ÃÃÃ¡¡¡LLL���O−∞***ÿÿÿ���???������gggdddâââfff������������ÓÓÓµµµ

Ψ+(−∞) = Φ(−∞) U(1,−τ)|τ=−∞Ψ+ = U0(1,−τ)|τ=−∞Φ

úúúªªªAAA333ÅÅÅ���£££ØØØÓÓÓ������������UUU\\\¤¤¤¿¿¿ÂÂÂeeennn)))§§§ÄÄÄKKK���\\\���������òòò������Ψ+
α = Φα

Ve−iHτΨ+
α |τ→−∞=e−iH0τΦα|τ→−∞ ½½½ Ψ+

α=Ω(−∞)Φαkkkòòò���gggddd///üüüzzz���ÃÃÃ¡¡¡òòò555222���ppp���^̂̂///üüüzzz£££yyy333

Ω(τ) ≡ U†(1,−τ)U0(1,−τ) = U(1, τ)U†0 (1, τ) = eiHτe−iH0τ

ÑÑÑ���µµµ

���¦¦¦333ÃÃÃ¡¡¡òòò555O+∞***ÿÿÿ���ÑÑÑ������gggdddâââfff������������ÓÓÓµµµ

Ψ−(+∞) = Φ(+∞) U(1,−τ)|τ=+∞Ψ− = U0(1,−τ)|τ=+∞Φ

úúúªªªAAA333ÅÅÅ���£££ØØØÓÓÓ������������UUU\\\¤¤¤¿¿¿ÂÂÂeeennn)))§§§ÄÄÄKKK���\\\���������òòò������Ψ−α = Φα

Ve−iHτΨ−α |τ→+∞=e−iH0τΦα|τ→+∞ ½½½ Ψ−α=Ω(+∞)Φαkkkòòò���gggddd///üüüzzz£££ÃÃÃ¡¡¡LLL���222���ppp���^̂̂///üüüzzz���yyy333

������1,2,3

������ ���uuu���ÆÆÆ
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'''uuu???���ÚÚÚÑÑÑ���:
♣ ÚÚÚ\\\XXXÚÚÚ���üüüzzzµµµ ���mmmüüüzzz≡���mmm²²²£££!

♦ gggdddâââfff���������ppp���^̂̂���···ÜÜÜNNN?

♥ ���ppp���^̂̂���|||///ÚÚÚ\\\? ¹¹¹


ØØØ���ÚÚÚ���ØØØ? ýýý999CCCqqq

♠ ���gggdddâââfffÓÓÓ���������þþþÌÌÌ?

¶ e−iHτΨ±α |τ→∓∞ = e−iH0τΦα|τ→∓∞?

♥ ØØØ¹¹¹���mmm��� Ψ±α KKK)))


���ÜÜÜ���XXXÚÚÚüüüzzz���

������ ���uuu���ÆÆÆ
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SÝÝÝ




???���ÚÚÚÑÑÑ������SSSÈÈÈ½½½ÂÂÂ���SÝÝÝ


���µµµ Sβα = (Ψ−β ,Ψ
+
α ) α→ β AAAÇÇÇÌÌÌ

SÝÝÝ


������555���: ������4,5 Sβα = δ(β − α)− 2πiδ(Eα − Eβ)T+
βα

|||^̂̂???ÑÑÑ������������555 ´́́������!!!kkkeee...ÃÃÃþþþ...���H������������¤¤¤ÜÜÜmmm���������mmm���������555

Ψ+
α =

∫
dβ Ψ−β (Ψ−β ,Ψ

+
α ) =

∫
dβ SβαΨ−β

Ψ−α =

∫
dβ Ψ+

β (Ψ+
β ,Ψ

−
α ) =

∫
dβ S∗αβΨ+

β

NNN���555���∫
dβ S∗βγSβα =

∫
dβ (Ψ+

γ ,Ψ
−
β )(Ψ−β ,Ψ

+
α ) = (Ψ+

γ ,Ψ
+
α ) = δ(γ − α)

òòòSÝÝÝ


���ïïïááá333gggdddâââfffÄÄÄþþþ§§§ÚÚÚ\\\SÝÝÝ


���ÎÎÎ: Ψ±α = Ω(∓∞)Φα

Sβα ≡ (Φβ , SΦα) → S = Ω†(∞)Ω(−∞) = U(+∞,−∞)

U(τ, τ0) = Ω†(τ)Ω(τ0) = eiH0τe−iH(τ−τ0)e−iH0τ0 = U0(1, τ)U†(1, τ − τ0)U†0 (1, τ0)

Ω(τ) = eiHτe−iH0τ = U(1, τ)U†0 (1, τ) 555¿¿¿ U(τ, τ0)ÚÚÚ U(Λ, a) ´́́ØØØÓÓÓ���þþþ���

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

SÝÝÝ




½½½ÂÂÂ���???���ÚÚÚÑÑÑ���SSSÈÈÈ���SÝÝÝ


��� Sβα = (Ψ−β ,Ψ
+
α )

|||^̂̂âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC������ÎÎÎ���NNN���555���
V SÝÝÝ


���333âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC���eee´́́ØØØCCC���!

SÝÝÝ


������âââÕÕÕ[[[CCC���ØØØCCC555: Sβα = (Ψ−β ,Ψ
+
α ) = (U(Λ, a)Ψ−β ,U(Λ, a)Ψ+

α )

Sp′1,σ
′
1,n
′
1;p′2,σ

′
2,n
′
2;···p1,σ1,n1;p2,σ2,n2;···=

∫
dβ̄dᾱ (U∗0 )β̄βSβ̄ᾱ(U0)ᾱα ������

= eiaµ((Λp1)µ+(Λp2)µ+···−(Λp1)µ′−(Λp2)µ′−··· )

√
(Λp1)0(Λp2)0 · · · (Λp′1)0(Λp′2)0 · · ·

p0
1p0

2 · · · p0′
1 p0′

2 · · ·

×
∑

σ̄1,σ̄2,···

D(j1)
σ̄1σ1

(W(Λ, p1))D(j2)
σ̄2σ2

(W(Λ, p2)) · · ·
∑

σ̄′1,σ̄
′
2,···

D(j′1)∗
σ̄′1σ
′
1
(W(Λ, p′1))D(j′2)∗

σ̄′2σ
′
2
(W(Λ, p′2)) · · ·

×SΛp′1,σ̄
′
1,n
′
1;Λp′2,σ̄

′
2,n
′
2;···Λp1,σ̄1,n1;Λp2,σ̄2,n2;···

���>>>���²²²£££ëëëþþþaÃÃÃ'''V ���¦¦¦���ªªªmmm>>>aÃÃÃ'''V pµ1 + pµ2 + · · · − pµ′1 − pµ′2 − · · · = 0
PPPpα = pβ ,oooÄÄÄþþþ´́́ëëëYYYCCCþþþ§§§ÄÄÄþþþÅÅÅððð¿¿¿���SÝÝÝ


���¥¥¥¹¹¹ÏÏÏfffδ(~pβ −~pα)

Sβα − δ(β − α)
������4

=== −2πiδ(Eα − Eβ)T+
βα = −2πiMβαδ

4(pβ − pα)

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT
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½½½ÂÂÂ���???���ÚÚÚÑÑÑ���SSSÈÈÈ���SÝÝÝ


��� Sβα = (Ψ−β ,Ψ
+
α )

|||^̂̂âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC������ÎÎÎ���NNN���555���
V SÝÝÝ


���333âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC���eee´́́ØØØCCC���!

SÝÝÝ


������âââÕÕÕ[[[CCC���ØØØCCC555: Sβα = (Ψ−β ,Ψ
+
α ) = (U(Λ, a)Ψ−β ,U(Λ, a)Ψ+

α )

pα = pβ Sβα − δ(β − α) = −2πiMβαδ
4(pβ − pα)

SÝÝÝ


������SSSÜÜÜééé¡¡¡555CCC���ØØØCCC
555: Sβα=(Ψ−β ,Ψ

+
α )=(U(T(θ))Ψ−β ,U(T(θ))Ψ+

α )

Sp′1,σ
′
1,n
′
1;p′2,σ

′
2,n
′
2;···p1,σ1,n1;p2,σ2,n2;···

= ei(qa1+qa2+···−q′a1−q′a2−··· )θ
a
Sp′1,σ

′
1,n
′
1;p′2,σ

′
2,n
′
2;···p1,σ1,n1;p2,σ2,n2;···

���>>>´́́���SSSÜÜÜ===ÄÄÄëëëþþþθaÃÃÃ'''V ���¦¦¦���ªªªmmm>>>θaÃÃÃ''' qa1 + qa2 + · · · − q′a1 − q′a2 − · · · = 0

PPP qα = qβ

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

SÝÝÝ




½½½ÂÂÂ���???���ÚÚÚÑÑÑ���SSSÈÈÈ���SÝÝÝ


��� Sβα = (Ψ−β ,Ψ
+
α )

|||^̂̂âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC������ÎÎÎ���NNN���555���
V SÝÝÝ


���333âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC���eee´́́ØØØCCC���!

SÝÝÝ


������âââÕÕÕ[[[CCC���ØØØCCC555: Sβα = (Ψ−β ,Ψ
+
α ) = (U(Λ, a)Ψ−β ,U(Λ, a)Ψ+

α )
pα = pβ Sβα − δ(β − α) = −2πiMβαδ

4(pβ − pα)

^̂̂gggdddâââfff���âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC���: U0(Λ, a) U0(T(θ))

U0(Λ, a)Φα =

∫
dᾱ(U0)ᾱαΦᾱ Sβα ≡ (Φβ , SΦα) V S =

∫
dβdα ΦβSβαΦα

Sβα=(UΨ−β ,UΨ+
α )

���U0ÝÝÝ


������@@@½½½ÂÂÂ========

∫
dβ̄dᾱ((U0)β̄βΨ−

β̄
, (U0)ᾱαΨ+

ᾱ )=

∫
dβ̄dᾱ(U∗0 )β̄βSβ̄ᾱ(U0)ᾱα

V S =

∫
dβdα ΦβSβαΦα =

∫
dβ̄dᾱdβdα Φβ(U∗0 )β̄βSβ̄ᾱ(U0)ᾱαΦα

=

∫
dβ̄dᾱdβdαΦβ(U∗0 )β̄β(Φβ̄ ,SΦᾱ)(U0)ᾱαΦα=

∫
dβdαΦβ(U0Φβ ,SU0Φα)Φα=U−1

0 (Λ,a)SU0(Λ,a)

U0���±±±´́́???¿¿¿������NNN������ÎÎÎ SÝÝÝ


���ÎÎÎ´́́âââÕÕÕ[[[CCC���ÚÚÚSSSÜÜÜééé¡¡¡555CCC���eeeØØØCCC������

������ ���uuu���ÆÆÆ
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������666ÐÐÐmmm

S = U(+∞,−∞) U(τ, τ0) = Ω†(τ)Ω(τ0) = eiH0τe−iH(τ−τ0)e−iH0τ0

i
d

dτ
U(τ, τ0) = eiH0τ (−H0 + H)e−iH(τ−τ0)e−iH0τ0 = V(τ)U(τ, τ0) V(τ) = eiH0τVe−iH0τ

U(τ, τ0) = 1− i
∫ τ

τ0

dt1V(t1) + (−i)2
∫ τ

τ0

dt1

∫ t1

τ0

dt2V(t1)V(t2)

+(−i)3
∫ τ

τ0

dt1

∫ t1

τ0

dt2

∫ t2

τ0

dt3V(t1)V(t2)V(t3) + · · ·

= T e−i
∫ τ
τ0

dt V(t) T ´́́???���¦¦¦ÈÈÈ§§§§§§òòò���mmm@@@���������ÎÎÎüüü333mmm>>> ������6,7

V(t) =

∫
d~x H̃(~r, t) H̃(x) = H̃(~r, t) ´́́ÛÛÛ���������ppp���^̂̂MMM���îîîþþþ���ÝÝÝ )))¤¤¤���mmm©©©������ÚÚÚ���������IIIuuu)))'''XXX���

ÛÛÛ���555������ddd Cluster Decomposition Principle������.
ddduuuV´́́H¥¥¥������ppp���^̂̂ÜÜÜ©©©,ØØØ´́́âââÕÕÕ[[[CCC���������CCCþþþ,XXXdddÚÚÚ\\\���ppp���^̂̂
MMM���îîîþþþ���ÝÝÝ���±±±(((���§§§´́́âââÕÕÕ[[[CCC������IIIþþþ"""

SÝÝÝ


���âââÕÕÕ[[[ÚÚÚSSSÜÜÜééé¡¡¡555ØØØCCC555���¦¦¦H̃(x)´́́âââÕÕÕ[[[ÚÚÚSSSÜÜÜééé¡¡¡555ØØØCCCþþþ

ßßßÿÿÿµµµ U0(Λ, a)H̃(x)U−1
0 (Λ, a) = H̃(Λx+a) U0(T(θ))H̃(x)U−1

0 (T(θ)) = H̃(x)

[H̃(x), H̃(x′)] = 0 x− x′ aaa���mmm��� aaa���!!!aaa111mmm���������SSS§§§aaa���ØØØ���§§§ÏÏÏ������ééé´́́ !

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

���AAAÇÇÇ���---EEE���¡¡¡

���AAAÇÇÇ òòòXXXÚÚÚ������333kkk���������mmm¥¥¥µµµ±±±ÏÏÏ555>>>^̂̂���⇒ ei~p·~L = 1

~p =
2π
L

(n1, n2, n3) δ3
V(~p′ −~p) =

1
(2π)3

∫
V

d3x ei(~p−~p′)·~x =
V

(2π)3 δ~p′,~p

ΨBox
α ≡[

(2π)3

V
]Nα/2Ψα→(ΨBox

β ,ΨBox
α )=δβα Kronecker→Sβα=[

V
(2π)3 ]

Nβ+Nα
2 SBox

βα

δT(Eα − Eβ) =
1

2π

∫ T/2

−T/2
dt ei(Eα−Eβ)t dβ = d~p1d~p2 · · ·

P(α→β) ≡ |SBox
βα |2 =[

(2π)3

V
]Nα+Nβ |Sβα|2 dβ«««mmm������êêê888µµµdNβ=[

V
(2π)3 ]Nβdβ UUU111���111���ÈÈÈ©©©§§§§§§´́́888���������

dP(α→ β) = P(α→ β)dNβ = [
(2π)3

V
]Nα |Sβα|2dβ ééékkk   ===���ÜÜÜ©©©:

Sβα ≡ −2iπδ3
V(~pβ −~pα)δT(Eβ − Eα)Mβα

VT large
−−− → −2iπδ4(pβ − pα)Mβα

dP(α→ β) = (2π)2[
(2π)3

V
]Nα−1 T

2π
|Mβα|2δ3

V(~pβ −~pα)δT(Eβ − Eα)dβ

dΓ(α→ β) ≡ dP(α→ β)

T
= (2π)3Nα−2V1−Nα |Mβα|2δ4(pβ − pα)dβ

������ ���uuu���ÆÆÆ
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---EEE���¡¡¡

Sβα
connect part

−−−−−−− → −2iπδ4(pβ − pα)Mβα

dΓ(α→ β) ≡ dP(α→ β)

T
= (2π)3Nα−2V1−Nα |Mβα|2δ4(pβ − pα)dβ

Nα = 1 : dΓ(α→ β) = 2π|Mβα|2δ4(pβ − pα)dβ

Nα = 2 : Φα =
uα
V

dσ(α→ β) ≡ dΓ(α→ β)

Φα
= (2π)4u−1

α |Mβα|2δ4(pβ − pα)dβ

dP(1 + 2→ β) =
dσ(1 + 2→ β)uαT

V

������ ���uuu���ÆÆÆ
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���AAAÇÇÇ���---EEE���¡¡¡

âââÔÔÔ[[[CCC���555���µµµ

Sp′1,σ
′
1,n
′
1;p′2,σ

′
2,n
′
2;···p1,σ1,n1;p2,σ2,n2;···

= eiaµ((Λp1)µ+(Λp2)µ+···−(Λp1)µ′−(Λp2)µ′−··· )

√
(Λp1)0(Λp2)0 · · · (Λp′1)0(Λp′2)0 · · ·

p0
1p0

2 · · · p0′
1 p0′

2 · · ·

×
∑

σ̄1,σ̄2,···

D(j1)
σ̄1σ1

(W(Λ, p1))D(j2)
σ̄2σ2

(W(Λ, p2)) · · ·
∑

σ̄′1,σ̄
′
2,···

D(j′1)∗
σ̄′1σ
′
1
(W(Λ, p′1))D(j′2)∗

σ̄′2σ
′
2
(W(Λ, p′2)) · · ·

×SΛp′1,σ̄
′
1,n
′
1;Λp′2,σ̄

′
2,n
′
2;···Λp1,σ̄1,n1;Λp2,σ̄2,n2;··· Sβα − δ(β − α) = −2πiMβαδ

4(pβ − pα)

Rβα ≡
∑
spins

|Mβα|2
∏
β

E
∏
α

E IIIéééÐÐÐ���σ"""���σ′¦¦¦ÚÚÚ±±±©©©OOO������DÚÚÚD∗ÝÝÝ


 is invariant

Nα = 1 :
∑
spins

dΓ(α→ β) = 2πE−1
α Rβαδ

4(pβ − pα)
dβ∏
β E

Nα = 2 :
∑
spins

dσ(α→ β) = (2π)4u−1
α E−1

1 E−1
2 Rβαδ

4(pβ − pα)
dβ∏
β E

������ ���uuu���ÆÆÆ
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âââÔÔÔ[[[CCC���555���µµµ

Rβα ≡
∑
spins

|Mβα|2
∏
β

E
∏
α

E is invariant

Nα = 1 :
∑
spins

dΓ(α→ β) = 2πE−1
α Rβαδ

4(pβ − pα)
dβ∏
β E

UUU1/EαCCC���

Nα = 2 :
∑
spins

dσ(α→ β) = (2π)4u−1
α E−1

1 E−1
2 Rβαδ

4(pβ − pα)
dβ∏
β E

ØØØCCC���

uα ≡
√

(p1 · p2)2 − m2
1m2

2

E1E2

~p1 = 0→ E1 = m1 → p1 · p2 = m1E2 → uα =
|~p2|
E2

~p =
m0~v√
1− v2

E =
m0√

1− v2

p1 = (~p,E1) p2 = (−~p,E2) E = E1+E2 → uα =
|~p|E
E1E2

= |~p1

E1
− ~p2

E2
|

(|~p|2 + E1E2)
2 − (E2

1 − |~p|2)(E2
2 − |~p|2) = |~p|2(E1 + E2)

2

������ ���uuu���ÆÆÆ
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������mmmµµµ

Nα = 1 :
∑
spins

dΓ(α→ β) = 2πE−1
α Rβαδ

4(pβ − pα)
dβ∏
β E

UUU1/EαCCC���

~pα = 0 ~p′1 = −~p′2 −~p′3 − · · ·
δ4(pβ − pα)dβ = δ3(~p′1 +~p′2 + · · · )δ(E′1 + E′2 + · · · − E)d~p′1d~p′2 · · ·

Nα = 2 :
∑
spins

dσ(α→ β) = (2π)4u−1
α E−1

1 E−1
2 Rβαδ

4(pβ − pα)
dβ∏
β E

~p1 +~p2 = 0

Nβ = 2 : δ4(pβ − pα)dβ = δ(E′1 + E′2 − E)d~p′1 1→ 1′ + 2′ 1 + 2→ 1′ + 2′

= δ(
√
|~p′1|2 + m′21 +

√
|~p′1|2 + m′22 − E)|~p′1|2d|~p′1|dΩ =

|~p′1|E′1E′2
E

dΩ

(E − E′1)
2 = E′21 + m′22 − m′21 (E − E′2)

2 = E′22 + m′21 − m′22

E′1 =
√
|~p′1|2 + m′21 =

E2 − m′22 + m′21
2E

E′2 =
√
|~p′1|2 + m′22 =

E2 − m′21 + m′22
2E

|~p′1|=
√

(E2−m′21 −m′22 )2−4m′21 m′22
2E

dΓ(α→β)

dΩ

∣∣∣∣
Nα=1

dΓ = 2π|Mβα|2δ4(pβ − pα)dβ
==============

2π|~p′1|E′1E′2
E

|Mβα|2

������ ���uuu���ÆÆÆ
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������mmmµµµ

Nα = 2 :
∑
spins

dσ(α→ β) = (2π)4u−1
α E−1

1 E−1
2 Rβαδ

4(pβ − pα)
dβ∏
β E

ØØØCCC���

Nβ = 2 : 1 + 2→ 1′ + 2′ ~p1 +~p2 = 0

dσ(α→ β)

dΩ
=

(2π)4|~p′1|E′1E′2
Euα

|Mβα|2 =
(2π)4|~p′1|E′1E′2E1E2

E2|~p1|
|Mβα|2

Nβ = 3 :

δ4(pβ − pα)dβ = d~p′2d~p′3δ(
√

(~p′2 +~p′3)2 + m′21 +

√
~p′22 + m′2

2 +

√
~p′23 + m′3

2 − E)

d~p′2d~p′3 = |~p′2|2d|~p′2||~p′3|2d|~p′3|dΩ3dφ23d cos θ23
∂E′1

∂ cos θ23
=
|~p′2||~p′3|

E′1
δ4(pβ − pα)dβ = |~p′2|d|~p′2| |~p′3|d|~p′3| E′1dΩ3dφ23 = E′1E′2E′3dE′2dE′3dΩ3dφ23

integrate out cos θ23

������ ���uuu���ÆÆÆ
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'''uuuþþþfff|||nnnØØØ§§§888ccc···���®®®²²²µµµ

I ïïïááá


gggdddâââfff���

I ÚÚÚ\\\������²²²£££ÚÚÚ===ÄÄÄ999SSSÜÜÜééé¡¡¡555���)))¤¤¤������ÎÎÎ

I ^̂̂Hïïïááá


SÝÝÝ


nnnØØØ������£££ãããÑÑÑ���¢¢¢��� ���ppp���^̂̂ÏÏÏLLLe−iHtüüüzzzÚÚÚ\\\

���III������V(t)ééégggdddâââfff���������^̂̂: Sαβ = (Φβ , SΦα) =δ(β−α)− 2πiMβαδ
4(pβ−pα)

S=Te−i
∫∞
−∞dt V(t) V(t) = eiH0tVe−iH0t =

∫
d~xH(x) [H(x),H(x′)]aaa��� = 0 H =H0+V

Nα = 1 : dΓ(α→ β) = 2π|Mβα|2δ4(pβ − pα)dβ U 1/Eα C�

Nα = 2 : dσ(α→ β) ≡ dΓ(α→ β)

Φα
= (2π)4u−1

α |Mβα|2δ4(pβ − pα)dβ âÔ[C�ØCþ

ïïïáááÛÛÛ������H(x)ééégggdddâââfff���������^̂̂? ���ÙÙÙ

I ÚÚÚ\\\éééXXXØØØÓÓÓâââfff���������ÎÎÎ: ���)))������«««���ÎÎÎ
I òòòH0ÚÚÚV999ÙÙÙ§§§)))¤¤¤������ÎÎÎ^̂̂���)))������«««���ÎÎÎÛÛÛ���///LLL���ÑÑÑ555

ïïïááá���������OOO���NNNXXXµµµ eeeÙÙÙ Wick½½½nnn¶¶¶���zzzúúúªªª¶¶¶ ´́́»»»ÈÈÈ©©©

������ ���uuu���ÆÆÆ
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���)))������«««���ÎÎÎ

���)))���ÎÎÎ���^̂̂333,,,���õõõâââfff���þþþ½½½ÂÂÂ���333ddd���þþþõõõ\\\\\\������âââfff

a†(q)Φq1q2···qN ≡ Φqq1q2···qN Φq1q2···qN = a†(q1)a†(q2) · · · a†(qN)Φ0

���)))���ÎÎÎ������������ÝÝÝ���ÎÎÎ: (Φq′1q′2···q
′
M
,Φq1q2···qN ) =

δMN
N!

∑
P
δP
∏

i δ(qi − q′P i)

(Φq′1···q
′
M
, a(q)Φq1···qN ) = (a†(q)Φq′1···q

′
M
,Φq1···qN ) = (Φqq′1···q

′
M
,Φq1···qN )

ééé���III1, 2, · · · ,N������P���¦¦¦ÚÚÚ������¤¤¤ééé���AAAÏÏÏ������������������ÄÄÄ   (Pr = 1)������
IIIr���¦¦¦ÚÚÚ,222\\\þþþééé���{{{������III1, · · · , r − 1, r + 1, · · · ,N���¤¤¤kkk������P̄¦¦¦
ÚÚÚ
∑
P =

∑N
r=1

∑
P̄ . |||^̂̂δP = δr1δP̄ (δr1´́́òòò������ÄÄÄ   ¤¤¤���zzz���δP ),

(Φq′1···q
′
M
, a(q)Φq1···qN ) =

δN,M+1

N!

N∑
r=1

∑
P̄

δr1δP̄δ(q− qr)
M∏

i=1

δ(q′i − qP̄ i)

=


N∑

r=1

δr1δ(q− qr)(Φq′1···q
′
M
,Φq1···qr−1qr+1···qN ) N ≥ 1

0 N = 0

���«««���ÎÎÎ: a(q)Φq1···qN =
N∑

r=1

δr1δ(q− qr)Φq1···qr−1qr+1···qN N ≥ 1 a(q)Φ0 = 0

������ ���uuu���ÆÆÆ
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���)))������«««���ÎÎÎ

���)))���ÎÎÎµµµ a†(q)Φq1q2···qN ≡ Φqq1q2···qN Φq1q2···qN = a†(q1)a†(q2) · · · a†(qN)Φ0

���«««���ÎÎÎ: a(q)Φq1···qN =
N∑

r=1

δr1δ(q− qr)Φq1···qr−1qr+1···qN N ≥ 1 a(q)Φ0 = 0

���)))������«««���ÎÎÎ���555���: ������8

a(q′)a†(q)∓ a†(q)a(q′) = δ(q′ − q)

a(q′)a(q)∓ a(q)a(q′) = 0 a†(q′)a†(q)∓ a†(q)a†(q′) = 0

I KKKÒÒÒéééAAAüüü���âââfffÑÑÑ´́́ÀÀÀÚÚÚfff½½½������´́́ÀÀÀÚÚÚfff������´́́¤¤¤���fff������¹¹¹

I ���ÒÒÒéééAAAüüü���âââfffÑÑÑ´́́¤¤¤���fff������¹¹¹

âââfffêêê���ÎÎÎ: ������9

N ≡
∫

d~q a†(q)a(q) [N, a†(q)] = a†(q) [N, a(q)] = −a(q)

������ ���uuu���ÆÆÆ
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���)))������«««���ÎÎÎ

���)))���«««���ÎÎÎ333âââÔÔÔ[[[CCC���eee���111���µµµ a†(p)Φp1p2···pN ≡ Φpp1p2···pN

U0(Λ, b)Φp,σ,n;p1,σ1,n1;··· = eibµ((Λp)µ+(Λp1)µ+··· )

√
(Λp)0(Λp1)0 · · ·

p0p0
1 · · ·

∑
σ̄σ̄1···

Dσ̄σ(W(Λ, p))

= U0(Λ, b)a†(~p, σ, n)U−1
0 (Λ, b)U0(Λ, b)Φp1,σ1,n1;··· × Dσ̄1σ1 (W(Λ, p1)) · · ·ΦΛp,σ̄,n;Λp1,σ

′
1,n1;···

U0(Λ, b)a†(~p, σ, n)U−1
0 (Λ, b) = ei(Λp)·b

√
(Λp)0

p0

∑
σ̄

Dσ̄σ(W(Λ, p))a†(~pΛ, σ̄, n)

= ei(Λp)·b

√
(Λp)0

p0

∑
σ̄

D∗σσ̄(W−1(Λ, p))a†(~pΛ, σ̄, n)

U0(Λ, b)a(~p, σ, n)U−1
0 (Λ, b) = e−i(Λp)·b

√
(Λp)0

p0

∑
σ̄

D†σ̄σ(W(Λ, p))a(~pΛ, σ̄, n)

= e−i(Λp)·b

√
(Λp)0

p0

∑
σ̄

Dσσ̄(W−1(Λ, p))a(~pΛ, σ̄, n)

������ ���uuu���ÆÆÆ
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���)))������«««���ÎÎÎ

���)))���«««���ÎÎÎ333���mmm������CCC���eee���111���µµµ a†(p)Φp1p2···pN ≡ Φpp1p2···pN

kkk���þþþ���UUU: PΨp,σ = ηΨPp,σ

ÃÃÃ���þþþ���UUU: PΨp,σ = ησe∓iπσΨPp,−σ KKKÒÒÒ: 0 ≤ φ < π, ���ÒÒÒ: π ≤ φ < 2π φ´́́~p333xy²²²¡¡¡þþþÝÝÝKKK���x¶¶¶���YYY���

���)))���«««kkk���þþþ���âââfff���ÎÎÎ333���mmm������CCC���eee���111���µµµ

Pa†(~p, σ, n)P−1 = ηa†(P~p, σ, n) Pa(~p, σ, n)P−1 = η∗a(P~p, σ, n)

���)))���«««ÃÃÃ���þþþ���âââfff���ÎÎÎ333���mmm������CCC���eee���111���µµµ

Pa†(~p, σ, n)P−1 = ησe∓iπσa†(P~p,−σ, n) Pa(~p, σ, n)P−1 = η∗σe±iπσa(P~p,−σ, n)

KKKÒÒÒ: 0 ≤ φ < π, ���ÒÒÒ: π ≤ φ < 2π £££φ´́́~p333xy²²²¡¡¡þþþ���ÝÝÝKKK���x¶¶¶���YYY���¤¤¤

������ ���uuu���ÆÆÆ
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���)))������«««���ÎÎÎ

���)))���«««���ÎÎÎ333���mmm���üüüCCC���eee���111���µµµ a†(p)Φp1p2···pN ≡ Φpp1p2···pN

kkk���þþþ���UUU: TΨp,σ = (−1)j−σΨPp,−σ

ÃÃÃ���þþþ���UUU: TΨp,σ = ζσe±iπσΨPp,σ

p̂ = (sin θ cosφ, sin θ sinφ, cos θ)¥¥¥:���ÒÒÒ0≤φ<π,KKKÒÒÒéééAAAπ≤φ<2π

���)))���«««kkk���þþþ���âââfff���ÎÎÎ333���mmm���üüüCCC���eee���111���µµµ

Ta†(~p, σ, n)T−1 = (−1)j−σa†(P~p,−σ, n) Ta(~p, σ, n)T−1 = (−1)j−σa(P~p,−σ, n)

���)))���«««ÃÃÃ���þþþ���âââfff���ÎÎÎ333���mmm���üüüCCC���eee���111���µµµ

Ta†(~p, σ, n)T−1 = ζσe±iπσa†(P~p, σ, n) Ta(~p, σ, n)T−1 = ζ∗σe∓iπσa(P~p, σ, n)

p̂ = (sin θ cosφ, sin θ sinφ, cos θ)¥¥¥���ÒÒÒ0≤φ<π,KKKÒÒÒéééAAAπ≤φ<2π

������ ���uuu���ÆÆÆ
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���)))������«««���ÎÎÎ

���)))���«««���ÎÎÎ333SSSÜÜÜééé¡¡¡555CCC���eee���111���µµµ a†(p)Φp1p2···pN ≡ Φpp1p2···pN

U0(T(θ))Ψq,σ = eiqaθ
a
Ψq,σ Qa Ψq,σ = qa Ψq,σ

���)))���«««âââfff���ÎÎÎ333SSSÜÜÜééé¡¡¡555U(1))))¤¤¤���QaCCC���eee���111���µµµ

[Qa, a†(~q)]Φq1q2···qn = QaΦqq1q2···qn − a†(~q)(qa1 + qa2 + · · · )Φq1q2···qn

= qaΦqq1q2···qn = qaa†(~q)Φq1q2···qn

[Qa, a†(~q)] = qaa†(~q) [Qa, a(~q)] = −qaa(~q)

������ ���uuu���ÆÆÆ
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���)))ÚÚÚ���«««���ÎÎÎ333���III���mmm���LLL���:

H̃(x) =
∑
NM

∫
dp1 · · · dpNdp′1 · · · dp′M c̃(x, p1, · · · , pN , p′1, · · · , p′M) a(p1) · · · a(pN)a†(p′1) · · · a†(p′M)

=
∑
NM

cNM ψ+,N
l (x)ψ−,Ml (x)

ψ+
l (x)=

∑
σ,n

∫
d3p ul(x;~p, σ, n)a(~p, σ, n) ψ−l (x)=

∑
σ,n

∫
d3p vl(x;~p, σ, n)a†(~p, σ, n)

♣ ÛÛÛ������ppp���^̂̂MMM���îîîþþþ���LLL���III���

S = T e−i
∫ τ
τ0

dt V(t) V(t) = eiH0tVe−iH0t =
∫

d~x H̃(~r, t)
U0(Λ, a)H̃(x)U−1

0 (Λ, a) = H̃(Λx+a)

z ������mmm������)))������«««������������III���mmméééXXX þþþfff|||: ���)))���«««���ÎÎÎ���888ÜÜÜ !

♥ ÛÛÛ���555! §§§���������(((JJJ���÷÷÷vvvcluster decomposition���nnn§§§������LLL555QQQººº

♠ ÏÏÏJJJ555! [H̃(x), H̃(x′)] = 0 x− x′ aaa���mmm���
������ ���uuu���ÆÆÆ
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���)))ÚÚÚ���«««���ÎÎÎ333���III���mmm���LLL���:

ψ+
l (x)=

∑
σ,n

∫
d3p ul(x;~p, σ, n)a(~p, σ, n) ψ−l (x)=

∑
σ,n

∫
d3p vl(x;~p, σ, n)a†(~p, σ, n)

[Qa, a†(~q)] = qaa†(~q) [Qa, a(~q)] = −qaa(~q)

[Qa, ψ
±
l (x)] = ∓qaψ

±
l (x)

���¦¦¦ul(x;~p, σ, n)ÚÚÚvl(x;~p, σ, n)÷÷÷vvv: U0(Λ, a)H̃(x)U−1
0 (Λ, a) = H̃(Λx+a)

U0(Λ, a)ψ+
l (x)U−1

0 (Λ, a) =
∑

l̄

D+
l l̄ (Λ

−1)ψ+
l̄ (Λx + a)

U0(Λ, a)ψ−l (x)U−1
0 (Λ, a) =

∑
l̄

D−l l̄ (Λ
−1)ψ−l̄ (Λx + a)

D±(Λ−1)D±(Λ̄−1) = D±((Λ̄Λ)−1) D±(Λ1)D±(Λ2) = D±(Λ1Λ2)

������ ���uuu���ÆÆÆ
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���)))ÚÚÚ���«««���ÎÎÎ333���III���mmm���LLL���:

ψ+
l (x)=

∑
σ,n

∫
d3p ul(x;~p, σ, n)a(~p, σ, n) ψ−l (x)=

∑
σ,n

∫
d3p vl(x;~p, σ, n)a†(~p, σ, n)

[Qa, ψ
±
l (x)] = ∓qaψ

±
l (x) U0(Λ, a)ψ±l (x)U−1

0 (Λ, a) =
∑

l̄

D±l l̄ (Λ
−1)ψ±l̄ (Λx + a)

U0(eω, ε) = e
i
2ωρσJρσ+iερPρ D±(eω) = e

i
2ωρσJ

ρσ

���D±���ddduuu���Jσρ���ÝÝÝ


������|||LLL«««vvvooo���555���¦¦¦

i[J µν ,J ρσ] = gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ

[
i
2
ωρσJρσ + iερPρ, ψ±l (x)] = − i

2
ωρσJ ρσl̄l ψ±l̄ (x) + [ωρσxσ + ερ]∂

ρψ±l (x)

[Pρ, ψ±l (x)] = −i∂ρψ±l (x) [xσ,−i∂ρ] = igσρ H ∼ −i∂t,~P ∼ i∇���^̂̂���ÎÎÎþþþ���ÏÏÏ~~~���^̂̂���þþþ������������KKKÒÒÒ���

[Jρσ, ψ±l (x)] = −J ρσl̄l ψ±l̄ (x) + i(xρ∂σ − xσ∂ρ)ψ±l (x) Lρσ ≡ −i(xρ∂σ − xσ∂ρ)

i[Lµν , Lρσ] = gνρLµσ − gµρLνσ − gσµLρν + gσνLρµ [J µν , Lρσ] = 0

i[i∂µ, Lρσ] = gµρi∂σ − gµσi∂ρ [i∂µ,J ρσ] = 0 [i∂µ, i∂ρ] = 0

|||���mmm���Pauli-Lubanski���ÎÎÎ: Wµ ≡ − 1
2 ε
µνρσi∂ν(Lρσ + Jρσ) = − 1

2 ε
µνρσi∂νJρσ

������ ���uuu���ÆÆÆ
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���)))ÚÚÚ���«««���ÎÎÎ333���III���mmm���LLL���:

ψ+
l (x)=

∑
σ,n

∫
d3p ul(x;~p, σ, n)a(~p, σ, n) ψ−l (x)=

∑
σ,n

∫
d3p vl(x;~p, σ, n)a†(~p, σ, n)

U0(Λ, a)ψ±l (x)U−1
0 (Λ, a) =

∑
l̄

D±l l̄ (Λ
−1)ψ±l̄ (Λx + a)

U0(Λ, b)a(~p, σ, n)U−1
0 (Λ, b) =e−i(Λp)·b

√
(Λp)0

p0

∑
σ̄

Dσσ̄(W−1(Λ,p))a(~pΛ,σ̄,n)

U0(Λ, b)a†(~p, σ, n)U−1
0 (Λ, b) =ei(Λp)·b

√
(Λp)0

p0

∑
σ̄

D∗σσ̄(W−1(Λ,p))a†(~pΛ,σ̄,n)

∑
l̄

D+
l l̄ (Λ

−1)ūl(Λx + b;~pΛ, σ̄, n) =

√
p0

(Λp)0

∑
σ

Dσσ̄(W−1(Λ, p))e−i(Λp)·bul(x;~p, σ, n)

∑
l̄

D−l l̄ (Λ
−1)v̄l(Λx + b;~pΛ, σ̄, n) =

√
p0

(Λp)0

∑
σ

D∗σσ̄(W−1(Λ, p))ei(Λp)·bvl(x;~p, σ, n)

d3p

√
(Λp)0

p0 =
d3p
p0

√
p0(Λp)0 =

d3(Λp)

(Λp)0

√
p0(Λp)0 = d3(Λp)

√
p0

(Λp)0

������ ���uuu���ÆÆÆ
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���)))ÚÚÚ���«««���ÎÎÎ333���III���mmm���LLL���:

ψ+
l (x)=

∑
σ,n

∫
d3p ul(x;~p, σ, n)a(~p, σ, n) ψ−l (x)=

∑
σ,n

∫
d3p vl(x;~p, σ, n)a†(~p, σ, n)

∑
l̄

D+
l l̄ (Λ

−1)ūl(Λx + b;~pΛ, σ̄, n) =

√
p0

(Λp)0

∑
σ

Dσσ̄(W−1(Λ, p))e−i(Λp)·bul(x;~p, σ, n)

∑
l̄

D−l l̄ (Λ
−1)v̄l(Λx + b;~pΛ, σ̄, n) =

√
p0

(Λp)0

∑
σ

D∗σσ̄(W−1(Λ, p))ei(Λp)·bvl(x;~p, σ, n)

∑
σ̄

ūl(Λx+b;~pΛ, σ̄, n)Dσ̄σ(W(Λ, p))=

√
p0

(Λp)0

∑
l

D+
l̄ l (Λ)e−i(Λp)·bul(x;~p, σ, n)

∑
σ̄

v̄l(Λx+b;~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p))=

√
p0

(Λp)0

∑
l

D−l̄ l (Λ)ei(Λp)·bvl(x;~p, σ, n)

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

²²²£££

ψ+
l (x)=

∑
σ,n

∫
d3p ul(x;~p, σ, n)a(~p, σ, n) ψ−l (x)=

∑
σ,n

∫
d3p vl(x;~p, σ, n)a†(~p, σ, n)∑

σ̄

ūl(Λx+b;~pΛ, σ̄, n)Dσ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)e−i(Λp)·bul(x;~p, σ, n)∑

σ̄

v̄l(Λx+b;~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)ei(Λp)·bvl(x;~p, σ, n)

Λ=1,b???¿¿¿,V D+(Λ)=D−(Λ)=1 V ul(x+b;~p,σ,n)=e−ip·bul(x;~p,σ,n) vl(x+b;~p,σ,n)=eip·bvl(x;~p,σ,n)

V ul(x;~p, σ, n) =
e−ip·x

(2π)3/2 ul(~p, σ, n) 555¿¿¿���êêêþþþ������KKKÒÒÒ��� vl(x;~p, σ, n) =
eip·x

(2π)3/2 vl(~p, σ, n)

ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)︸ ︷︷ ︸
〈0|ψ−l (x)pρ|Ψ〉∼−i∂ρ〈0|ψ−l (x)|Ψ〉=〈0|[Pρ,ψ−l (x)]|Ψ〉=−〈0|ψ−l (x)Pρ|Ψ〉∑

σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p)) =
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)ul(~p, σ, n)∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p)) =
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)vl(~p, σ, n)

������ ���uuu���ÆÆÆ
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ííí???���===ÄÄÄ

kkk���þþþ���¹¹¹

ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

∑
σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p)) =
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)ul(~p, σ, n)∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p)) =
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)vl(~p, σ, n)

ííí???: ½½½ÂÂÂq = Λp, ���p = k = (M, 0, 0, 0)

Λ=L(q), L(q)ddd111���ÙÙÙ���ÑÑÑ´́́÷÷÷~q���������”ííí???”: q=L(q)(M, 0, 0, 0)=Λp

KKKL(p) = 1§§§������W(Λ, p) ≡ L−1(Λp)ΛL(p) = L−1(q)L(q) = 1

ūl(~q, σ, n) =

√
M
q0

∑
l

D+
l̄ l (L(q))ul(0, σ, n)

v̄l(~q, σ, n) =

√
M
q0

∑
l

D−l̄ l (L(q))vl(0, σ, n)

������ ���uuu���ÆÆÆ
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ííí???���===ÄÄÄ

kkk���þþþ���¹¹¹

ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

∑
σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p)) =
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)ul(~p, σ, n)∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p)) =
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)vl(~p, σ, n)

===ÄÄÄ: D+ = D− ���


···AAA���555���âââfff���ÚÚÚ\\\���

���p=k=(M, 0, 0, 0),Λ=R,������~pΛ = 0: q = Λp = p

KKKþþþÙÙÙ���ÑÑÑ���L(p) = 1§§§������W(Λ, p) ≡ L−1(Λp)ΛL(p) = L−1(p)R = R∑
σ̄

ūl(0,σ̄,n)Dσ̄σ(R)=
∑

l

D+
l̄ l (R)ul(0,σ,n)

���²²²TTT (²²²TTT´́́ððð���ªªª)
========⇒

∑
σ̄

ūl(0,σ̄,n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0,σ,n)

m §§§���´́́���±±±���EEEÑÑÑ555������ ééé���½½½ j′n ��� ~J̄ll ÀÀÀJJJ jn ≤ j′n ���~J
(jn) ???111¦¦¦)))∑

σ̄

v̄l(0,σ̄,n)D∗σ̄σ(R)=
∑

l

D−l̄ l (R)vl(0,σ,n)
���²²²TTT (²²²TTT´́́ððð���ªªª)

========⇒
∑
σ̄

v̄l(0,σ̄,n)~J(jn)∗
σ̄σ =−

∑
l

~J̄llvl(0,σ,n)

������ ���uuu���ÆÆÆ
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ííí???���===ÄÄÄ

ÃÃÃ���þþþ���¹¹¹

ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

∑
σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)ul(~p, σ, n) Dσ̄σ(W(Λ, p))=eiθ(Λ,p)σδσ̄σ∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)vl(~p, σ, n) D∗σ̄σ(W(Λ, p))=e−iθ(Λ,p)σδσ̄σ

���p=k=(κ, 0, 0, κ),Λ=L(q),: q=L(q)(κ, 0, 0, κ)=Λp

KKKL(p) = 1§§§������W(Λ, p) ≡ L−1(Λp)ΛL(p) = L−1(q)L(q) = 1

ūl(~q, σ, n) =

√
k0

q0

∑
l

D+
l̄ l (L(q))ul(~k, σ, n) v̄l(~q, σ, n) =

√
k0

q0

∑
l

D−l̄ l (L(q))vl(~k, σ, n)

���µµµp=k=(κ, 0, 0, κ), Λ = W q = Λp = k

ūl(~k, σ, n)eiθ(W,k)σ=
∑

l

D+
l̄ l (W)ul(~k, σ, n) v̄l(~k, σ, n)e−iθ(W,k)σ=

∑
l

D−l̄ l (W)vl(~p, σ, n)

������ ���uuu���ÆÆÆ
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ííí???���===ÄÄÄ

ÃÃÃ���þþþ���¹¹¹: W(θ, α, β) = S(α, β)R(θ)

ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

∑
σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)ul(~p, σ, n) Dσ̄σ(W(Λ, p))=eiθ(Λ,p)σδσ̄σ∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)vl(~p, σ, n) D∗σ̄σ(W(Λ, p))=e−iθ(Λ,p)σδσ̄σ

ūl(~k, σ, n)eiθ(W,k)σ=
∑

l

D+
l̄ l (W)ul(~k, σ, n) v̄l(~k, σ, n)e−iθ(W,k)σ=

∑
l

D−l̄ l (W)vl(~p, σ, n)

ūl(~k, σ, n)eiθσ=
∑

l

D+
l̄ l (R(θ))ul(~k, σ, n) v̄l(~k, σ, n)e−iθσ=

∑
l

D−l̄ l (R(θ))vl(~k, σ, n)

m §§§���´́́���±±±���EEEÑÑÑ555������ m

ūl(~k, σ, n)=
∑

l

D+
l̄ l (S(α, β))ul(~k, σ, n) v̄l(~k, σ, n)=

∑
l

D−l̄ l (S(α, β))vl(~k, σ, n)

V vl(~p, σ, n) = u∗l (~p, σ, n) EEE,,,D+ = D− =¢¢¢ÝÝÝ


������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

ííí???���===ÄÄÄ

ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

kkk���þþþµµµ ūl(~q, σ, n) =

√
M
q0

∑
l

D+
l̄ l (L(q))ul(0, σ, n) v̄l(~q, σ, n) =

√
M
q0

∑
l

D−l̄ l (L(q))vl(0, σ, n)

∑
σ̄

ūl(0,σ̄,n)Dσ̄σ(R)=
∑

l

D+
l̄ l (R)ul(0,σ,n)

���²²²TTT (²²²TTT´́́ððð���ªªª)
========⇒

∑
σ̄

ūl(0,σ̄,n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0,σ,n)

∑
σ̄

v̄l(0,σ̄,n)D∗σ̄σ(R)=
∑

l

D−l̄ l (R)vl(0,σ,n)
���²²²TTT (²²²TTT´́́ððð���ªªª)

========⇒
∑
σ̄

v̄l(0,σ̄,n)~J(jn)∗
σ̄σ =−

∑
l

~J̄llvl(0,σ,n)

ÃÃÃ���þþþµµµūl(~q, σ, n) =

√
k0

q0

∑
l

D+
l̄ l (L(q))ul(~k, σ, n) v̄l(~q, σ, n) =

√
k0

q0

∑
l

D−l̄ l (L(q))vl(~k, σ, n)

ūl(~k, σ, n)eiθσ=
∑

l

D+
l̄ l (R(θ))ul(~k, σ, n) v̄l(~k, σ, n)e−iθσ=

∑
l

D−l̄ l (R(θ))vl(~k, σ, n) D+ =D−=¢¢¢ÝÝÝ




ūl(~k, σ, n)=
∑

l

D+
l̄ l (S(α, β))ul(~k, σ, n) v̄l(~k, σ, n)=

∑
l

D−l̄ l (S(α, β))vl(~k, σ, n) vl = u∗l

���¡¡¡éééggg^̂̂0, 1/2���|||���???ØØØkkk���þþþ������///£££"""���þþþ���kkk���þþþ���"""���þþþ444���§§§���ÃÃÃÛÛÛÉÉÉ¤¤¤§§§éééggg^̂̂1999±±±þþþ���üüüÕÕÕ???ØØØ"""���þþþ���///"""
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ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

∑
σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D+
l̄ l (Λ)ul(~p, σ, n)∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D−l̄ l (Λ)vl(~p, σ, n)

IIIþþþþþþfff|||: D±(Λ)=1 D(W)=1, ul(~pΛ)
√

(Λp)0 =ul(~p)
√

p0 vl(~pΛ)
√

(Λp)0 =vl(~p)
√

p0

������ÄÄÄkkk���þþþ���IIIþþþ|||µµµ u(~p) = v(~p) = 1/
√

2p0 ÃÃÃ���þþþ���www������þþþªªªuuu0���444���

φ+(x) =

∫
d~p

(2π)3/2
√

2p0
e−ip·xa(~p) φ−(x) =

∫
d~p

(2π)3/2
√

2p0
eip·xa†(~p) = (φ+(x))†

[φ+(x), φ+(y)]∓ = 0 [φ−(x), φ−(y)]∓ = 0 ééé´́́fff:ÀÀÀÚÚÚfff; ���ééé´́́fff:¤¤¤���fff

∆+(M,x−y)≡ [φ+(x),φ−(y)]∓=

∫
d~p d~p′

(2π)3(2p02p′0)1/2 e−ip·xeip′·yδ(~p−~p′)=

∫
d~p

(2π)32p0 e−ip·(x−y)
������10

������ ���uuu���ÆÆÆ
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♣ ÄÄÄþþþ���mmm������)))������«««���ÎÎÎ:

[a(q), a†(q′)]∓ = δ(~q−~q′) [a(q), a(q′)]∓ = [a†(q), a†(q′)]∓ = 0 a(q)Φ0 =0

N ≡
∫

d~p N(p) [N(p), a†(q)] = δ(~p−~q)a†(q) [N, a†(q)] = a†(q)

N(p) ≡ a†(p)a(p) [N(p), a(q)] = −δ(~p−~q)a(q) [N, a(q)] = −a(q)

♠ ���III���mmm������)))������«««���ÎÎÎµµµ

[φ+(x),φ−(x′)]∓=∆+(M, x−x′) [φ+(x),φ+(x′)]∓=[φ−(x),φ−(x′)]∓=0 φ+(x)Φ0=0

∆+(M, x) =

∫
d~p

(2π)32p0 e−ip·x xaaa���
===

M

4π2
√
−x2

K1(M
√
−x2)

M→∞,t=0
======

1
2M

δ(~x)

Ñ(t) ≡
∫

d~x φ−(x)φ+(x) [Ñ(t), φ−(~x, t)] =

∫
d~x′φ−(~x′, t)∆+(M,~x′−~x, 0)

[Ñ(t), φ+(~x, t)] = −
∫

d~x′φ+(~x′, t)∆+(M,~x−~x′, 0)

������ ���uuu���ÆÆÆ
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'''uuu���III���mmm������)))������«««���ÎÎÎ

[φ+(x),φ−(x′)]∓=∆+(M, x−x′) [φ+(x),φ+(x′)]∓=[φ−(x),φ−(x′)]∓=0 φ+(x)Φ0=0

∆+(M, x) =

∫
d~p

(2π)32p0 e−ip·x xaaa���
===

M

4π2
√
−x2

K1(M
√
−x2)

M→∞,t=0
======

1
2M

δ(~x)

Ñ(t) ≡
∫

d~x φ−(x)φ+(x) [Ñ(t), φ−(~x, t)] =

∫
d~x′φ−(~x′, t)∆+(M,~x′−~x, 0)

[Ñ(t), φ+(~x, t)] = −
∫

d~x′φ+(~x′, t)∆+(M,~x−~x′, 0)♣ ÅÅÅ���µµµ

eee���333µµµρ(~x) = 2M
∫

d~x′ρ(~x′)∆+(M,~x′ −~x, 0) φ̃−(t) ≡
∫

d~x ρ(~x)φ−(~x, t)

[Ñ(t), φ̃−(t)] =

∫
d~xd~x′ρ(~x′)∆+(M,~x′−~x, 0)φ−(~x, t) = φ̃−(t)

[Ñ(t), φ̃+(t)] = −
∫

d~xd~x′ρ(~x′)∆+(M,~x′−~x, 0)φ+(~x, t) = −φ̃+(t)

������ ���uuu���ÆÆÆ
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���III���mmm������)))������«««���ÎÎÎ: ∆+(M, x) = M
4π2
√
−x2

K1(M
√
−x2)

Ñ(t) ≡
∫

d~x φ−(x)φ+(x) [Ñ(t), φ−(~x, t)] =

∫
d~x′φ−(~x′, t)∆+(M,~x′−~x, 0)

[Ñ(t), φ+(~x, t)] = −
∫

d~x′φ+(~x′, t)∆+(M,~x−~x′, 0)

K1(x) =

∫ ∞
0

dt
t sin xt√
1 + t2

������ ���uuu���ÆÆÆ
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���âââfff���ÚÚÚ\\\

φ+ÚÚÚφ−|||���mmm���ØØØééé´́́£££½½½ØØØ���ééé´́́¤¤¤òòòééé���EEEH̃(x)���)))ééé������(((JJJ"""
XXXJJJH̃(x)´́́dddφ+ÚÚÚφ−|||���EEE���§§§H̃(x)333aaa���«««ééé´́́���¦¦¦φ+ÚÚÚφ−|||���mmm777
LLL´́́ééé´́́½½½���ééé´́́���§§§ÄÄÄKKKφ+|||ÚÚÚφ−|||���mmm777LLL���¤¤¤,,,«««²²²ïïï§§§±±±¦¦¦φ+|||
ÚÚÚφ−|||���mmm���ØØØééé´́́£££½½½ØØØ���ééé´́́¤¤¤���KKK���UUU


±±±,,,«««///ªªª������KKK"""

���


ÏÏÏéééùùù«««UUU


���ØØØùùù«««ØØØééé´́́555éééH̃(x)333aaa���«««���ééé´́́555���KKK������555
KKK§§§òòòφ+|||ÚÚÚφ−|||???111���������555|||ÜÜÜφ(x) ≡ κφ+(x) + λφ−(x),www´́́ÄÄÄUUU



¢¢¢yyyùùù������555|||ÜÜÜ|||333aaa���«««mmm���ééé´́́½½½���ééé´́́555���

[φ(x),φ†(y)]∓= |κ|2∆+(M,x−y)∓|λ|2∆+(M,y−x) [φ(x),φ(y)]∓=κλ{∆+(M,x−y)∓∆+(M,y−x)}

∆+(M, x− y)´́́âââÔÔÔ[[[ØØØCCCþþþ
aaa���mmm������¢¢¢yyyx−y→y−x

==========⇒∆+(M, x− y) = ∆+(M, y− x)
VÀÀÀééé´́́fffÚÚÚ|κ| = |λ|

���)))ÚÚÚ���«««���ÎÎÎ���kkk���������������???¿¿¿555§§§φccc������������NNN~~~êêê´́́ÃÃÃ''';;;���
���.���òòòκÚÚÚλ������ÀÀÀJJJ���1,===µµµφ(x) = φ+(x) + φ−(x). ±±±ùùù������«««|||ÜÜÜ���IIIþþþ
ÀÀÀÚÚÚfff|||φ(x)ÚÚÚÙÙÙ���ÝÝÝφ†(x)555���EEEH(x)���±±±���yyyÙÙÙ333aaa���«««mmm���pppééé´́́"""

������ ���uuu���ÆÆÆ
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���âââfff���ÚÚÚ\\\

φ+ÚÚÚφ−|||���mmm���ØØØééé´́́£££½½½ØØØ���ééé´́́¤¤¤òòòééé���EEEH̃(x)���)))ééé������(((JJJ"""
UUU???���{{{´́́òòòφ+|||ÚÚÚφ−|||???111���������555|||ÜÜÜφ(x) ≡ φ+(x) + φ−(x),§§§¦¦¦���333
aaa���«««mmm [φ(x), φ†(y)] = [φ(x), φ(y)] = 0

ÚÚÚuuu¯̄̄KKK:XXXφ|||���,,,«««ÅÅÅðððSSSÜÜÜÖÖÖ, H̃(x)���)))¤¤¤dddééé¡¡¡555���)))¤¤¤���ééé´́́§§§

[Qa, H̃(x)] = 0 V [Qa, φ
+(x)]− = −qaφ

+(x) [Qa, φ
−(x)]− = qaφ

−(x)

���ÖÖÖqa 6= 0���§§§eee±±±φ+ÚÚÚφ−|||���ÄÄÄ������������EEEH̃(x),������yyy[Qa, H̃(x)] = 0,zzz

������¥¥¥¹¹¹φ+���êêê888ÚÚÚ¹¹¹φ−���êêê888������===���.

���eeeUUU^̂̂±±±φÚÚÚφ†|||������ÄÄÄ������������EEEH̃(x),ØØØ+++NNN������EEE,ÑÑÑØØØ���UUU���yyyzzz
������¥¥¥¹¹¹φ+���êêê888ÚÚÚ¹¹¹φ−���êêê888������.ÃÃÃ{{{¢¢¢yyy���¦¦¦[Qa, H̃(x)] = 0.

������ ���uuu���ÆÆÆ
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���âââfff���ÚÚÚ\\\

φ+ÚÚÚφ−|||���mmm���ØØØééé´́́£££½½½ØØØ���ééé´́́¤¤¤òòòééé���EEEH̃(x)���)))ééé������(((JJJ"""
UUU???���{{{´́́òòòφ+|||ÚÚÚφ−|||???111���������555|||ÜÜÜφ(x) ≡ φ+(x) + φ−(x),§§§¦¦¦���333
aaa���«««mmm [φ(x), φ†(y)] = [φ(x), φ(y)] = 0 ���ÃÃÃ{{{¢¢¢yyy[Qa, H̃(x)] = 0.

±±±φÚÚÚφ†|||������ÄÄÄ������������EEEH̃(x)EEE¤¤¤ÃÃÃ{{{¢¢¢yyy���¦¦¦[Qa, H̃(x)] = 0���(((JJJ���
���������ÏÏÏ´́́φ|||ØØØ���φ+@@@���kkk(((½½½���ÖÖÖ,ÏÏÏ���§§§´́́ddd���−qaÖÖÖ���φ

+ÜÜÜ©©©ÚÚÚ
���+qaÖÖÖ���φ

−ÜÜÜ©©©UUU\\\¤¤¤���.
���


¦¦¦φ|||kkk(((½½½���ÖÖÖ,òòòφ¥¥¥���φ−ÜÜÜ©©©���âââfff������,,,			���«««UUU¦¦¦ÙÙÙ���
kkk−qaÖÖÖ���äääkkk������555âââfff���ÓÓÓ���þþþ���IIIþþþÀÀÀÚÚÚâââfff,φ(x) = φ+(x) + φ+c†(x)

φ+(x) =

∫
d3p

(2π)3/2
√

2p0
e−ip·xa(~p) φ+c†(x) =

∫
d3p

(2π)3/2
√

2p0
eip·xac†(~p) = (φ+c(x))†

[Qa, φ
+(x)]− = −qaφ

+(x) [Qa, (φ
+c(x))†]− = −qa(φ

+c(x))†

[Qa, a(~p)]− = −qaa(~p) [Qa, ac(~p)]− = +qaac(~p)
a(~p)ÚÚÚac(~p)´́́������������ÖÖÖ���äääkkk���ÓÓÓ���þþþ���üüü«««ØØØÓÓÓIIIþþþÀÀÀÚÚÚfff���«««���ÎÎÎ.
þþþIIIc ^̂̂uuu���«««>>>ÖÖÖ���ÝÝÝ,���NNN§§§´́́,,,���«««äääkkkÓÓÓ������þþþ������������ÖÖÖ���âââfff.

[φ(x),φ†(y)]=[φ+(x),φ+†(y)]−[φ+c(x),φ+c†(y)]=∆(M,x−y)
aaa���«««mmm
==== 0 [Qa,φ(x)]=−qaφ(x)

∆(M, x) = ∆+(M, x)−∆+(M,−x) =

∫
d~p

2p0(2π)3 [e−ip·x − eip·x] ������11

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

���âââfff���ÚÚÚ\\\

φ(x)=φ+(x)+φ+c†(x) [Qa,φ
+(x)]−=−qaφ

+(x) [Qa,(φ
+c(x))†]−=−qa(φ

+c(x))†

φ+(x) =

∫
d3p

(2π)3/2
√

2p0
e−ip·xa(~p) φ+c†(x) =

∫
d3p

(2π)3/2
√

2p0
eip·xac†(~p) = (φ+c(x))†

[Qa, a(~p)]− = −qaa(~p) [Qa, ac(~p)]− = +qaac(~p)

a(~p)ÚÚÚac(~p)´́́������������ÖÖÖ���äääkkk���ÓÓÓ���þþþ���üüü«««ØØØÓÓÓIIIþþþÀÀÀÚÚÚfff���«««���ÎÎÎ.
þþþIIIc ^̂̂uuu���«««>>>ÖÖÖ���ÝÝÝ,���NNN§§§´́́,,,���«««äääkkkÓÓÓ������þþþ������������ÖÖÖ���âââfff.

[φ(x), φ†(y)] = ∆(M, x− y)
aaa���«««mmm
==== 0 [Qa, φ(x)] = −qaφ(x)

111���ªªª���yyy^̂̂±±±φÚÚÚφ†|||���EEEH̃(x)���±±±¦¦¦ÙÙÙ333aaa���«««mmmééé´́́ÏÏÏ���yyyÏÏÏJJJ
555"""ùùù���kkküüü«««âââfff������þþþ���ÓÓÓâââUUU������!

111���ªªª���yyy^̂̂±±±φÚÚÚφ†|||555���EEEH̃(x)���±±±¢¢¢yyy���¦¦¦[Qa, H̃(x)] = 0.
XXXJJJqa 6= 0,KKKac(~p) 6= a(~p). ùùù���NNNXXX¥¥¥äääkkküüü«««���kkk������ÖÖÖ������þþþ���ÓÓÓ���ÀÀÀ
ÚÚÚIIIþþþâââfff. ···���òòòùùù«««���þþþ���ÓÓÓ���ÖÖÖ���������âââfff������âââfff.
XXXJJJqa = 0,KKK���±±±ÀÀÀJJJac(~p) = a(~p),ddd���,âââfff������ÒÒÒ´́́§§§gggCCC������âââfff,ùùù
������âââfffØØØ���ÖÖÖ,���AAA���|||´́́ggg���ÝÝÝ|||φ(x) = φ†(x).
EEEêêê���������âââfff333ÑÑÑ���mmm

������ ���uuu���ÆÆÆ
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���âââfff���ÚÚÚ\\\

φ(x)=φ+(x)+φ+c†(x) [Qa,φ
+(x)]−=−qaφ

+(x) [Qa,(φ
+c(x))†]−=−qa(φ

+c(x))†

φ+(x) =

∫
d3p

(2π)3/2
√

2p0
e−ip·xa(~p) φ+c†(x) =

∫
d3p

(2π)3/2
√

2p0
eip·xac†(~p) = (φ+c(x))†

[Qa, a(~p)]− = −qaa(~p) [Qa, ac(~p)]− = +qaac(~p)

a(~p)ÚÚÚac(~p)´́́������������ÖÖÖ���äääkkk���ÓÓÓ���þþþ���üüü«««ØØØÓÓÓIIIþþþÀÀÀÚÚÚfff���«««���ÎÎÎ.
þþþIIIc ^̂̂uuu���«««>>>ÖÖÖ���ÝÝÝ,���NNN§§§´́́,,,���«««äääkkkÓÓÓ������þþþ������������ÖÖÖ���âââfff.

[φ(x), φ†(y)] = ∆(M, x− y)
aaa���«««mmm
==== 0 [Qa, φ(x)] = −qaφ(x)

SÝÝÝ


������éééØØØØØØCCC555ÚÚÚSSSÜÜÜééé¡¡¡555ØØØCCC555���¦¦¦333NNNXXX¥¥¥���333���âââfff!

nnnØØØòòòâââfff���«««ÚÚÚ���âââfff���)))������///©©©���333|||���½½½ÂÂÂ¥¥¥,¿¿¿���ÔÔÔnnnþþþrrr§§§
���www¤¤¤´́́”���ddd”���lllÖÖÖ������ÝÝÝ,§§§¿¿¿���XXXµµµ

I ���)))âââfff”���ddd”uuu���«««���âââfff§§§½½½���)))���âââfff”���ddd”uuu���«««âââfff
I âââfff���âââfff---������åååòòòkkkuuu)))���«««���AAA������UUU555���

ùùù���´́́)))...���������ÇÇÇnnnØØØ,���ÇÇÇyyy333������âââfff¤¤¤������.

������ ���uuu���ÆÆÆ
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���âââfff���ÚÚÚ\\\

'''uuu���âââfff���µµµ555µµµ

♣ ···���)))���333������âââfff���...§§§¤¤¤kkk���âââfffÑÑÑ´́́ØØØ½½½���!

♦ ���nnn)))���¤¤¤kkk���âââfffÑÑÑ---þþþâââfff���«««KKK


��� III������ppp���^̂̂

♥ ���ùùù���¦¦¦yyy333...¥¥¥âââfff���êêê888������uuu���âââfff���êêê888!

♠ ������ooo¬¬¬kkkùùù«««ÔÔÔ������ÔÔÔ������ØØØééé¡¡¡555ººº

¶ §§§���¦¦¦ÄÄÄ������ppp���^̂̂¥¥¥kkk���)))ÔÔÔ������ÔÔÔ���ØØØééé¡¡¡���AAA���������

z C½½½CP»»»������"""������ùùù���888������

������ ���uuu���ÆÆÆ
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IIIþþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm������CCC���: Pa†(~p, σ, n)P−1 =ηa†(P~p, σ, n) Pa(~p, σ, n)P−1 = η∗a(P~p, σ, n)

Pa(~p)P−1 = η∗a(−~p) Pac(~p)P−1 = ηc∗ac(−~p)

Pφ+(x)P−1 = η∗φ+(Px) Pφ+c(x)P−1 = ηc∗φ+c(Px)

���mmm������CCC���������|||φP = η∗φ+ + ηcφ+c†999ÙÙÙ���ÝÝÝφ†P555���EEEH̃(x)®®®UUU


¦¦¦ÙÙÙ
333aaa���«««mmm���pppééé´́́,¿¿¿���±±±¢¢¢yyy[Qa, H̃(x)] = 0���···���???���ÚÚÚ���±±±ÏÏÏLLLÀÀÀ
JJJa���a†999ac���ac†���mmm������ééé������§§§¦¦¦���333���yyyφ = φ+ + φ+c†���ÓÓÓ���§§§���ééé
¡¡¡///kkk ������12

ηc = η∗ V ηηc = 1

ÃÃÃggg^̂̂���âââfffÚÚÚ���âââfff���éééÜÜÜ���¡¡¡   ������óóó. ···���yyy333PPPkkkÚÚÚ������éééφ|||���
���mmm������CCC���µµµ

Pφ(x)P−1 = η∗φ(Px) η∗ = 1IIIþþþ η∗ = −1���IIIþþþ

������ ���uuu���ÆÆÆ
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IIIþþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm���üüüCCC���: Ta†(~p, σ, n)T−1=(−1)j−σa†(P~p,−σ, n) Ta(~p, σ, n)T−1=(−1)j−σa(P~p,−σ, n)

Ta(~p)T−1 = (−1)j−σa(−~p) Tac(~p)T−1 = (−1)j−σac(−~p)

Tφ+(x)T−1 = (−1)j−σφ+(−Px) Tφ+c(x)T−1 = (−1)j−σφ+c(−Px)

ÃÃÃggg^̂̂���âââfffÚÚÚ���âââfff���éééÜÜÜ���mmm���¡¡¡   ������óóó. ···���yyy333PPPkkkÚÚÚ������
éééφ|||������mmm���üüüCCC���µµµ

Tφ(x)T−1 = (−1)j−σφ(−Px)

������ ���uuu���ÆÆÆ
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IIIþþþ|||���©©©áááééé¡¡¡555CCC���555���

>>>ÖÖÖ���ÝÝÝCCC���C:
Ca(~p)C−1=ξ∗ac(~p)⇒ Cφ+(x)C−1=ξ∗φ+c(±x) Cac(~p)C−1=ξc∗a(~p)⇒ Cφ+c(x)C−1=ξc∗φ+(±x)

ØØØ���±±±ëëëYYYCCC///���üüü   CCC������CCC���,III������äää§§§´́́NNN������ÎÎÎ,���´́́���NNN������ÎÎÎ
CU0(Λ, a)C−1φ+,c(x)CU−1

0 (Λ, a) = CU0(Λ, a)C−1ξCφ+(±x)C−1CU−1
0 (Λ, a)+NNN���¶¶¶−���NNN���

= ξCU0(Λ, a)φ+(±x)U−1
0 (Λ, a) = ξCφ+(±(Λx + a)) = φ+,c(Λx + a)C

= U0(Λ, a)φ+,c(x)U−1
0 (Λ, a)C ⇒ CU0(Λ, a)C−1 =U0(Λ, a) U0(Λ, a)C =CU0(Λ, a)

���Λµν = gµν + ωµν ÚÚÚaµ = εµ,OOO���ωÚÚÚε������U(1+ω,ε)=1+ i
2ωρσJρσ+iερPρ+· · ·

CiJρσC−1 = iJρσ CiPρC−1 = iPρ

ddduuu���ØØØUUU(((½½½C´́́NNN������ÎÎÎ,���´́́���NNN������ÎÎÎ,666rrrJJJêêêi���333333


CÚÚÚC−1���
ÎÎÎ���¥¥¥mmm. 333þþþªªª¥¥¥éééoooÄÄÄþþþ���"""©©©þþþkkk CiHC−1 = iH
XXXJJJC´́́���NNN������ÎÎÎòòò������CHC−1 = −H.§§§¿¿¿���XXXJJJbbb���ÔÔÔnnnNNNXXXäääkkk>>>ÖÖÖ
���ÝÝÝééé¡¡¡555,KKKéééAAAUUUþþþ���Ezzz���������UUU���ÑÑÑAAAkkk���AAA���KKKUUU���−E333ÔÔÔnnnÌÌÌ
¥¥¥ÑÑÑyyy,¢¢¢���þþþ¿¿¿vvvkkkuuuyyyKKKUUU���, ÏÏÏddd���¦¦¦C´́́���NNN������ÎÎÎ´́́ØØØééé���.
AAA���C���NNN������ÎÎÎ.

C~JC−1 = ~J C~KC−1 = −~K C~PC−1 = −~P CHC−1 = H

������ ���uuu���ÆÆÆ
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IIIþþþ|||���©©©áááééé¡¡¡555CCC���555���

>>>ÖÖÖ���ÝÝÝCCC���C999CPTéééÜÜÜCCC���:
Ca(~p)C−1 = ξ∗ac(~p) Cac(~p)C−1 = ξc∗a(~p)

CNNN������ÎÎÎµµµ

Cφ+(x)C−1 = ξ∗φ+c(x) Cφ+c(x)C−1 = ξc∗φ+(x)

>>>ÖÖÖ���ÝÝÝCCC���������|||φC = ξ∗φc+ + ξcφ+† 999ÙÙÙ���ÝÝÝφ†C555���EEEH̃(x)®®®UUU


¦¦¦ÙÙÙ
333aaa���«««mmm���pppééé´́́,¿¿¿���±±±¢¢¢yyy[Qa, H̃(x)] = 0���···���???���ÚÚÚ���±±±ÏÏÏLLLÀÀÀ
JJJa���a†,ac���ac†999a���ac���mmm������ééé������§§§���������±±±���~p!!!c���'''§§§¦¦¦���333���
yyyφ = φ+ + φ+c†ÚÚÚ φC = ξ∗(φ+ + φ+c†)���ÓÓÓ���§§§���ééé¡¡¡///kkk

ξc = ξ∗ V ξξc = 1

ÃÃÃggg^̂̂���âââfffÚÚÚ���âââfff���éééÜÜÜ>>>ÖÖÖ���ÝÝÝ���¡¡¡   ������óóó. ···���yyy333PPPkkkÚÚÚ������
éééφ|||���>>>ÖÖÖ���ÝÝÝCCC���µµµ

Cφ(x)C−1 = ξ∗φ†(x) Tφ(x)T−1 = (−1)j−σφ(−Px) Pφ(x)P−1 = η∗φ(Px)

éééCPTéééÜÜÜCCC���: CPT φ(x) [CPT]−1 = ξ∗(−1)j−ση∗φ†(−x)

������ ���uuu���ÆÆÆ
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gggdddIIIþþþ|||���|||���§§§!!!ÖÖÖ666¥¥¥þþþ!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

ÀÀÀÚÚÚÚÚÚOOO¶¶¶���âââfff φ(x) =
∫ d3p

(2π)3/2
√

2p0
[e−ip·xa(~p) + eip·xac†(~p)] U0(Λ, a)φ(x)U−1

0 (Λ, a)=φ(Λx+a)

Cφ(x)C−1
=ξ
∗
φ
†
(x) Tφ(x)T−1

=(−1)j−σ
φ(−Px) Pφ(x)P−1

=η
∗
φ(Px)

pµpµ = M2 V (∂2 + M2)φ(x) = 0 gggdddâââfff|||���Klein-Gordon���§§§ !

φ∗(x)(∂2 + M2)φ(x)− φ(x)(∂2 + M2)φ∗(x) = 0

666¥¥¥þþþ: jµ(x) ≡ −iq{[∂µφ∗(x)]φ(x)− φ∗(x)[∂µφ(x)]} ∂µjµ(x) = 0

ÖÖÖ:
∫

d3x j0(x, t) = −iq
∫

d3x {[∂0φ∗(x)]φ(x)−φ∗(x)∂0φ(x)}=q
∫

d3p[a†(~p)a(~p)−ac(~p)ac†(~p)]︸ ︷︷ ︸
ééé¥¥¥555âââfff���"""

[

∫
d3x j0(x, t), a(~p)] = −qa(~p) [

∫
d3x j0(x, t), a†(~p)] = qa†(~p)

[

∫
d3x j0(x, t), ac(~p)] = qac(~p) [

∫
d3x j0(x, t), ac†(~p)] = −qac†(~p)

Q(t) ≡
∫

d3x j0(x, t) = Q†(t) [Q, φ(x)] = −qφ(x) [Q, φ†(x)] = qφ†(x)

Q̇(t) = −
∫

d3x ∇ ·~j(x, t) = 0 CQ(t)C−1 = q
∫

d3p[ac†(~p)ac(~p)− a(~p)a†(~p)] = −Q(t)

������ ���uuu���ÆÆÆ
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gggdddIIIþþþ|||���|||���§§§!!!ÖÖÖ666¥¥¥þþþ!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

φ(x) =
∫ d3p

(2π)3/2
√

2p0
[e−ip·xa(~p) + eip·xac†(~p)]

pµpµ = M2 V (∂2 + M2)φ(x) = 0 gggdddâââfff|||���Klein-Gordon���§§§ !

ggg���ÝÝÝgggdddIIIþþþ|||φ=φ++φ+† ���MMM���îîîþþþÒÒÒ´́́NNNXXX���oooUUUþþþ���ÎÎÎ

H′0 =

∫
d~p a†(~p)a(~p)

√
~p2+M2 =

∫
d~p

1
2

√
~p2+M2 : {a†(~p)a(~p) + a(~p)a†(~p)} :

: O :���LLLééé���ÎÎÎO������555¦¦¦ÈÈÈ§§§===òòò���ÎÎÎO¥¥¥������«««���ÎÎÎüüü333mmm>>>.
XXXJJJ���KKK���555¦¦¦ÈÈÈ§§§òòò¬¬¬������ýýý������""":::UUU"""

���yyyMMM���îîîþþþ���ÎÎÎ(((¢¢¢´́́NNNXXX²²²£££CCC������)))¤¤¤���µµµ

a(q)Φq1···qN =
N∑

r=1

δ(q−qr)Φq1···qr−1qr+1···qN H0Φq1···qN =(
√
~q2

1+M2+· · ·+
√
~q2

N +M2)Φq1···qN

H′0Φq1···qN =

∫
d~p a†(~p)a(~p)

√
~p2+M2Φq1···qN =

∫
d~p a†(~p)

N∑
r=1

δ(p−qr)Φq1···qr−1qr+1···qN

√
~p2+M2

=
N∑

r=1

Φq1···qr−1qrqr+1···qN

√
~q2

r +M2 = H0Φq1···qN V H′0 = H0 ���aaaqqq///???ØØØÙÙÙ§§§âââÔÔÔ[[[+++)))¤¤¤���

������ ���uuu���ÆÆÆ
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gggdddIIIþþþ|||���|||���§§§!!!ÖÖÖ666¥¥¥þþþ!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

φ(x) =
∫ d3p

(2π)3/2
√

2p0
[e−ip·xa(~p) + eip·xac†(~p)]

pµpµ = M2 V (∂2 + M2)φ(x) = 0 gggdddâââfff|||���Klein-Gordon���§§§ !

ggg���ÝÝÝgggdddIIIþþþ|||φ=φ++φ+† ���MMM���îîîþþþÒÒÒ´́́NNNXXX���oooUUUþþþ���ÎÎÎ

H0 =

∫
d~p a†(~p)a(~p)

√
~p2+M2 =

∫
d~p

1
2

√
~p2+M2 : {a†(~p)a(~p) + a(~p)a†(~p)} :

: O :���LLLééé���ÎÎÎO������555¦¦¦ÈÈÈ§§§===òòò���ÎÎÎO¥¥¥������«««���ÎÎÎüüü333mmm>>>.
XXXJJJ���KKK���555¦¦¦ÈÈÈ§§§òòò¬¬¬������ýýý������""":::UUU"""

MMM���îîîþþþ������III���mmmLLL���µµµφ(x)=
∫ d~p

(2π)3/2
1√
2p0

[e−ip·xa(~p)+eip·xa†(~p)]

φ̇(x)= i
∫

d~p
(2π)3/2

p0√
2p0

[−e−ip·xa(~p)+eip·xa†(~p)] ∇φ(x)= i
∫

d~p
(2π)3/2

~p√
2p0

[e−ip·xa(~p)−eip·xa†(~p)]

Ȯ´́́éééO������mmm���666¦¦¦���êêê"""ggg���ÝÝÝgggdddIIIþþþ|||������14MMM���îîîþþþ������LLL������µµµ

H0 =

∫
d~x

1
2

: [φ̇2(x) + (∇φ(x))2 + M2φ2(x)] :

������ ���uuu���ÆÆÆ
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gggdddIIIþþþ|||���|||���§§§!!!ÖÖÖ666¥¥¥þþþ!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

φ(x) =
∫ d3p

(2π)3/2
√

2p0
[e−ip·xa(~p) + eip·xac†(~p)] (∂2 + M2)φ(x) = 0

MMM���îîîþþþ������III���mmmLLL���µµµφ(x)=
∫ d~p

(2π)3/2
1√
2p0

[e−ip·xa(~p)+eip·xa†(~p)]

φ̇(x)= i
∫

d~p
(2π)3/2

p0√
2p0

[−e−ip·xa(~p)+eip·xa†(~p)] ∇φ(x)= i
∫

d~p
(2π)3/2

~p√
2p0

[e−ip·xa(~p)−eip·xa†(~p)]

Ȯ´́́éééO������mmm���666¦¦¦���êêê"""ggg���ÝÝÝgggdddIIIþþþ|||������14MMM���îîîþþþ������LLL������µµµ

H0 =

∫
d~x

1
2

: [φ̇2(x) + (∇φ(x))2 + M2φ2(x)] :

òòòφ(x)������NNNXXX���222ÂÂÂ���III§§§H0333222ÂÂÂÄÄÄþþþ���½½½���///eeeéééφ(x)������¼¼¼���ûûû½½½
ÂÂÂ


NNNXXX���222ÂÂÂÄÄÄþþþééé���mmm������êêê���KKK���−π̇(x)

−π̇(x) ≡ δH0

δφ(x)

∣∣∣∣
π���½½½

= (−∇2 + M2)φ(x) = −φ̈(x) ÑÑÑ���>>>...ÈÈÈ©©©§§§333���ûûûLLL§§§¥¥¥òòòφ̇������½½½

π(x) = φ̇(x) S0 =

∫
d4x : φ̇2(x) :−

∫
dt H0 =

∫
d4x

1
2

: [(∂µφ(x))2−M2φ2(x)] :

òòò���^̂̂þþþS0���444���ÒÒÒ������|||���§§§ !

������ ���uuu���ÆÆÆ
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φ(x) =
∫ d3p

(2π)3/2
√

2p0
[e−ip·xa(~p) + eip·xac†(~p)] (∂2 + M2)φ(x) = 0

MMM���îîîþþþ������III���mmmLLL���µµµφ(x)=
∫ d~p

(2π)3/2
1√
2p0

[e−ip·xa(~p)+eip·xa†(~p)]

φ̇(x)= i
∫

d~p
(2π)3/2

p0√
2p0

[−e−ip·xa(~p)+eip·xa†(~p)] ∇φ(x)= i
∫

d~p
(2π)3/2

~p√
2p0

[e−ip·xa(~p)−eip·xa†(~p)]

Ȯ´́́éééO������mmm���666¦¦¦���êêê"""ggg���ÝÝÝgggdddIIIþþþ|||������14MMM���îîîþþþ������LLL������µµµ

H0 =

∫
d~x

1
2

: [φ̇2(x) + (∇φ(x))2 + M2φ2(x)] : S0 =

∫
d4x

1
2

: [(∂µφ(x))2−M2φ2(x)] :

������ééé´́́'''XXX:
[φ(~x, t), π(~y, t)]− = iδ(~x−~y) π(x) = φ̇(x)

[φ(~x, t), φ(~y, t)]− = [π(~x, t), π(~y, t)]− = 0 ������13

φ̇(~x, t) = i[H0, φ(~x, t)] =
δH0

δπ(~x, t)
π̇(~x, t) = i[H0, π(~x, t)] = − δH0

δφ(~x, t)
������15

���ØØØ���^̂̂þþþ¥¥¥���oooÝÝÝ������NNNÈÈÈÈÈÈ©©©,···���ÒÒÒ������NNNXXX���...���KKKFFFþþþ���ÝÝÝ:

S0 =

∫
d4x L0 L0 =

1
2

: [(∂µφ(x))2−M2φ2(x)] : π(x)=
∂L0

∂φ̇(x)
= φ̇(x)

������ ���uuu���ÆÆÆ
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IIIþþþ|||(((JJJ888<<<

I |||999|||���§§§µµµ
φ(x) =

∫ d3p

(2π)3/2
√

2p0
[e−ip·xa(~p) + eip·xac†(~p)] (∂2 + M2)φ(x) = 0

I MMM���îîîþþþ!!!���^̂̂þþþ���222ÂÂÂÄÄÄþþþµµµ

H0 =

∫
d~x

1
2

: [φ̇2(x) + (∇φ(x))2 + M2φ2(x)] :

S0 =

∫
d4x L0 L0 =

1
2

: [(∂µφ(x))2−M2φ2(x)] : π(x)=
∂L0

∂φ̇(x)
= φ̇(x)

I ������ééé´́́'''XXX: [φ(~x, t), π(~y, t)]− = iδ(~x−~y) π(x) = φ̇(x)

[φ(~x, t), φ(~y, t)]− = [π(~x, t), π(~y, t)]− = 0

I ���KKK|||���§§§µµµ

φ̇(~x, t) = i[H0, φ(~x, t)] =
δH0

δπ(~x, t)
π̇(~x, t) = i[H0, π(~x, t)] = − δH0

δφ(~x, t)

"""���þþþIIIþþþ|||���(((JJJ���333kkk���þþþ���IIIþþþ|||(((JJJ¥¥¥òòò���þþþªªªuuu"""���������

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT

gggdddIIIþþþ|||���|||���§§§!!!ÖÖÖ666¥¥¥þþþ!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

IIIþþþ|||���///   :

♣ ´́́���«««þþþfff|||¥¥¥���{{{üüü!!!²²²TTT���|||!

♦ ooo���<<<555������~~~fff½½½äää���...ÄÄÄkkkïïïÄÄÄ!

♥ ´́́úúúnnnzzz|||ØØØ!!!���EEE555|||ØØØ���ïïïÄÄÄééé������

♠ ���333yyy¢¢¢...ffffffuuuyyyÙÙÙéééAAA���ÄÄÄ���âââfff! Higgs ?

¶ ´́́ÄÄÄ§§§���{{{üüü


ººº

z uuuyyy


éééõõõ§§§ØØØÐÐÐ���555���������111oooÙÙÙ'''uuu²²²TTT555ÚÚÚØØØggg,,,555���???ØØØ

������ ���uuu���ÆÆÆ
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γÝÝÝ


∑
σ̄

ūl(0,σ̄,n)Dσ̄σ(R)=
∑

l

D+
l̄ l (R)ul(0,σ,n)

���²²²TTT (²²²TTT´́́ððð���ªªª)
========⇒

∑
σ̄

ūl(0,σ̄,n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0,σ,n)

Clifford���êêê���âââÔÔÔ[[[CCC���)))¤¤¤���

{γµ, γν} = 2gµν J µν ≡ − i
4

[γµ, γν ] = −J νµ

i[J µν ,J ρσ] = − i
16

[γµγνγργσ − γργσγµγν − µ⇔ ν − ρ⇔ σ]

= − i
16

[2gνργµγσ − γµγργνγσ − γργσγµγν − µ⇔ ν − ρ⇔ σ]

= − i
16

[2gνργµγσ − 2gµργνγσ + γργµγνγσ − γργσγµγν − µ⇔ ν − ρ⇔ σ]

=− i
16

[2gνργµγσ−2gµργνγσ+2γργµgνσ−γργµγσγν−γργσγµγν−µ⇔ν−ρ⇔σ]

= − i
16

[2gνργµγσ − 2gµργνγσ + 2γργµgνσ − 2gµσγργν − 2gµργνγσ

+2gνργµγσ − 2γργνgµσ + 2gνσγργµ − 2gνσγµγρ + 2gµσγνγρ − 2γσγµgνρ

+2gµργσγν + 2gµσγνγρ − 2gνσγµγρ + 2γσγνgµρ − 2gνργσγµ

= gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ
������ ���uuu���ÆÆÆ
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γÝÝÝ




Clifford���êêê���âââÔÔÔ[[[CCC���

{γµ, γν} = 2gµν J µν ≡ − i
4

[γµ, γν ] = −J νµ

i[J µν ,J ρσ] = gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ

Λ = 1 + ω D(Λ) = 1 +
i
2
ωµνJ µν

[J µν , γρ] = − i
4

[γµγνγρ − γργµγν − µ⇔ ν] = − i
4

[2γµgνρ − γµγργν − γργµγν − µ⇔ ν]

= − i
4

[2γµgνρ − 2gµργν − µ⇔ ν] = −i(γµgνρ − γνgµρ)

D(Λ)γρD−1(Λ) = γρ +
i
2
ωµν [J µν , γρ] = γρ +

1
2
ωµν(γµgνρ − γνgµρ) = γρ + ω ρ

µ γ
µ

= (g ρ
µ + ω ρ

µ )γµ = Λ ρ
µ γ

µ

D(Λ)1D−1(Λ) = 1 D(Λ)J ρσD−1(Λ) = Λ ρ
µ Λ σ

ν J µν

������ ���uuu���ÆÆÆ
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Clifford���êêê���������555

{γµ, γν} = 2gµν J µν ≡ − i
4

[γµ, γν ] = −J νµ

i[J µν ,J ρσ] = gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ

???ÛÛÛõõõuuu4������γµ���¦¦¦ÈÈÈ���½½½���^̂̂4���ÚÚÚ4���±±±eee���γµ���¦¦¦ÈÈÈLLL���

I õõõuuu4������γµ���¦¦¦ÈÈÈ������kkk���ééé���IIIEEE
I òòòEEE���III���ùùùéééγµ���±±±���KKK§§§������±1

I ���eee���γµ���¦¦¦ÈÈÈXXXEEEõõõuuu4���§§§EEEþþþ¡¡¡LLL§§§
I ���������eee���γµ���¦¦¦ÈÈÈ���uuu½½½���uuu4���

16���ÕÕÕááá���γµ

1 γµ J µν γµγ5 γ5 ≡ iγ0γ1γ2γ3 γ2
5 = 1 {γ5, γ

µ} = 0
eee^̂̂ÝÝÝ


���EEEγµ,16���ÕÕÕááágggdddÝÝÝ¿¿¿���������III���333

√
16 = 4������mmmâââUUU¢¢¢yyy���

������ ���uuu���ÆÆÆ
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Clifford���êêê���333Minkovski���mmm������������555
{γµ, γν} = 2gµν J µν ≡ − i

4
[γµ, γν ] = −J νµ

i[J µν ,J ρσ] = gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ

D(Λ)γρD−1(Λ) = Λ ρ
µ γ

µ D(Λ)1D−1(Λ) = 1 D(Λ)J ρσD−1(Λ) = Λ ρ
µ Λ σ

ν J µν

16���ÄÄÄ: 1 γµ J µν γµγ5 γ5

���������555: γµ|aµ〉=aµ|aµ〉 ØØØ¦¦¦ÚÚÚ⇒ 2gµµ|aµ〉={γµ,γµ}|aµ〉=2aµaµ|aµ〉

555: γµÃÃÃ���ÓÓÓ��������� (a0)2 = 1 (a1)2 = (a2)2 = (a3)2 = −1

I eee���γµ=γµ† V γµ������������´́́¢¢¢���V (a0)2=(a1)2=(a2)2=(a3)2=1

I eee���γµ=−γµ† V γµ������������´́́JJJ���V (a0)2=(a1)2=(a2)2=(a3)2=−1

I ���kkk���γ0 = γ0† γ i = −γ i†

I §§§������J σρØØØ���������§§§333|||���mmm)))¤¤¤���LLL«««ØØØNNN������ ���ØØØ´́́333������mmm

I ���J ij������§§§333|||���mmmdddXXX===ÄÄÄ)))¤¤¤���LLL«««EEENNN������

������ ���uuu���ÆÆÆ
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Clifford���êêê���������===ÄÄÄ���LLL«««ÝÝÝ



{γµ, γν} = 2gµν J µν ≡ − i

4
[γµ, γν ] = −J νµ

i[J µν ,J ρσ] = gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ

D(Λ)γρD−1(Λ) = Λ ρ
µ γ

µ D(Λ)1D−1(Λ) = 1 D(Λ)J ρσD−1(Λ) = Λ ρ
µ Λ σ

ν J µν

16���ÄÄÄ: 1 γµ J µν γµγ5 γ5

������555���gggUUU���{{{: γ0 = γ0† γ i = −γ i†

���ÄÄÄþþþ���²²²���: j = 1
2 J i = − 1

2 εijkJ jk = i
8 εijk[γ

j, γk]

������ooo���^̂̂clifford���êêê���EEE���)))¤¤¤���555£££ãããggg^̂̂1/2���|||ººº���ØØØ���333ÙÙÙ§§§������ªªªººº

J iJ i =
−1
64
εijkεij′k′ [γ

j, γk][γ j′ , γk′ ] =
−1
32

[γ j, γk][γ j, γk]

=
−1
32

[γ jγkγ jγk − γ jγkγkγ j − γkγ jγ jγk + γkγ jγkγ j] =
−1
16

[γ jγkγ jγk − γ jγkγkγ j]

=
−1
16

[γ j(2gkj − γ jγk)γk − 9] =
−1
16

[6− 9− 9] =
3
4

=
1
2

(
1
2

+ 1)

������ ���uuu���ÆÆÆ
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ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)∑
σ̄

ūl(0, σ̄, n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0, σ, n) [Ji, Jj] = iεijkJk Ji = −1
2
εijkJjk

∑
σ̄

v̄l(0, σ̄, n)~J(jn)∗
σ̄σ = −

∑
l

~J̄llvl(0, σ, n) [J i,J j] = iεijkJ k J i = −1
2
εijkJ jk

^̂̂þþþþþþfff|||: ~J = 1
2~σI [σi, σj] = 2iεijkσ

k J 2 = 1
4~σ · ~σI = 3

4 I = 1
2 ( 1

2 + 1)I

������ÄÄÄkkk���þþþ���^̂̂þþþ|||µµµ ÃÃÃ���þþþ���±±±www������þþþªªªuuu"""���444���

I ���²²²TTT������$$$LLL«««´́́~J(1/2) = 1
2~σ V Weyl^̂̂þþþLLL«««

I [σ2σ
iσ2, σ2σ

jσ2] = 2iεijkσ2σ
kσ2,

σ2σ
iσ2 = −σi∗ ~J(1/2)∗ = 1

2~σ
∗ = − 1

2σ2~σσ2

Vkkküüü���ppp������ÝÝÝ���Weyl^̂̂þþþLLL«««
I γÝÝÝ


���$$$4���§§§���ÄÄÄüüü���^̂̂þþþLLL«««������ÚÚÚdimI = 2µµµ Dirac^̂̂þþþLLL«««

������ ���uuu���ÆÆÆ
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ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)∑
σ̄

ūl(0, σ̄, n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0, σ, n) [Ji, Jj] = iεijkJk

∑
σ̄

v̄l(0, σ̄, n)~J(jn)∗
σ̄σ = −

∑
l

~J̄llvl(0, σ, n) [J i,J j] = iεijkJ k

^̂̂þþþþþþfff|||: ~J = 1
2~σI ~J(1/2) = 1

2~σ
~J(1/2)∗ = − 1

2σ2~σσ2

ψ+
l (x)=(2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

∑
σ̄

um̄ā(0, σ̄)
1
2
~σσ̄σ =

∑
m,a

1
2
~σm̄mIāa︸ ︷︷ ︸
J̄ll

uma(0, σ)
∑
σ̄,ā

vm̄ā(0, σ̄)
1
2

(σ2~σσ2)σ̄σ=
∑
m,a

1
2
~σm̄mIāa︸ ︷︷ ︸
J̄ll

vma(0,σ)

∑
σ̄

um̄±(0, σ̄)
1
2
~σσ̄σ =

∑
m

1
2
~σm̄mum±(0, σ)

∑
σ̄

vm̄±(0, σ̄)
1
2

(σ2~σσ2)σ̄σ=
∑

m

1
2
~σm̄mvm±(0,σ)

um±(0, σ) = c±δmσ vm±(0, σ) = −id±(σ2)mσ ± ���LLLI���mmm���©©©þþþ − i������σ2¥¥¥���i
������ ���uuu���ÆÆÆ
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^̂̂þþþþþþfff|||: ~J(1/2) = 1
2~σ

~J(1/2)∗ = − 1
2σ2~σσ2 ~J = 1

2~σI

ψ+
l (x)=(2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)∑
σ̄

ūl(0, σ̄, n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0, σ, n)
∑
σ̄

v̄l(0, σ̄, n)~J(jn)∗
σ̄σ = −

∑
l

~J̄llvl(0, σ, n)

∑
σ̄

um̄±(0, σ̄)
1
2
~σσ̄σ =

∑
m

1
2
~σm̄mum±(0, σ)

∑
σ̄

vm̄±(0, σ̄)
1
2

(σ2~σσ2)σ̄σ=
∑

m

1
2
~σm̄mvm±(0,σ)

um±(0,σ)=c±δmσ vm±(0,σ)=−id±(σ2)mσ σ2 =

(
0 −i
i 0

)
J i =−1

2
εijkJ jk =

(
σi

2 0
0 σi

2

)
������III lyyy^̂̂m = ±1/2,±;ooo���©©©þþþ���LLL: ÀÀÀc+, d+½½½c−, d−���"""VWeyl^̂̂þþþ

m= 1
2 ,+

m=− 1
2 ,+

m= 1
2 ,−

m=− 1
2 ,−

 u(0,
1
2

)=


c+

0
c−
0

 u(0,−1
2

)=


0
c+

0
c−

 v(0,
1
2

)=


0

d+

0
d−

 v(0,−1
2

)=−


d+

0
d−
0


������ ���uuu���ÆÆÆ
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^̂̂þþþþþþfff|||: J i =− 1
2 εijkJ jk = i

8 εijk[γ
j, γk]=

(
σi

2 0
0 σi

2

)

ψ+
l (x)=(2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)∑
σ̄

ūl(0, σ̄, n)~J(jn)
σ̄σ =

∑
l

~J̄llul(0, σ, n)
∑
σ̄

v̄l(0, σ̄, n)~J(jn)∗
σ̄σ = −

∑
l

~J̄llvl(0, σ, n)
m= 1

2 ,+
m=− 1

2 ,+
m= 1

2 ,−
m=− 1

2 ,−

 u(0,
1
2

)=


c+

0
c−
0

 u(0,−1
2

)=


0
c+

0
c−

 v(0,
1
2

)=


0

d+

0
d−

 v(0,−1
2

)=−


d+

0
d−
0


{γµ, γν} = 2gµν ItzyksonÖ¥�Ã�L�

[γ j,γk]=−2iεijk

(
σi 0
0 σi

)
γ j =

(
0 σj

−σj 0

)
γ jγk =

(
−σjσk 0

0 −σjσk

)
γ0 =

(
0 −I
−I 0

)
������ ���uuu���ÆÆÆ
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^̂̂þþþþþþfff|||: D(Λ) = e
i
2ωµνJ

µν

, Λ = eω, J µν = − i
4 [γµ, γν ], {γµ,γν}=2gµν

γ j=

(
0 σj

−σj 0

)
γ0=

(
0 −I
−I 0

)
u(0,

1
2
)=


c+

0
c−
0

 u(0,−1
2
)=


0
c+

0
c−

 v(0,
1
2
)=


0

d+

0
d−

 v(0,−1
2
)=−


d+

0
d−
0


ψ+

l (x)=(2π)−3/2
∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)

β = β−1 = β† = γ0 γ0
������; γ i

��������� βγ iβ−1 = −γ i βγ0β−1 = γ0 βγµ†β = γµ

βJ ijβ−1 = J ij βJ i0β−1 = −J i0 V βJ ρσ†β = J ρσ

P~JP−1 =~J P~KP−1 =−~K L(p)≡eω D(L(−~p))=D(PL(~p)P−1)=D(ePωP
−1

)=βD(L(~p))β

u(−~p, σ) =
√

m/p0βD(L(p))βu(0, σ) v(−~p, σ) =
√

m/p0βD(L(p))βv(0, σ)

Pψ±(x)P−1 ∝ ψ±(Px) V βu(0, σ) = buu(0, σ) βv(0, σ) = bvv(0, σ) V b2
u = b2

v = 1

���mmm������ééé¡¡¡555���¦¦¦Dirac^̂̂þþþ: c− = −buc+, d− = −bvd+

������ ���uuu���ÆÆÆ
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ψ+
l (x)=(2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)

Pa(~p, σ, n)P−1 = η∗a(P~p, σ, n) Pac†(~p, σ, n)P−1 = ηca†(P~p, σ, n)

Pψ+
l (x)P−1=η∗(2π)−

3
2
∑
σ

∫
d~p ul(~p, σ)e−ip·xa(−~p, σ)=η∗(2π)−

3
2
∑
σ

∫
d~p ul(−~p, σ)e−ip·Pxa(~p, σ)

ψ+
l (Px) = (2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·Pxa(~p, σ)

Pψ−c
l (x)P−1=ηc(2π)−

3
2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(−~p, σ)=ηc(2π)−

3
2
∑
σ

∫
d~p vl(−~p, σ)eip·Pxac†(~p, σ)

ψ−c
l (Px) = (2π)−3/2

∑
σ

∫
d~p vl(~p, σ)eip·Pxac†(~p, σ)

u(−~p, σ) =
√

m/p0βD(L(p))βu(0, σ) v(−~p, σ) =
√

m/p0βD(L(p))βv(0, σ)

Pψ±(x)P−1 ∝ ψ±(Px) V βu(0, σ) = buu(0, σ) βv(0, σ) = bvv(0, σ) V b2
u = b2

v = 1

������ ���uuu���ÆÆÆ
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^̂̂þþþþþþfff|||: D(Λ) = e
i
2ωµνJ

µν

, Λ = eω, J µν = − i
4 [γµ, γν ], {γµ,γν}=2gµν

γ j=

(
0 σj

−σj 0

)
γ0=

(
0 −I
−I 0

)
u(0,

1
2

)=


1√

2
0
−bu√

2
0

 u(0,−1
2

)=


0
1√
2

0
−bu√

2

 v(0,
1
2

)=


0
1√
2

0
−bv√

2

 v(0,−1
2

)=


−1√

2
0
bv√

2
0


ψ+

l (x)=(2π)−3/2
∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)

β = β−1 = β† = γ0 γ0
������; γ i

��������� βγ iβ−1 = −γ i βγ0β−1 = γ0 βγµ†β = γµ

βJ ijβ−1 = J ij βJ i0β−1 = −J i0 V βJ ρσ†β = J ρσ

P~JP−1 =~J P~KP−1 =−~K L(p)≡eω D(L(−~p))=D(PL(~p)P−1)=D(ePωP
−1

)=βD(L(~p))β

u(−~p, σ) =
√

m/p0βD(L(p))βu(0, σ) v(−~p, σ) =
√

m/p0βD(L(p))βv(0, σ)

Pψ±(x)P−1 ∝ ψ±(Px) V βu(0, σ) = buu(0, σ) βv(0, σ) = bvv(0, σ) V b2
u = b2

v = 1

���mmm������ééé¡¡¡555���¦¦¦Dirac^̂̂þþþ: c− = −buc+, d− = −bvd+

������ ���uuu���ÆÆÆ
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ψ+
l (x)=(2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

^̂̂þþþþþþfff|||: D(Λ) = e
i
2ωµνJ

µν

, Λ = eω, J µν = − i
4 [γµ, γν ], {γµ,γν}=2gµν

γ j=

(
0 σj

−σj 0

)
γ0=

(
0 −I
−I 0

)
u(0,

1
2

)=


1√

2
0
−bu√

2
0

 u(0,−1
2

)=


0
1√
2

0
−bu√

2

 v(0,
1
2

)=


0
1√
2

0
−bv√

2

 v(0,−1
2

)=


−1√

2
0
bv√

2
0


u(~p,σ)=

√
M/p0D(L(p))u(0,σ) v(~p,σ)=

√
M/p0D(L(p))v(0,σ) βγµ†β=γµ βJ ρσ†β=J ρσ

òòòψ+
l (x)ÚÚÚψ−c

l (x)???111���555|||ÜÜÜ555���EEEH̃(x)±±±���yyyÙÙÙ333aaa���«««mmm���ééé´́́555

ψ(x)=κψ+(x)+λψ−c(x) [ψl(x), ψ†l̄ (y)]∓=

∫
d~p [|κ|2Nl̄l(~p)e−ip·(x−y)∓|λ|2Ml̄l(~p)eip·(x−y)]

Nl̄l(~p)≡
∑
σ

ul(~p,σ)u∗l̄ (~p,σ) Ml̄l(~p)≡
∑
σ

vl(~p,σ)v∗l̄ (~p,σ) N(0)=
1
2

(1+buβ) M(0)=
1
2

(1+bvβ)

N(~p)=M/(2p0)D(L(p))[1 + buβ]D†(L(p)) M(~p)=M/(2p0)D(L(p))[1 + bvβ]D†(L(p))

������ ���uuu���ÆÆÆ
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ψ+
l (x)=(2π)−3/2

∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

òòòψ+
l (x)ÚÚÚψ−c

l (x)???111���555|||ÜÜÜ555���EEEH̃(x)±±±���yyyÙÙÙ333aaa���«««mmm���ééé´́́555

ψ(x)=κψ+(x)+λψ−c(x) [ψl(x), ψ†l̄ (y)]∓=

∫
d~p [|κ|2Nl̄l(~p)e−ip·(x−y)∓|λ|2Ml̄l(~p)eip·(x−y)]

Nl̄l(~p)≡
∑
σ

ul(~p,σ)u∗l̄ (~p,σ) Ml̄l(~p)≡
∑
σ

vl(~p,σ)v∗l̄ (~p,σ) N(0)=
1
2

(1+buβ) M(0)=
1
2

(1+bvβ)

N(~p)=M/(2p0)D(L(p))[1 + buβ]D†(L(p)) M(~p)=M/(2p0)D(L(p))[1 + bvβ]D†(L(p))

D(Λ)γρD−1(Λ)=Λ ρ
σ γ

σ [e
i
2J

µν†ωµν ]=[e
i
2J

µνωµν ]−1,† V βD(L(p))β=D†−1(L(p))

D(L(p))βD−1(L(p))=L 0
µ (p)γµ=pµγµ/M D(L(p))D†(L(p))=D(L(p))βD−1(L(p))β=pµγµβ/M

N(~p) =
1

2p0 [pµγµ + buM]β M(~p) =
1

2p0 [pµγµ + bvM]β

[ψl(x), ψ†l̄ (y)]∓=[|κ|2(iγµ∂x,µ+buM)β∆+(x−y)∓ |λ|2(−iγµ∂x,µ+bνM)β∆+(y−x)]l̄l

|κ|2 =∓|λ|2 bu|κ|2 =±bv|λ|2 M 6= 0 V κ=λ=1 bu =−bv = 1 -1ÀÀÀJJJ���ddd¦¦¦γ5 ���WeinbergÖÖÖÎÎÎÒÒÒ������

N(~p) = 1/(2p0)[pµγµ + M]β M(~p) = 1/(2p0)[pµγµ −M]β

������ ���uuu���ÆÆÆ
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^̂̂þþþþþþfff|||: D(Λ) = e
i
2ωµνJ

µν

, Λ = eω, J µν = − i
4 [γµ, γν ], {γµ,γν}=2gµν

γ j=

(
0 σj

−σj 0

)
γ0=

(
0 −I
−I 0

)
u(0,

1
2
)=


1√
2

0
− 1√

2
0

 u(0,−1
2
)=


0
1√
2

0
− 1√

2

 v(0,
1
2
)=


0
1√

2
0
1√
2

 v(0,−1
2
)=


−1√

2
0
−1√

2
0


ψ+

l (x)=(2π)−3/2
∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p,σ)=
√

M/p0D(L(p))u(0,σ) v(~p,σ)=
√

M/p0D(L(p))v(0,σ) βγµ†β=γµ βJ ρσ†β=J ρσ

γT
µ=−CγµC−1 C≡ iγ2β=−C−1 =

(
−iσ2 0

0 iσ2

)
γ∗µ=−βCγµC−1β J T

µν =−CJµνC−1 J ∗µν =−βCJµνC−1β

γ
3
1 =Cγ

3
1C−1 γ

2
0 =−Cγ

2
0C−1 [e

i
2J

µνωµν ]∗=βC[e
i
2J

µνωµν ]C−1β D(L(p))∗=βCD(L(p))C−1β

C−1βu(0,σ)=v(0,σ) C−1βv(0,σ)=u(0,σ) u∗l (~p,σ)=βCvl(~p,σ) v∗l (~p,σ)=βCul(~p,σ)︸ ︷︷ ︸
βC������JJJµµµu,vppp���\\\���ÝÝÝ

βγ5β
−1 = −γ5 Cγ5C−1 = γT

5 βCγ5C−1β = −γ∗5 [J µν , γ5] = 0

γ5 ≡ iγ0γ1γ2γ3 γ2
5 = 1 {γ5, γ

µ} = 0
������ ���uuu���ÆÆÆ
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¤¤¤���ÚÚÚOOO

^̂̂þþþþþþfff|||: D(Λ) = e
i
2ωµνJ

µν

, Λ = eω, J µν = − i
4 [γµ, γν ], {γµ,γν}=2gµν

γ j=

(
0 σj

−σj 0

)
γ0=

(
0 −I
−I 0

)
u(0,

1
2
)=


1√

2
0
−1√

2
0

 u(0,−1
2
)=


0
1√

2
0
−1√

2

 v(0,
1
2
)=


0
1√
2

0
1√
2

 v(0,−1
2
)=


−1√

2
0
−1√

2
0


ψ+

l (x)=(2π)−3/2
∑
σ

∫
d~p ul(~p, σ)e−ip·xa(~p, σ) ψ−c

l (x)=(2π)−3/2
∑
σ

∫
d~p vl(~p, σ)eip·xac†(~p, σ)

u(~p,σ)=
√

M/p0D(L(p))u(0,σ) v(~p,σ)=
√

M/p0D(L(p))v(0,σ) {γ5,γ
µ}=0 [J µν,γ5]=0

γ5≡ iγ0γ1γ2γ3 =

(
I 0
0 −I

)
PL≡

1−γ5

2
=

(
0 0
0 I

)
PR≡

1+γ5

2
=

(
I 0
0 0

)
PL + PR = 1 uL

R
(~p, σ) ≡ PL

R
u(~p, σ) vL

R
(~p, σ) ≡ PL

R
v(~p, σ) [D(Λ),PL

R
] = 0

uL
R
(~p,σ)=

√
M/p0D(L(p))uL

R
(0,σ) vL

R
(~p,σ)=

√
M/p0D(L(p))vL

R
(0,σ)
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���������γÝÝÝ


(((JJJ: Itzykson-ZuberÖÖÖ¥¥¥ÃÃÃ���LLL��� ���±±±������������¢¢¢������CCC���

γ0 = β =

(
0 −I
−I 0

)
γ i =

(
0 σi

−σi 0

)
γ5 =

(
I 0
0 −I

)
σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
C=

(
−iσ2 0

0 iσ2

)

u(0,
1
2

) =
1√
2


1
0
−1
0

 u(0,−1
2

) =
1√
2


0
1
0
−1

 v(0,
1
2

) =
1√
2


0
1
0
1

 v(0,−1
2

) =
1√
2


−1
0
−1
0


u(~p,σ)=

√
M/p0D(L(p))u(0,σ) v(~p,σ)=

√
M/p0D(L(p))v(0,σ)

555µµµγ5u(~p,σ), γ5v(~p,σ)éééAAAbu =−bv =−1���ÀÀÀJJJ���

γ5C−1u(0,−σ) = (−1)
1
2−σu(0, σ) γ5C−1v(0,−σ) = (−1)

1
2−σv(0, σ)

β = β∗ V D∗(L(−~p)) = βD∗(L(~p))β = γ5βD∗(L(~p))βγ5 = γ5CD(L(~p))γ5C−1

(−1)
1
2 +σu∗(−~p,−σ) = −γ5Cu(~p, σ) (−1)

1
2 +σv∗(−~p,−σ) = −γ5Cv(~p, σ)
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¤¤¤���ÚÚÚOOO

OOO���D(L(p))–yyy²²²B(|~p|)´́́ííí???CCC���: L(p) = R(p̂)B(|~p|)R−1(p̂) γ ≡
√
~p2 + M2

M

B(|~p|) =


γ 0 0

√
γ2 − 1

0 1 0 0
0 0 1 0√
γ2 − 1 0 0 γ

 = exp


0 0 0 arc cosh(γ)
0 0 0 0
0 0 0 0

arc cosh(γ) 0 0 0




0 0 0 arc cosh(γ)
0 0 0 0
0 0 0 0

arc cosh(γ) 0 0 0


2n

=


arc cosh2n(γ) 0 0 0

0 0 0 0
0 0 0 0
0 0 0 arc cosh2n(γ)




0 0 0 arc cosh(γ)
0 0 0 0
0 0 0 0

arc cosh(γ) 0 0 0


2n+1

=


0 0 0 arc cosh2n+1(γ)
0 0 0 0
0 0 0 0

arc cosh2n+1(γ) 0 0 0


∑
n=0

1
(2n)!

arc cosh2n(γ) = γ
∑
n=1

1
(2n+1)!

arc cosh2n+1(γ) = sinh(arc cosh2n+1(γ)) =
√
γ2−1

XXXííí???CCC���µµµ ω0
3 = ω03 = −ω30 = ω3

0 = arc cosh(γ) ωσρ
ÙÙÙ§§§

==== 0
������ ���uuu���ÆÆÆ
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¤¤¤���ÚÚÚOOO

OOO���D(L(p)): L(p) = R(p̂)B(|~p|)R−1(p̂) D(L(~p)) = D(R(p̂))D(B(|~p|))D(R−1(p̂))

B(|~p|) = eω XXXííí???CCC���µµµ ω0
3 = ω03 = −ω30 = ω3

0 = arc cosh(γ) ωσρ
ÙÙÙ§§§

==== 0

D(B(|~p|)) = eiω03J 03
=

(
e

1
2ω03σ

3
0

0 e−
1
2ω03σ

3

)
= cosh(

1
2
ω03) +

(
σ3 0
0 −σ3

)
sinh(

1
2
ω03)

J 03 = − i
4

[γ0, γ3] = − i
2

(
0 −I
−I 0

)(
0 σ3

−σ3 0

)
= − i

2

(
σ3 0
0 −σ3

)
p̂ = (sin θ cosφ, sin θ sinφ, cos θ) J i = −1

2
εijkJ jk =

i
8
εijk[γ

j, γk] =

(
σi

2 0
0 σi

2

)

D(R(p̂)) = e−iφJ 3
e−iθJ 2

= [cos
φ

2
− i
(
σ3 0
0 σ3

)
sin

φ

2
][cos

θ

2
− i
(
σ2 0
0 σ2

)
sin

θ

2
]

= cos
φ

2
cos

θ

2
−i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
+i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R−1(p̂)) = cos
φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2
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¤¤¤���ÚÚÚOOO

OOO���D(L(p)): D(B(|~p|)) = cosh(
1
2

arc cosh(γ)) +

(
σ3 0
0 −σ3

)
sinh(

1
2

arc cosh(γ))

D(R(p̂)) = cos
φ

2
cos

θ

2
−i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
+i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R−1(p̂)) = cos
φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R(p̂))

(
σ3 0
0 −σ3

)
D(R−1(p̂))

=

(
σ3 0
0 −σ3

)[
cos

φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

]
×
[

cos
φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

]
=

(
σ3 0
0 −σ3

)[
[cos

φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2
]2 + sin2 φ

2
cos2 θ

2

−2i[
(
σ1 0
0 σ1

)
cos

φ

2
sin
θ

2
+

(
σ2 0
0 σ2

)
sin
φ

2
sin
θ

2
] sin

φ

2
cos

θ

2

]
������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ
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¤¤¤���ÚÚÚOOO

OOO���D(L(p)): D(B(|~p|)) = cosh(
1
2

arc cosh(γ)) +

(
σ3 0
0 −σ3

)
sinh(

1
2

arc cosh(γ))

D(R(p̂)) = cos
φ

2
cos

θ

2
−i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
+i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R−1(p̂)) = cos
φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R(p̂))

(
σ3 0
0 −σ3

)
D(R−1(p̂))

=

(
σ3 0
0 −σ3

)[
[cos

φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2
]2 + sin2 φ

2
cos2 θ

2

−2i[
(
σ1 0
0 σ1

)
cos

φ

2
sin
θ

2
+

(
σ2 0
0 σ2

)
sin
φ

2
sin
θ

2
] sin

φ

2
cos

θ

2

]
=

(
σ3 0
0 −σ3

)[
cos2 θ

2
− sin2 θ

2
− 2i[−

(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+

(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2
] cos

φ

2
cos

θ

2

−2i[
(
σ1 0
0 σ1

)
cos

φ

2
sin
θ

2
+

(
σ2 0
0 σ2

)
sin
φ

2
sin
θ

2
] sin

φ

2
cos

θ

2

]
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OOO���D(L(p)): D(B(|~p|)) = cosh(
1
2

arc cosh(γ)) +

(
σ3 0
0 −σ3

)
sinh(

1
2

arc cosh(γ))

D(R(p̂)) = cos
φ

2
cos

θ

2
−i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
+i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R−1(p̂)) = cos
φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R(p̂))

(
σ3 0
0 −σ3

)
D(R−1(p̂))

=

(
σ3 0
0 −σ3

)[
cos θ − i[−

(
σ2 0
0 σ2

)
cos2 φ

2
sin θ+

1
2

(
σ1 0
0 σ1

)
sinφ sin θ]− i

2

(
σ1 0
0 σ1

)
sinφ sin θ

−i
(
σ2 0
0 σ2

)
sin2 φ

2
sin θ

]
=

(
σ3 0
0 −σ3

)[
cos θ + i

(
σ2 0
0 σ2

)
cosφ sin θ − i

(
σ1 0
0 σ1

)
sinφ sin θ

]
=

(
σ3 0
0 −σ3

)
cos θ +

(
σ1 0
0 −σ1

)
cosφ sin θ +

(
σ2 0
0 −σ2

)
sinφ sin θ
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OOO���D(L(p)): L(p) = R(p̂)B(|~p|)R−1(p̂) D(L(~p)) = D(R(p̂))D(B(|~p|))D(R−1(p̂))

D(B(|~p|)) = cosh(
1
2

arc cosh(γ)) +

(
σ3 0
0 −σ3

)
sinh(

1
2

arc cosh(γ))

D(R(p̂)) = cos
φ

2
cos

θ

2
−i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
−i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
+i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R−1(p̂)) = cos
φ

2
cos

θ

2
+i
(
σ2 0
0 σ2

)
cos

φ

2
sin
θ

2
+i
(
σ3 0
0 σ3

)
sin
φ

2
cos

θ

2
−i
(
σ1 0
0 σ1

)
sin
φ

2
sin
θ

2

D(R(p̂))

(
σ3 0
0 −σ3

)
D(R−1(p̂))=

(
σ3 0
0 −σ3

)
cos θ+

(
σ1 0
0 −σ1

)
cosφ sin θ+

(
σ2 0
0 −σ2

)
sinφ sin θ

D(L(~p)) = cosh(
1
2

arc cosh(γ)) +

(
Θ(θ, φ) 0

0 −Θ(θ, φ)

)
sinh(

1
2

arc cosh(γ))

Θ(θ, φ) = σ3 cos θ + σ1 cosφ sin θ + σ2 sinφ sin θ =

(
cos θ e−iφ sin θ

eiφ sin θ − cos θ

)
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¤¤¤���ÚÚÚOOO

OOO���u(~p, σ), v(~p, σ): u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p,σ) =
√

M/p0D(L(p))v(0, σ)

u(0,
1
2

) =
1√
2


1
0
−1
0

 u(0,−1
2

) =
1√
2


0
1
0
−1

 v(0,
1
2

) =
1√
2


0
1
0
1

 v(0,−1
2

) =
1√
2


−1
0
−1
0


D(L(~p)) = cosh(

1
2

arc cosh(γ)) +

(
Θ(θ, φ) 0

0 −Θ(θ, φ)

)
sinh(

1
2

arc cosh(γ))

Θ(θ, φ)=

(
cos θ e−iφsin θ

eiφsin θ − cos θ

)
Θ(θ, φ)

(
1
0

)
=

(
cos θ

eiφsin θ

)
Θ(θ, φ)

(
0
1

)
=

(
e−iφsin θ
− cos θ

)
u(~p, 1

2 )
v(~p,− 1

2 )
=

1√
2γ


± cosh( 1

2 arc cosh(γ))± cos θ sinh( 1
2 arc cosh(γ))

±eiφ sin θ sinh( 1
2 arc cosh(γ))

− cosh( 1
2 arc cosh(γ)) + cos θ sinh( 1

2 arc cosh(γ))

eiφ sin θ sinh( 1
2 arc cosh(γ))

 p̂=(sin θ cosφ, sin θ sinφ, cos θ)

u(~p,− 1
2 )

v(~p, 1
2 )

=
1√
2γ


e−iφ sin θ sinh( 1

2 arc cosh(γ))
cosh( 1

2 arc cosh(γ))− cos θ sinh( 1
2 arc cosh(γ))

±e−iφ sin θ sinh( 1
2 arc cosh(γ))

∓ cosh( 1
2 arc cosh(γ))∓ cos θ sinh( 1

2 arc cosh(γ))

 γ =

√
~p2 + M2

M

������ ���uuu���ÆÆÆ
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¤¤¤���ÚÚÚOOO

u(~p, σ), v(~p, σ)���wwwªªªLLL���:

u(~p,
1
2

)=
1

2
√
γ


√
γ + 1 +

√
γ − 1 cos θ√

γ − 1eiφ sin θ
−
√
γ + 1 +

√
γ − 1 cos θ√

γ − 1eiφ sin θ

 p̂=(sin θ cosφ, sin θ sinφ, cos θ)

u(~p,−1
2

)=
1

2
√
γ


√
γ − 1e−iφ sin θ√

γ + 1−
√
γ − 1 cos θ√

γ − 1e−iφ sin θ
−
√
γ + 1−

√
γ − 1 cos θ

 γ =

√
~p2 + M2

M

v(~p,
1
2

)=
1

2
√
γ


√
γ − 1e−iφ sin θ√

γ + 1−
√
γ − 1 cos θ

−
√
γ − 1e−iφ sin θ√

γ + 1 +
√
γ − 1 cos θ

 cosh(
1
2

arc cosh(γ)) =

√
γ + 1√

2

v(~p,−1
2

)=
1

2
√
γ


−
√
γ + 1−

√
γ − 1 cos θ

−
√
γ − 1eiφ sin θ

−
√
γ + 1 +

√
γ − 1 cos θ√

γ − 1eiφ sin θ

 sinh(
1
2

arc cosh(γ)) =

√
γ − 1√

2

������ ���uuu���ÆÆÆ
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¤¤¤���ÚÚÚOOO

u(~p, σ), v(~p, σ)���wwwªªªLLL������"""���þþþ444���: p̂=(sin θ cosφ, sin θ sinφ, cos θ)

u(~p,
1

2
)

M=0
===

1

2


1+cos θ
eiφ sin θ
−1+cos θ

eiφ sin θ

=
1

2p0


p0 +p3

p1 +ip2

−p0 +p3

p1 +ip2

 u(~p,−
1

2
)

M=0
===

1

2


e−iφ sin θ
1−cos θ

e−iφ sin θ
−1−cos θ

=
1

2p0


p1−ip2

p0−p3

p1−ip2

−p0−p3


= −

(
I 0
0 −I

)
v(~p,−

1

2
) =

(
I 0
0 −I

)
v(~p,

1

2
)

v(~p,
1

2
)

M=0
===

1

2


e−iφ sin θ
1− cos θ
−e−iφ sin θ
1 + cos θ

=
1

2p0


p1−ip2

p0−p3

−p1 +ip2

p0 +p3

 v(~p,−
1

2
)

M=0
===

1

2


−1−cos θ
−eiφ sin θ
−1+cos θ

eiφ sin θ

=
1

2p0


−p0−p3

−p1−ip2

−p0 +p3

p1 +ip2


=

(
I 0
0 −I

)
u(~p,−

1

2
) = −

(
I 0
0 −I

)
u(~p,

1

2
)

I uÚÚÚv���555���'''§§§���ÑÑÑØØØ´́́ÚÚÚ^̂̂ÝÝÝ���ÎÎÎ������������

I ÏÏÏ���ddd���ØØØ222���333···���XXX§§§σ = ± 1
2®®®²²²vvvkkk¿¿¿ÂÂÂ

I III���^̂̂σ = ± 1
2���u(½½½v)���UUU\\\ÑÑÑÚÚÚ^̂̂ÝÝÝ������������

������ ���uuu���ÆÆÆ
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¤¤¤���ÚÚÚOOO

^̂̂"""���þþþu(~p, σ), v(~p, σ)���EEE���ÚÚÚ^̂̂ÝÝÝ���������: p̂=(sin θ cosφ, sin θ sinφ, cos θ)

J i =
1
2

(
σi 0
0 σi

)
Σ ≡

~J ·~p
p0 =

1
2p0

(
piσi 0

0 piσi

)
piσi =

(
p3 p1 − ip2

p1 + ip2 −p3

)

v+(p) ≡
√

1− cos θ√
2

[u(~p,−1
2

) +
(1 + cos θ)e−iφ

sin θ
u(~p,

1
2

)] =
1√
2p0

(
|p]a

0

)
|p]a≡

 p1−ip2√
p0−p3

p0−p3√
p0−p3


=

√
1− cos θ√

2
[v(~p,

1
2

)− (1 + cos θ)e−iφ

sin θ
v(~p,−1

2
)]

piσi

p0 |p]a = |p]a Σv+(p)=
1
2

v+(p)

v−(p) ≡
√

1 + cos θ√
2

[−u(~p,−1
2

) +
(1−cos θ)e−iφ

sin θ
u(~p,

1
2

)] =
1√
2p0

(
0
|p〉ȧ
)
|p〉ȧ≡

 −p1+ip2√
p0+p3

p0+p3√
p0+p3


=

√
1 + cos θ√

2
[v(~p,

1
2

) +
(1− cos θ)e−iφ

sin θ
v(~p,−1

2
)]

piσi

p0 |p〉
ȧ =−|p〉ȧ Σv−(p)=−1

2
v−(p)

ū+(p)≡([p|a, 0) [p|a≡(|p〉ȧ)† ū−(p)≡(0, 〈p|ȧ) 〈p|ȧ≡(|p]a)
† 〈pq〉≡〈p|ȧ|q〉ȧ [pq]≡ [p|a|q]a

paḃ≡−|p]a〈p|ḃ =−
(

p0+p3 p1−ip2

p1+ip2 p0−p3

)
pȧb≡−|p〉ȧ[p|b =−

(
p0−p3 −p1+ip2

−p1−ip2 p0+p3

)
������ ���uuu���ÆÆÆ
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^̂̂þþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm������CCC���: Pa(~p, σ)P−1 = η∗a(−~p, σ) Pac(~p, σ)P−1 = ηc∗ac(−~p, σ)

ul(−~p, σ) = buβul(~p, σ) = βul(~p, σ) vl(−~p, σ) = bvβvl(~p, σ) = −βvl(~p, σ)

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)]

Pψl(x)P−1 = (2π)−3/2
∑
σ

∫
d~p [η∗ul(−~p, σ)e−ip·Pxa(~p, σ) + ηcvl(−~p, σ)eip·Pxac†(~p, σ)]

= (2π)−3/2
∑
σ

∫
d~p [η∗βul(~p, σ)e−ip·Pxa(~p, σ)− ηcβvl(~p, σ)eip·Pxac†(~p, σ)]

������yyy^̂̂���mmm���������555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

ηc = −η∗ V Pψ(x)P−1 = η∗βψ(Px) ������21

PψL(x)P−1 = η∗βψR(Px) PψR(x)P−1 = η∗βψL(Px)

������ ���uuu���ÆÆÆ
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^̂̂þþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm���üüüCCC���: Ta(~p,σ)T−1 =(−1)
1
2−σa(−~p,−σ) Tac(~p,σ)T−1 =(−1)

1
2−σac(−~p,−σ)

(−1)
1
2+σu∗(−~p,−σ)=−γ5Cu(~p,σ) (−1)

1
2+σv∗(−~p,−σ)=−γ5Cv(~p,σ)

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)]

Tψl(x)T−1 =(2π)−3/2
∑
σ

∫
d~p (−1)

1
2−σ[u∗l (~p,σ)eip·xa(−~p,−σ)+v∗l (~p,σ)e−ip·xac†(−~p,−σ)]

=(2π)−3/2
∑
σ

∫
d~p (−1)

1
2+σ[u∗l (−~p,−σ)eip·Pxa(~p,σ)+v∗l (−~p,−σ)e−ip·Pxac†(~p,σ)]

= −γ5C(2π)−3/2
∑
σ

∫
d~p [ul(~p,σ)eip·Pxa(~p,σ)+vl(~p,σ)e−ip·Pxac†(~p,σ)]

Tψ(x)T−1 = −γ5Cψ(−Px) ������22

������ ���uuu���ÆÆÆ
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^̂̂þþþ|||���©©©áááééé¡¡¡555CCC���555���

>>>ÖÖÖ���ÝÝÝ���éééÜÜÜCPTCCC���: Ca(~p, σ)C−1 = ξ∗ac(~p, σ) Cac(~p, σ)C−1 = ξc∗a(~p, σ)

βCu∗l (~p,σ)=vl(~p,σ) βCv∗l (~p,σ)=ul(~p,σ)

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)]

Cψl(x)C−1 =(2π)−3/2
∑
σ

∫
d~p [ξ∗ul(~p, σ)e−ip·xac(~p, σ) + ξcvl(~p, σ)eip·xa†(~p, σ)]

= βC(2π)−3/2
∑
σ

∫
d~p [ξ∗v∗l (~p, σ)e−ip·xac(~p, σ) + ξcu∗l (~p, σ)eip·xa†(~p, σ)]

������yyy^̂̂>>>ÖÖÖ���ÝÝÝ���555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

ξc = ξ∗ V Cψ(x)C−1 = ξ∗βCψ∗(x)

XXXJJJac(~p, σ) = a(~p, σ) V Cψ(x)C−1 = ξ∗ψ(x),ddd«««¤¤¤���fff���Majorana¤¤¤���fff

Majorana¤¤¤���fff: ψ(x) = βCψ∗(x) ������23

éééCPTéééÜÜÜCCC���: CPT ψ(x) [CPT]−1 = ξ∗η∗γ5ψ
∗(−x)

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)]

D(L(p))βD−1(L(p))=L 0
µ (p)γµ=pµγµ/M

1
M

pµγµ u(~p, σ)=
1
M

pµγµ
√

M
p0 D(L(p)) u(0, σ)=

√
M
p0 D(L(p))βu(0, σ)=u(~p, σ)

1
M

pµγµ v(~p, σ)=
1
M

pµγµ
√

M
p0 D(L(p)) v(0, σ)=

√
M
p0 D(L(p))βv(0, σ)=−v(~p, σ)

(pµγµ−M)u(~p,σ)=0 (pµγµ+M)v(~p,σ)=0 555µµµγ5u(~p,σ), γ5v(~p,σ)éééAAAbu =−bv =−1���ÀÀÀJJJ���

V (iγµ∂µ−M)ψ(x)=0 gggdddâââfff|||���Dirac���§§§ !︸ ︷︷ ︸
Mccc���ÎÎÎÒÒÒ���666bu =−bv������½½½���

iγµ∂µψL
R
(x)−MψR

L
(x)=0

gggddd^̂̂þþþ|||���MMM���îîîþþþ´́́NNNXXX���oooUUUþþþ���ÎÎÎ

H′0 =
∑
σ

∫
d~p [a†(~p, σ)a(~p, σ) + ac†(~p, σ)ac(~p, σ)]

√
~p2 + M2 = H0 ������31

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

uuu���Dirac���§§§: (pµγµ −M)u(~p, σ) = 0 (pµγµ + M)v(~p, σ) = 0

u(~p, 1
2 )

v(~p,− 1
2 )

=
1

2
√
γ


±
√
γ + 1±

√
γ − 1 cos θ

±
√
γ − 1eiφ sin θ

−
√
γ + 1 +

√
γ − 1 cos θ√

γ − 1eiφ sin θ

 p̂=(sin θ cosφ, sin θ sinφ, cos θ)

u(~p,− 1
2 )

v(~p, 1
2 )

=
1

2
√
γ


√
γ − 1e−iφ sin θ√

γ + 1−
√
γ − 1 cos θ

±
√
γ − 1e−iφ sin θ

∓
√
γ + 1∓

√
γ − 1 cos θ

 γ =

√
~p2 + M2

M
M
√
γ2−1 =

√
~p2

γ j=

(
0 σj

−σj 0

)
γ0=

(
0 −I
−I 0

)
pµγµ=M[γγ0−

√
γ2−1(sin θ cosφγ1+sin θ sinφγ2+cos θγ3)]

pµγµ = M
(

0 −γ−
√
γ2−1(sin θ cosφσ1+sin θ sinφσ2+cos θσ3)

−γ+
√
γ2−1(sin θ cosφσ1+sin θ sinφσ2+cos θσ3) 0

)

= M


0 0 −γ−

√
γ2−1 cos θ −

√
γ2−1e−iφ sin θ

0 0 −
√
γ2−1eiφ sin θ −γ+

√
γ2−1 cos θ

−γ+
√
γ2−1 cos θ

√
γ2−1e−iφ sin θ 0 0√

γ2−1eiφ sin θ −γ−
√
γ2−1 cos θ 0 0


������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)] (iγµ∂µ−M)ψ(x)=0

gggddd^̂̂þþþ|||���MMM���îîîþþþ´́́NNNXXX���oooUUUþþþ���ÎÎÎ

H0 =
∑
σ

∫
d~p [a†(~p, σ)a(~p, σ) + ac†(~p, σ)ac(~p, σ)]

√
~p2 + M2

MMM���îîîþþþ������III���mmmLLL���:

ψ† = (2π)−3/2
∑
σ

∫
d~p [u†(~p, σ)eip·xa†(~p, σ) + v†(~p, σ)e−ip·xac(~p, σ)]

∇ψ(x) = (2π)−3/2i
∑
σ

∫
d~p ~p[u(~p, σ)e−ip·xa(~p, σ)− v(~p, σ)eip·xac†(~p, σ)]

u†(~p,σ)u(~p,σ′) ������16
====v†(~p,σ)v(~p,σ′)=δσσ′ u†(~p,σ)v(−~p,σ′) ������18

====v†(~p,σ)u(−~p,σ′)=0
������17
==⇒ H0 =

∫
d~x : [ψ†(x)β(−i~γ · ∇+ M)ψ(x)] :∫

d4x [ψi~γ ·∇ψ(x)]∗=−i
∫

d4x[∂ iψ†(x)]γ i†βψ(x)=−i
∫

d4x[∂ iψ(x)]γ iψ(x)=

∫
d4x ψ(x)i~γ ·∇ψ(x)

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)] (iγµ∂µ−M)ψ(x)=0

(i∂t + iβ~γ · ∇ − βM)ψ(x) = 0 H0 =

∫
d~x : [ψ†(x)β(−i~γ · ∇+ M)ψ(x)] :

ψ(x)���222ÂÂÂ���III§§§H0éééψ(x)������¼¼¼���ûûû½½½ÂÂÂ


222ÂÂÂÄÄÄþþþééé���mmm���êêê���KKK���−π̇(x)

−π̇T(x) ≡ δH0

δψT(x)

∣∣∣∣
π���½½½

= β∗(i~γ∗ · ∇+ M)ψ∗ = −iψ̇∗(x) ������¼¼¼���ûûû

π(x) = iψ∗(x) = i[ψ(x)β]T ψ(x) ≡ ψ†(x)β

S0 =

∫
d4x : πT(x) · ψ̇(x) : −

∫
dt H0 =

∫
d4x : ψ(x)(iγµ∂µ −M)ψ(x) :

γµ∂µ = β∂t + ~γ · ∇ ÑÑÑ���>>>...ÈÈÈ©©©§§§òòòS0���444���������Dirac���§§§!∫
d4x [ψiγµ∂µψ(x)]∗=−i

∫
d4x[∂µψ

†(x)]γµ†βψ(x)=−i
∫

d4x[∂µψ(x)]γµψ(x)=

∫
d4x ψ(x)iγµ∂µψ(x)

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

ψl(x) = (2π)−3/2
∑
σ

∫
d~p [ul(~p, σ)e−ip·xa(~p, σ) + vl(~p, σ)eip·xac†(~p, σ)] (iγµ∂µ−M)ψ(x)=0

H0 =Re
∫

d~x : [ψ†(x)β(−i~γ · ∇+M)ψ(x)] : − ~̇π(x) ≡ δH0

δψ(x)

∣∣∣∣
π���½½½

= −iψ̇∗(x)

S0 =

∫
d4x : ψ(x)(iγµ∂µ−M)ψ(x) : π(x) = iψ∗(x) ψ(x) ≡ ψ†(x)β

{ψl(~x, t), π̄l(~y, t)} = iδl̄lδ(~x−~y) {ψl(~x, t), ψ̄l(~y, t)} = {πl(~x, t), π̄l(~y, t)} = 0 ������19

ψ̇(~x, t) = i[H0, ψ(~x, t)] =
δH0

δπ(~x, t)
π̇(~x, t) = i[H0, π(~x, t)] = − δH0

δψ(~x, t)
������20

S0 =

∫
d4x L0 L0 =: ψ(x)(iγµ∂µ −M)ψ(x) : πi(x) =

∂L0

∂ψ̇(x)
= iψ∗(x)

"""���þþþ^̂̂þþþ|||���(((JJJ���333kkk���þþþ���^̂̂þþþ|||(((JJJ¥¥¥òòò���þþþªªªuuu"""���������

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

¤¤¤���fff���þþþ: ψR=PRψ ψL=PLψ ψc≡CψC−1 =ξ∗βCψ∗ (ψL)c =ξ∗βCψ∗L =PRξ
∗βCψ∗=(ψc)R

S0 =

∫
d4x : ψ(x)(iγµ∂µ−M)ψ(x) :

=

∫
d4x : [ψL(x)iγµ∂µψL(x) + ψR(x)iγµ∂µψR(x)−MψR(x)ψL(x)−MψL(x)ψR(x)] :

♣ XXXJJJ¤¤¤���fff���þþþ���"""§§§���ÃÃÃ|||���mmmÃÃÃ|||ØØØuuu)))���^̂̂!

♦ ùùù������ÃÃÃ|||ÚÚÚmmmÃÃÃ|||���±±±kkk���pppÕÕÕááá���ééé¡¡¡555! ÃÃÃ���ééé¡¡¡555

♥ ���þþþKKKIIIéééXXX���ÃÃÃ|||ÚÚÚmmmÃÃÃ|||���

♠ ùùù������!!!mmmÃÃÃ|||ØØØUUU222kkk���pppÕÕÕááá���ééé¡¡¡555! ψR → RψR ψL → LψL R 6= L

¶ eee¤¤¤���fff���333ÃÃÃ���ééé¡¡¡555òòòBBB+++���þþþ������ÑÑÑyyy���

z ¤¤¤���fffkkk���þþþ¿¿¿���ÃÃÃ���ééé¡¡¡555777LLLuuu)))»»»������

������ ���uuu���ÆÆÆ
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Marjorana¥¥¥���fffººº���þþþ: ψc≡CψC−1 =ξ∗βCψ∗ Marjorana
====⇒ ξ∗ψ XXX¥¥¥555

(ψL)c =ξ∗βCψ∗L =PRξ
∗βCψ∗=(ψc)R

Marjorana
===⇒ ξ∗ψR (ψR)c =(ψc)L

Marjorana
===⇒ ξ∗ψL

(ψL)c = (ψc)R
Marjorana

===⇒ ξψR (ψR)c = (ψc)L
Marjorana

===⇒ ξψL

ψγµψ =ψcγµψc=[βCψ∗]†βγµβCψ∗=ψTCγµCβψ∗=ψTγµTβψ∗=−ψγµψ = 0

Dirac mass term =

∫
d4x : [−DψR(x)ψL(x)− DψL(x)ψR(x)] :

Marjorana mass term =

∫
d4x : [−A

2
(ψL)c(x)ψL(x)−A

2
ψL(x)(ψL)c(x)] : Fermion#violation

Marjorana mass term =

∫
d4x : [−B

2
(ψR)c(x)ψR(x)−B

2
ψR(x)(ψR)c(x)] : Fermion#violation

ééé���mmmÃÃÃ|||ÑÑÑ���333������///µµµ√
2χ = ψL + (ψL)c χc = χ

√
2ω = ψR + (ψR)c ωc = ω

ψL =
√

2PLχ (ψL)c =
√

2PRχ ψR =
√

2PRω (ψR)c =
√

2PLω

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

Marjorana���þþþ: ψc≡CψC−1 =ξ∗βCψ∗ Marjorana
====⇒ ψ XXX¥¥¥555

√
2χ = ψL + (ψL)c χc = χ

√
2ω = ψR + (ψR)c ωc = ω

ψL =
√

2PLχ (ψL)c =
√

2PRχ ψR =
√

2PRω (ψR)c =
√

2PLω

ψLiγµ∂µψL + ψRiγµ∂µψR = χiγµ∂µχ+ ωiγµ∂µω

DψRψL + DψLψR +
A
2

(ψL)cψL +
A
2
ψL(ψL)c +

B
2

(ψR)cψR +
B
2
ψR(ψR)c

= D(χω + ωχ) + Aχχ+ Bωω = (χ, ω)

(
A D
D B

)(
χ
ω

)
M1,2 =

A
2

+
B
2
±
√

(
A
2
− B

2
)2 + D2

Eigenstates: η1 = χ cos θ−ω sin θ η2 = χ sin θ+ω cos θ tan 2θ =
2D

A−B

D=
1
2

(M1−M2) sin 2θ A=M1 cos2θ+M2 sin2θ B=M1 sin2θ+M2 cos2θ

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

Marjorana¥¥¥���fffººº���þþþ: ψc≡CψC−1 =ξ∗βCψ∗ Marjorana
====⇒ ξ∗ψ XXX¥¥¥555

Marjorana mass term =

∫
d4x : [−A

2
(ψL)c(x)ψL(x)−A

2
ψL(x)(ψL)c(x)] : Fermion#violation

Marjorana mass term =

∫
d4x : [−B

2
(ψR)c(x)ψR(x)−B

2
ψR(x)(ψR)c(x)] : Fermion#violation

ééé���mmmÃÃÃ|||©©©OOOüüüÕÕÕ���333������///§§§ØØØUUUkkkDirac���þþþµµµ√
2χ = ψL + (ψL)c χc = χ

√
2ω = ψR + (ψR)c ωc = ω

ψL =
√

2PLχ (ψL)c =
√

2PRχ ψR =
√

2PRω (ψR)c =
√

2PLω

SL =

∫
d4x : [ψLiγµ∂µψL −

A
2

(ψL)cψL−
A
2
ψL(ψL)c] : =

∫
d4x : χ[ iγµ∂µ − A ]χ :

SR =

∫
d4x : [ψRiγµ∂µψR −

B
2

(ψR)cψR−
B
2
ψR(ψR)c] : =

∫
d4x : ω[ iγµ∂µ − B ]ω :

[iγµ∂µ−A]χ=0 ⇒ iγµ∂µPLχ−APRχ=0 ü©þ�§
====⇒ iγµ∂µψL−A(ψL)c =0

[iγµ∂µ−B]ω=0 ⇒ iγµ∂µPRω−BPLω=0 ü©þ�§
====⇒ iγµ∂µψR−B(ψR)c =0

������ ���uuu���ÆÆÆ
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^̂̂þþþ|||���gggdddÝÝÝ���üüü«««���þþþ:

♣ äääkkk���mmm������ééé¡¡¡���^̂̂þþþ|||kkk4���gggdddÝÝÝ!

♦ eeeâââfff¥¥¥555½½½ÃÃÃ���þþþ§§§������kkk2���gggdddÝÝÝ Weyl������ÃÃÃ���mmm������ééé¡¡¡555

♠ ¥¥¥555âââfffzzzüüügggdddÝÝÝ���½½½mmm���üüüÕÕÕäääkkkgggCCC���Majorana���þþþ���»»»���¤¤¤���fffêêê!

♥ ������www¤¤¤´́́¥¥¥555���(mmm)ÃÃÃDirac|||©©©OOOÚÚÚgggCCC���>>>ÖÖÖ���ÝÝÝ|||���'''ééé

¶ ���mmm���èèè¥¥¥555gggdddÝÝÝüüü���âââfff���mmm���±±±ÏÏÏLLLDirac���þþþ���ppp'''ééé!

z ééé¥¥¥555âââfff§§§üüü«««���þþþ���UUU������§§§������¥¥¥¥¥¥���ÅÅÅ���¥¥¥���fffááá@@@«««ººº

������ ���uuu���ÆÆÆ
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gggddd^̂̂þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

ggg,,,...¥¥¥���¥¥¥���fff���AAA«««���333���UUU555:

♣ ������kkknnn«««§§§zzz«««ÑÑÑkkk���ÃÃÃ���§§§������üüü«««kkkééé������þþþ���zzz«««���UUU

(1) ´́́XXX Diracâââfff A=B=0"""kkk���¡¡¡¶¶¶kkkmmmÃÃÃ£££ooo©©©þþþ¤¤¤"""ÃÃÃ{{{)))ººº������þþþ

(2) ´́́���|||üüü©©©þþþXXX Majoranaâââfff D=B=0"""ÃÃÃ���¡¡¡¶¶¶ÃÃÃmmmÃÃÃ"""ÃÃÃ{{{)))ººº������þþþ

(3) ´́́üüü|||ÏÏÏLLLDirac���þþþÍÍÍÜÜÜ���üüü©©©þþþ Majoranaâââfff D=0éééAAAòòòÍÍÍÜÜÜ

♠ üüü|||ÍÍÍÜÜÜMajoranaâââfff������)))¥¥¥¥¥¥���ÅÅÅ���)))ººº������þþþ������)))¥¥¥���fff

z nnn«««¥¥¥���fff���zzz«««ÑÑÑ���±±±´́́þþþ¡¡¡nnn������UUU¥¥¥���,,,���«««���

������ ���uuu���ÆÆÆ
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^̂̂þþþ|||���///   :

♣ ´́́���«««���²²²TTTþþþfff|||¥¥¥���{{{üüü���|||!

♦ ���©©©EEE,,,!���vvvkkk²²²;;;éééAAA���

♠ yyy¢¢¢...®®®uuuyyy���¤¤¤kkkÔÔÔ���...ÄÄÄ���âââfffÑÑÑddd^̂̂þþþ|||£££ããã!

♥ Dirac!!!Weyl!!!Majoranaâââfff������vvvààà���!!!þþþfff&&&EEE������'''555!

¶ ���333üüü«««���ÄÄÄ���^̂̂þþþ|||���

z ���mmmÃÃÃ|||���ØØØÓÓÓééé¡¡¡555ÃÃÃ���ééé¡¡¡555333yyy¢¢¢...ååå'''������^̂̂

������ ���uuu���ÆÆÆ
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ψ+
l (x)=

∑
σ,n

∫
d3p

(2π)3/2 e−ip·xul(~p, σ, n)a(~p, σ, n) ψ−l (x)=
∑
σ,n

∫
d3p

(2π)3/2 eip·xvl(~p, σ, n)a†(~p, σ, n)

∑
σ̄

ūl(~pΛ, σ̄, n)Dσ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D+
l̄l (Λ)ul(~p, σ, n)∑

σ̄

v̄l(~pΛ, σ̄, n)D∗σ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

D−l̄l (Λ)vl(~p, σ, n)

¥¥¥þþþþþþfff|||: D(Λ)µ ±ν ≡Λµν (J1±iJ2)σ′σ=δσ′,σ±1

√
(j∓σ)(j±σ+1) j=0,1 J3

σ′σ=σδσ′σ

D(1 + ω)µν = gµν + ωµν = gµν +
i
2
ωσρ(J σρ)µν

eω ØØØNNN������
=====⇒ (J σρ)µν = i(gσνgρµ− gρνgσµ)

φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

uµ(~p,σ)=(M/p0)1/2L(p)µνuν(0,σ) vµ(~p,σ)=(M/p0)1/2L(p)µνvν(0,σ)∑
σ̄

uµ(0,σ̄)~J(j)
σ̄σ= ~J µνuν(0,σ)

∑
σ̄

vµ(0,σ̄)~J(j)∗
σ̄σ =−~J µνvν(0,σ)

===ÄÄÄ)))¤¤¤��� ~J µν ´́́Λµν���XXX===ÄÄÄÜÜÜ©©©���ooo¥¥¥þþþLLL���: (Jk)
µ
ν =− 1

2 εijk(J ij)µν = iεijkgiµgj
ν

(Jk)
0
0 =(Jk)

0
i =(Jk)

i
0 =0 (Jk)

i
j = iεijk ( ~J 2)0

0 =( ~J 2)0
i =( ~J 2)i

0 =0 ( ~J 2)i
j =2δi

j|||ggg^̂̂���1
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φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

∑
σ̄

ūl(~pΛ,σ̄,n)Dσ̄σ(W(Λ,p))=
√

p0/(Λp)0
∑

l

D+
l̄l (Λ)ul(~p,σ,n) uµ(~p,σ)=(M/p0)1/2L(p)µνuν(0,σ)∑

σ̄

v̄l(~pΛ,σ̄,n)D∗σ̄σ(W(Λ,p))=
√

p0/(Λp)0
∑

l

D−l̄l (Λ)vl(~p,σ,n) vµ(~p,σ)=(M/p0)1/2L(p)µνvν(0,σ)

(Jk)
0
0 =(Jk)

0
i =(Jk)

i
0 =0 (Jk)

i
j = iεijk ( ~J 2)0

0 =( ~J 2)0
i =( ~J 2)i

0 =0 ( ~J 2)i
j =2δi

j∑
σ̄

uµ(0,σ̄)~J(j)
σ̄σ= ~J µνuν(0,σ)

∑
σ̄

u0(0,σ̄)(~J2)
(j)
σ̄σ=

∑
σ′

~J 0
νuν(0,σ′)·~J(j)

σ′σ=( ~J 2)0
νuν(0,σ)=0

∑
σ̄

ui(0, σ̄)(~J2)
(j)
σ̄σ =

∑
σ′

~J i
νuν(0, σ′) ·~J(j)

σ′σ = ( ~J 2)i
νuν(0, σ) = 2ui(0, σ)

∑
σ̄

vµ(0,σ̄)~J(j)∗
σ̄σ =−~J µνvν(0,σ)

∑
σ̄

v0(0,σ̄)(~J2)
(j)∗
σ̄σ =−

∑
σ′

~J 0
νvν(0,σ′)·~J(j)∗

σ′σ=( ~J 2)0
νvν(0,σ)=0

∑
σ̄

vi(0, σ̄)(~J2)
(j)∗
σ̄σ = −

∑
σ′

~J i
νvν(0, σ′) ·~J(j)∗

σ′σ = ( ~J 2)i
νvν(0, σ) = 2vi(0, σ)

������ ���uuu���ÆÆÆ
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φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

(Jk)
0
0 =(Jk)

0
i =(Jk)

i
0 =0 (Jk)

i
j = iεijk ( ~J 2)0

0 =( ~J 2)0
i =( ~J 2)i

0 =0 ( ~J 2)i
j =2δi

j

uµ(~p,σ)=(M/p0)1/2L(p)µνuν(0,σ)
∑
σ̄

u0(0,σ̄)(~J2)
(j)
σ̄σ=0

∑
σ̄

ui(0, σ̄)(~J2)
(j)
σ̄σ = 2ui(0, σ)

vµ(~p,σ)=(M/p0)1/2L(p)µνvν(0,σ)
∑
σ̄

v0(0,σ̄)(~J2)
(j)
σ̄σ=0

∑
σ̄

vi(0, σ̄)(~J2)
(j)
σ̄σ = 2vi(0, σ)∑

σ̄

uµ(0,σ̄)~J(j)
σ̄σ= ~J µνuν(0,σ)

∑
σ̄

vµ(0,σ̄)~J(j)∗
σ̄σ =−~J µνvν(0,σ)

ggg^̂̂���0������¹¹¹: j = 0 Lµ0(p) = pµ/M

ui(0) = vi(0) = 0 u0(0) = −v0(0) = i(M/2)1/2 uµ(~p) = −vµ(~p) = ipµ(2p0)−1/2

φ+µ(x) = −∂µφ+(x) φ−µ(x) = −∂µφ−(x)

IIIþþþ|||���ÄÄÄ:::þþþ\\\þþþ���������ûûû===���������yyy333���¥¥¥þþþ|||
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φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

uµ(~p,σ)=(M/p0)1/2L(p)µνuν(0,σ)
∑
σ̄

u0(0,σ̄)(~J2)
(j)
σ̄σ=0

∑
σ̄

ui(0, σ̄)(~J2)
(j)
σ̄σ = 2ui(0, σ)

vµ(~p,σ)=(M/p0)1/2L(p)µνvν(0,σ)
∑
σ̄

v0(0,σ̄)(~J2)
(j)
σ̄σ=0

∑
σ̄

vi(0, σ̄)(~J2)
(j)
σ̄σ = 2vi(0, σ)

ggg^̂̂���1kkk���þþþ������¹¹¹: j = 1 ⇑���ggg^̂̂���1/2ÚÚÚ���uuu1þþþªªª���kkk""")))⇑∑
σ̄

uµ(0,σ̄)~Jσ̄σ= ~J µνuν(0,σ)
∑
σ̄

vµ(0,σ̄)~J∗σ̄σ=−~J µνvν(0,σ)

J±σ′σ=(J1±iJ2)σ′σ=δσ′,σ±1

√
(1∓σ)(1±σ+1) J3

σ′σ=σδσ′σ

(J σρ)µν = i(gσνgρµ − gρνgσµ) (Jk)
0
0 =(Jk)

0
i =(Jk)

i
0 =0 (Jk)

i
j = iεijk

u0(0, σ) = v0(0, σ) = 0 ui(0, σ)σ = iεij3uj(0, σ) vi(0, σ)σ = −iεij3vj(0, σ)

u1(0, 0) = u2(0, 0) = v1(0, 0) = v2(0, 0) = 0 u3(0,±1) = v3(0,±1) = 0

u1(0, σ)σ = iu2(0, σ) u2(0, σ)σ = −iu1(0, σ) v1(0, σ)σ = −iv2(0, σ) v2(0, σ)σ = iv1(0, σ)
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φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

∑
σ̄

uµ(0,σ̄)~Jσ̄σ= ~J µνuν(0,σ)
∑
σ̄

vµ(0,σ̄)~J∗σ̄σ=−~J µνvν(0,σ)

u0(0, σ) = v0(0, σ) = 0 u1(0, σ)σ = iu2(0, σ) v1(0, σ)σ = −iv2(0, σ)

u1(0, 0) = u2(0, 0) = v1(0, 0) = v2(0, 0) = 0 u3(0,±1) = v3(0,±1) = 0

ggg^̂̂���1kkk���þþþ������¹¹¹: j = 1

uµ(~p, σ) = vµ∗(~p, σ) = (2p0)−1/2eµ(~p, σ) uµ(0, 0) = vµ(0, 0) = (2M)−1/2


0
0
0
1

 ������24

uµ(0,1)=−vµ(0,−1)=− (2M)−1/2

√
2


0
1
i
0

 uµ(0,−1)=−vµ(0,1)=
(2M)−1/2

√
2


0
1
−i
0


������ ���uuu���ÆÆÆ
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ggg^̂̂���1kkk���þþþ������¹¹¹: uµ(~p, σ) = vµ∗(~p, σ) = (2p0)−1/2eµ(~p, σ)

eµ(~p,σ)≡Lµν(~p)eν(0,σ) eµ(0,0)=


0
0
0
1

 , eµ(0,1)=
−1√

2


0
1
i
0

 , eµ(0,−1)=
1√
2


0
1
−i
0



L(~p)=


γ

√
γ2−1 sinθ cosφ

√
γ2−1 sinθ sinφ

√
γ2−1 cosθ√

γ2−1 sinθ cosφ 1+(γ−1) sin2θ cos2φ (γ−1) sin2θ sinφ cosφ (γ−1) sinθ cosθ cosφ√
γ2−1 sinθ sinφ (γ−1) sin2θ sinφ cosφ 1+(γ−1) sin2θ sin2φ (γ−1) sinθ cosθ sinφ√
γ2−1 cosθ (γ−1) sinθ cosθ cosφ (γ−1) sinθ cosθ sinφ 1+(γ−1) cos2θ



eµ(~p,0)=


√
γ2−1 cosθ

(γ−1) sinθ cosθ cosφ
(γ−1) sinθ cosθ sinφ

1+(γ−1) cos2θ

 eµ(~p,±1)=∓ 1√
2


√
γ2−1e±iφ sinθ

1+(γ−1)e±iφ cosφ sin2θ

±i+(γ−1)e±iφ sinφ sin2θ

(γ−1)e±iφ sinθ cosθ
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ggg^̂̂���1kkk���þþþ������¹¹¹: uµ(~p, σ) = vµ∗(~p, σ) = (2p0)−1/2eµ(~p, σ)

eµ(~p,σ)≡Lµν(~p)eν(0,σ) eµ(0,0)=


0
0
0
1

 , eµ(0,1)=
−1√

2


0
1
i
0

 , eµ(0,−1)=
1√
2


0
1
−i
0


φ+µ(x) = φ−µ†(x) = (2π)−3/2

∑
σ

∫
d~p√
2p0

eµ(~p, σ)a(~p, σ)e−ip·x

[φ+µ(x), φ−ν(y)]∓ =

∫
d~p

(2π)32p0 e−ip·(x−y)Πµν(~p) = [−gµν − ∂µ∂ν

M2 ]∆+(M, x− y) ������25

Πµν(~p) ≡
∑
σ

eµ(~p, σ)eν∗(~p, σ) = −gµν +
pµpν

M2

������yyyÏÏÏJJJ555§§§LLLrrr¥¥¥þþþâââfffwww¤¤¤´́́ÀÀÀÚÚÚfff§§§777LLL±±±|||ÜÜÜ���vµ ���EEEH̃(x)

I éééØØØ���ÖÖÖ���¥¥¥þþþâââfff vµ(x) ≡ φ+µ(x) + φ+µ†(x)

I ééé���ÖÖÖ���¥¥¥þþþâââfffLLLÚÚÚ\\\���������ÖÖÖ������âââfff vµ(x) ≡ φ+µ(x) + φ+cµ†(x)
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ggg^̂̂���1kkk���þþþ������¹¹¹: uµ(~p, σ) = vµ∗(~p, σ) = (2p0)−1/2eµ(~p, σ)

eµ(~p,σ)≡Lµν(~p)eν(0,σ) eµ(0,0)=


0
0
0
1

 , eµ(0,1)=
−1√

2


0
1
i
0

 , eµ(0,−1)=
1√
2


0
1
−i
0


φ+µ(x) = φ−µ†(x) = (2π)−3/2

∑
σ

∫
d~p√
2p0

eµ(~p, σ)a(~p, σ)e−ip·x

������yyyÏÏÏJJJ555§§§LLLrrr¥¥¥þþþâââfffwww¤¤¤´́́ÀÀÀÚÚÚfff§§§777LLL±±±|||ÜÜÜ���vµ���EEEH̃(x)

vµ(x) = (2π)−3/2
∑
σ

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ØØØ���ÖÖÖ������///������uuuac(~p, σ) = a(~p, σ)

[vµ(x), vν(y)]− = [vµ(x), vν†(y)]− = −[gµν +
∂µ∂ν

M2 ]∆(M, x− y) ������26
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φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

uµ(~p, σ) = (k0/p0)1/2L(p)µνuν(0, σ) uµ(~k, σ)eiθσ = Rµν(θ)uν(~k, σ) uµ(~k, σ) = Sµνuν(~k, σ)

vµ(~p, σ) = (k0/p0)1/2L(p)µνvν(0, σ) vµ(~k, σ)e−iθσ = Rµν(θ)vν(~k, σ) vµ(~k, σ) = Sµνvν(~k, σ)

ggg^̂̂���1ÃÃÃ���þþþ������¹¹¹: j = 1kkk���þþþ���ÃÃÃ���444������)))uuuÑÑÑ���

uµ(~p,σ)=vµ∗(~p,σ)=(2p0)−1/2eµ(~p,σ) eµ(~p,σ)=L(p)µνeν(~k,σ)���ÚÚÚ^̂̂ÝÝÝ���III���± 1 pµ=L(p)µνkν

eµ(~k,σ)eiσθ=Rµν(θ)eν(~k,σ) eµ(~k,σ)=Sµν(α,β)eν(~k,σ) eµ(~k,±1)=
1√
2

(0,1,±i,0)

Sµν(α,β)=


1+ζ α β −ζ
α 1 0 −α
β 0 1 −β
ζ α β 1−ζ

 Rµν(θ)=


1 0 0 0
0 cos θ sin θ 0
0 −sin θ cos θ 0
0 0 0 1

 ↗
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UUUggg^̂̂©©©aaa

ggg^̂̂���1ÃÃÃ���þþþ������¹¹¹: j = 1kkk���þþþ���ÃÃÃ���444������)))uuuÑÑÑ���

φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

uµ(~p,σ)=vµ∗(~p,σ)=(2p0)−1/2eµ(~p,σ) eµ(~p,σ)=L(p)µνeν(~k,σ)���ÚÚÚ^̂̂ÝÝÝ���III���± 1 pµ=L(p)µνkν

eµ(~k,σ)eiσθ=Rµν(θ)eν(~k,σ) eµ(~k,σ)=Sµν(α,β)eν(~k,σ) eµ(~k,±1)=
1√
2

(0,1,±i,0)

Sµν(α,β)eν(~k,±1) =
1√
2


1+ζ α β −ζ
α 1 0 −α
β 0 1 −β
ζ α β 1−ζ




0
1
±i
0

 =
1√
2


α± iβ

1
±i

α± iβ


Sµν(α, β)eν(~k, σ) = eµ(~k, σ) + (α+ iσβ)

kµ√
2|~k|

W(θ, α, β) = S(α, β)R(θ)

Dµν(W(θ,α,β))eν(~k,σ)=Sµλ(α,β)Rλν(θ)eν(~k,σ)=eiσθ[eµ(~k,σ)+
α+iσβ√

2|~k|
kµ]

������ ���uuu���ÆÆÆ
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UUUggg^̂̂©©©aaa

ggg^̂̂���1ÃÃÃ���þþþ������¹¹¹:

φ+µ(x)=
∑
σ

(2π)−3/2
∫

d~p uµ(~p,σ)a(~p,σ)e−ip·x φ−µ(x)=
∑
σ

(2π)−3/2
∫

d~p vµ(~p,σ)a†(~p,σ)eip·x

uµ(~p,σ)=vµ∗(~p,σ)=(2p0)−1/2eµ(~p,σ) eµ(~p,σ)=L(p)µνeν(~k,σ)���ÚÚÚ^̂̂ÝÝÝ���III���± 1 pµ=L(p)µνkν

eµ(~k,σ)eiσθ=Rµν(θ)eν(~k,σ) eµ(~k,σ)=Sµν(α,β)eν(~k,σ) eµ(~k,±1)=
1√
2

(0,1,±i,0)

Sµν(α, β)eν(~k, σ) = eµ(~k, σ) + (α+ iσβ)kµ/(
√

2|~k|) W(θ, α, β) = S(α, β)R(θ)

Dµν(W(θ,α,β))eν(~k,σ)=Sµλ(α,β)Rλν(θ)eν(~k,σ)=eiσθ[eµ(~k,σ)+kµ(α+iσβ)/(
√

2|~k|)]

Dµν(Λ)eν(~p, σ) = Dµν(ΛL(p))eν(~k, σ) = Dµν(L(Λp)W)eν(~k, σ) W ≡ L−1(Λp)ΛL(p)

= Dµν(L(Λp))eiσθ(Λ,p)[eν(~k, σ) + {α(Λ, p) + iσβ(Λ, p)}kν/(
√

2|~k|)]
= eiσθ(Λ,p)[eµ(~pΛ, σ) + pµΛ{α(Λ, p) + iσβ(Λ, p)}/(

√
2|~k|)] pµΛ = Λµνpν

e−iσθ(Λ,p)eµ(~p, σ) = Dµν(Λ−1)eν(~pΛ, σ) + pµ{α(Λ, p) + iσβ(Λ, p)}/(
√

2|~k|)

������ ���uuu���ÆÆÆ
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UUUggg^̂̂©©©aaa

ggg^̂̂���1ÃÃÃ���þþþ������¹¹¹:
vµ(x) = (2π)−3/2

∑
σ=±1

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

U(Λ)a(~p,σ)U−1(Λ)=

√
(Λp)0

p0 e−iσθ(Λ,p)a(~pΛ,σ) U(Λ)a†(~p,σ)U−1(Λ)=

√
(Λp)0

p0 eiσθ(Λ,p)a†(~pΛ,σ)

e−iσθ(Λ,p)eµ(~p, σ) = Dµν(Λ−1)eν(~pΛ, σ) + pµ{α(Λ, p) + iσβ(Λ, p)}/(
√

2|~k|)

U(Λ)vµ(x)U−1(Λ)=(2π)−3/2
∑
σ=±1

∫
d~p√
2p0

√
(Λp)0

p0 [eµ(~p, σ)e−iσθ(Λ,p)a(~pΛ, σ)e−ip·x + · · · ]

=(2π)−3/2
∑
σ=±1

∫
d~pΛ√
2p0

Λ

{[Dµν(Λ−1)eν(~pΛ,σ)+pµ
α(Λ,p)+iσβ(Λ,p)√

2|~k|
]a(~pΛ,σ)e−ipΛ·(Λx)+· · · }

= Dµν(Λ−1)vν(Λx) + ∂µΩ(x,Λ) Dµν(Λ−1) = [Dµν(Λ−1)]∗ = (Λ−1)µν

Ω(x,Λ)≡(2π)−
3
2i
∑
σ=±1

∫
d~p√
2p0

√
(Λp)0

p0 [
α(Λ,p)+iσβ(Λ,p)√

2|~k|
a(~pΛ,σ)e−ip·x−α(Λ,p)−iσβ(Λ,p)√

2|~k|
ac†(~pΛ,σ)eip·x]

������ ���uuu���ÆÆÆ
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UUUggg^̂̂©©©aaa

ggg^̂̂���1ÃÃÃ���þþþ������¹¹¹:

vµ(x) = (2π)−3/2
∑
σ=±1

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

U(Λ)a(~p,σ)U−1(Λ)=

√
(Λp)0

p0 e−iσθ(Λ,p)a(~pΛ,σ) U(Λ)a†(~p,σ)U−1(Λ)=

√
(Λp)0

p0 eiσθ(Λ,p)a†(~pΛ,σ)

U(Λ)vµ(x)U−1(Λ) = Dµν(Λ−1)vν(Λx) + ∂µΩ(x,Λ) Dµν(Λ−1) = [Dµν(Λ−1)]∗ = (Λ−1)µν

Ω(x,Λ)≡(2π)−
3
2i
∑
σ=±1

∫
d~p√
2p0

√
(Λp)0

p0 [
α(Λ,p)+iσβ(Λ,p)√

2|~k|
a(~pΛ,σ)e−ip·x−α(Λ,p)−iσβ(Λ,p)√

2|~k|
ac†(~pΛ,σ)eip·x]

âââÕÕÕ[[[===ÄÄÄØØØ������ÑÑÑ������===ÄÄÄ(((JJJ,���õõõÑÑÑ���ÑÑÑÝÝÝ���.���;;;���


üüüXXX333kkk���þþþ
¥¥¥þþþ|||nnnØØØ¥¥¥���"""���þþþ444������������uuuÑÑÑ,���¥¥¥þþþ|||âââÕÕÕ[[[CCC���555���ÃÃÃ{{{¢¢¢yyy!
���kkk¥¥¥þþþ|||õõõ���������ÑÑÑÝÝÝ���ØØØ���)))???ÛÛÛKKK������nnnØØØUUU


���yyy¢¢¢yyynnnØØØ���TTTäää
kkk���âââÕÕÕ[[[CCC������555���,§§§���¦¦¦nnnØØØ333XXXeeeCCC���eee´́́ØØØCCC���:

vµ(x)→ vµ
′
(x) = vµ(x) + ∂µΩ(x) PPP{{{���gggdddÝÝÝ���

ùùù���CCC������555���CCC���. 333555���CCC���eee���±±±ØØØCCC���nnnØØØ���555���nnnØØØ.

������ ���uuu���ÆÆÆ
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UUUggg^̂̂©©©aaa

555���ééé¡¡¡555���ÚÚÚ\\\£££���µµµ vµ+(x) = vµ−†(x) =
∑
σ,n

∫ d3p
(2π)3 e−ip·xuµ(~p, σ)a(~p, σ)∑

σ̄

uµ(~pΛ, σ̄)Dσ̄σ(W(Λ, p))=
√

p0/(Λp)0
∑

l

Λµνuν(~p, σ) Dσ̄σ(W(Λ, p))=eiθ(Λ,p)σδσ̄σ

uµ(~p,σ)=vµ∗(~p,σ)=(2p0)−1/2eµ(~p,σ)
∑
σ̄

eµ(~pΛ, σ̄)Dσ̄σ(W(Λ, p))=
∑

l

Λµνeν(~p, σ)

���p = k, Λ = L(q), q = Λp V L(p) = 1 V W(Λ, p) ≡ L−1(Λp)ΛL(p) = 1

eµ(~q, σ) =
∑

l

Lµν(q)eν(~k, σ)

���µµµ p = k, Λ = S(α, β), q = Λp = k V eµ(~k, σ) =
∑

l

Sµν(α, β)eν(~k, σ)

���µµµ p = k, Λ = R(θ), q = Λp = k V eµ(~k, σ)eiθσ=
∑

l

Rµν(θ)eν(~k, σ)

Sµν(α,β)eν(~k,σ)=eµ(~k,σ)+(α+iσβ)
kµ√
2|~k|

V U(Λ)vµ(x)U−1(Λ)=(Λ−1)µνv
ν(Λx)+∂µΩ(x,Λ)

������ ���uuu���ÆÆÆ
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¥¥¥þþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm������CCC���:

vµ(x) = (2π)−3/2
∑
σ

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

kkk���þþþ���///: Lµν(−~p)=PµρLρσ(~p)Pσν eµ(~p, σ)=Lµν(~p)eν(0, σ)

eµ(0, 0) =


0
0
0
1

 , eµ(0, 1) =
−1√

2


0
1
i
0

 , eµ(0,−1) =
1√
2


0
1
−i
0



eµ(−~p,σ)=−Pµνeν(~p,σ) Pa(~p,σ)P−1=η∗a(−~p,σ) Pac(~p,σ)P−1=ηc∗ac(−~p,σ)

������yyy^̂̂���mmm���������555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

ηc = η∗ V Pvµ(x)P−1 = −η∗Pµνvν(Px)

������ ���uuu���ÆÆÆ
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¥¥¥þþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm������CCC���£££YYY¤¤¤:

vµ(x) = (2π)−3/2
∑
σ

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

"""���þþþ���///: Lµν(−~p)=PµρLρσ(~p)Pσν eµ(~p, σ)=Lµν(~p)eν(0, σ)

eµ(~k, 1) =
1√
2


0
1
i
0

 eµ(~k,−1) =
1√
2


0
1
−i
0



eµ(−~p,−σ)=−Pµνeν∗(~p,σ) Pa(~p,σ)P−1=η∗σe±iπσa(−~p,−σ) Pac(~p,σ)P−1=ηc
σe∓iπσac(−~p,−σ)

������yyy^̂̂���mmm���������555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

ηc = η∗ V Pvµ(x)P−1 = −η∗Pµνvν(Px)

������ ���uuu���ÆÆÆ
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¥¥¥þþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm���üüüCCC���:

vµ(x) = (2π)−3/2
∑
σ

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

kkk���þþþ������///: Lµν(−~p)=PµρLρσ(~p)Pσν eµ(~p, σ)=Lµν(~p)eν(0, σ)

eµ(0, 0) =


0
0
0
1

 , eµ(0, 1) =
−1√

2


0
1
i
0

 , eµ(0,−1) =
1√
2


0
1
−i
0


eµ∗(0, σ) = (−1)σeµ(0,−σ) (−1)1+σeµ∗(−~p,−σ) = Pµνeν(~p, σ)

Ta(~p, σ)T−1 = (−1)1−σa(−~p,−σ) Tac(~p, σ)T−1 = (−1)1−σac(−~p,−σ)

������yyy^̂̂���mmm���üüü���555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

Tvµ(x)T−1 = Pµνvν(−Px)

������ ���uuu���ÆÆÆ
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¥¥¥þþþ|||���©©©áááééé¡¡¡555CCC���555���

���mmm���üüüCCC���£££YYY¤¤¤:

vµ(x) = (2π)−3/2
∑
σ

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

"""���þþþ������///: Lµν(−~p)=PµρLρσ(~p)Pσν eµ(~p, σ)=Lµν(~p)eν(0, σ)

eµ(~k, 1) =
1√
2


0
1
i
0

 , eµ(~k,−1) =
1√
2


0
1
−i
0



eµ(−~p,−σ)=−Pµνeν∗(~p,σ) Ta(~p,σ)T−1=ζ∗σe∓iπσa(−~p,σ) Tac(~p,σ)T−1=ζc
σe±iπσac†(−~p,σ)

������yyy^̂̂���mmm���üüü���555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

ζc = ζ∗ V Tvµ(x)T−1 = ζ∗Pµνvν(−Px)

������ ���uuu���ÆÆÆ
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¥¥¥þþþ|||���©©©áááééé¡¡¡555CCC���555���

>>>ÖÖÖ���ÝÝÝCCC������CPTéééÜÜÜCCC���:
vµ(x) = (2π)−3/2

∑
σ

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

Lµν(−~p)=PµρLρσ(~p)Pσν eµ(~p, σ)=Lµν(~p)eν(0, σ)

eµ(0, 0)=


0
0
0
1

 , eµ(0, 1)=−eµ(~k, 1)=
−1√

2


0
1
i
0

 , eµ(0,−1)=eµ(~k,−1)=
1√
2


0
1
−i
0



Ca(~p, σ)C−1 = ξ∗ac(~p, σ) Cac(~p, σ)C−1 = ξc∗a(~p, σ)

������yyy^̂̂>>>ÖÖÖ���ÝÝÝ���555���EEEH̃(x)ÓÓÓ������yyyUUU


¦¦¦ÙÙÙ333aaa���«««mmm���pppééé´́́,
���UUU���

ξc = ξ∗ V Cvµ(x)(x)C−1 = ξ∗vµ†(x)

Pvµ(x)(x)P−1 = −η∗Pµνvν(Px) Tvµ(x)(x)T−1 = ζ∗Pµνvν(−Px)

CPTvµ(x)[CPT]−1 = −ξ∗η∗ζ∗vµ†(−x)

������ ���uuu���ÆÆÆ
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gggddd¥¥¥þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

pµpµ = M2 (∂2 + M2)vµ(x) = 0

kkk���þþþ���¥¥¥þþþ|||:

eµ(~p,σ)=Lµν(~p)eν(0,σ) eµ(0,0)=


0
0
0
1

 , eµ(0,1)=
−1√

2


0
1
i
0

 , eµ(0,−1)=
1√
2


0
1
−i
0


Li

k(p)=δik +(γ−1)p̂ip̂k Li
0(p)=L0

i(p)=
pi

M
L0

0(p)=γ≡
√
~p2+M2

M
p̂i≡

pi

|~p|

pµLµk(~p) = p0 pk

M
− pi(δik + (γ − 1)

pipk

~p ·~p ) = p0 pk

M
− pk + (1− γ)pk = 0

pµeµ(~p, σ) = pµLµk(~p)ek(0, σ) + pµLµ0(~p)e0(0, σ) = 0 V ∂µvµ(x) = 0

Noteµµµ���,,, e0(0, σ) = 0§§§���e0(~p, σ) 6= 0,ÏÏÏdddv0(x) 6= 0

vµ(x)���ooo���©©©þþþØØØÑÑÑ´́́ÕÕÕááá©©©þþþ§§§ÏÏÏ~~~���nnn������mmm©©©þþþ���ÕÕÕáááCCCþþþ

������ ���uuu���ÆÆÆ
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gggddd¥¥¥þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

pµpµ = M2 (∂2 + M2)vµ(x) = 0

kkk���þþþ���¥¥¥þþþ|||: pµeµ(~p, σ) = 0 V ∂µvµ(x) = 0

vµ(x)ooo���©©©þþþØØØÑÑÑ´́́ÕÕÕááá���§§§ÏÏÏ~~~���nnn������mmm©©©þþþ���ÕÕÕáááCCCþþþ.nnn���ÕÕÕááágggdddÝÝÝ

ÃÃÃ���þþþ���¥¥¥þþþ|||: eµ(~p, σ) = L(p)µνeν(~k, σ) pµ = L(p)µνkν L(p) = R(p̂)B( |~p|
κ

)

Bµν(
|~p|
κ

)eν(~k, σ) = eµ(~k, σ) B´́́÷÷÷z¶¶¶���boost,ØØØKKK������kkkx,y©©©þþþ���eµ(~k, σ) eµ(~k,±1) =
1√
2

(0, 1,±i, 0)

eµ(~p, σ) = [R(p̂)B(
|~p|
κ

)]µνeν(~k, σ) = Rµν(p̂)eν(~k, σ) R0
0 = 1 R0

i = Ri
0 = 0

e0(~p, σ) = R0
ν(p̂)eν(~k, σ) = e0(~k, σ) = 0 V v0(x) = 0

pµeµ(~p, σ)=(L(p)k)µ(L(p)e(~k, σ))µ=kµeµ(~k, σ)=0 V ~p ·~e(~p, σ)=0 V ∇ ·~v(x)=0

yyy333���ååå^̂̂���´́́üüü���,'''kkk���þþþ���¥¥¥þþþ|||õõõ


���������ååå^̂̂���.üüü���ÕÕÕááágggdddÝÝÝ
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gggddd¥¥¥þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ggg���ÝÝÝgggddd¥¥¥þþþ|||������27���MMM���îîîþþþÚÚÚ...���KKKFFFþþþ:

H′0 =
∑
σ

∫
d~p a†(~p, σ)a(~p, σ)

√
~p2 + M2 = H0 ������32

=
∑
σ

∫
d~p

1
2

√
~p2 + M2 : {a†(~p, σ)a(~p, σ) + a(~p, σ)a†(~p, σ)} :

v̇µ(x) = i
∑
σ

∫
d~p

(2π)3/2

√
p0

2
[−eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)a†(~p, σ)eip·x]

∇vµ(x) = i
∑
σ

∫
d~p

(2π)3/2

~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x − eµ∗(~p, σ)a†(~p, σ)eip·x]

H0 =−
∫

d~x
1
2

: [v̇2(x)+(∇vµ(x))·(∇vµ(x))+M2v2(x)] : eµ(~p,σ)e∗µ(~p,σ′)=−δσσ′ ������28

=

∫
d~x
−1
2

: {−~̇v2(x) + [∇ ·~v(x)]2 + [∇vµ(x)] · [∇vµ(x)] + M2v2(x)} :

������ ���uuu���ÆÆÆ
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gggddd¥¥¥þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ggg���ÝÝÝgggddd¥¥¥þþþ|||���MMM���îîîþþþÚÚÚ...���KKKFFFþþþ: (∂2 + M2)vµ(x) = 0

v̇µ(x) = i
∑
σ

∫
d~p

(2π)3/2

√
p0

2
[−eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)a†(~p, σ)eip·x]

∇vµ(x) = i
∑
σ

∫
d~p

(2π)3/2

~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x − eµ∗(~p, σ)a†(~p, σ)eip·x]

H0 =

∫
d~x (−1/2) : {−~̇v2(x) + [∇ ·~v(x)]2 + [∇vµ(x)] · [∇vµ(x)] + M2v2(x)} :

−~̇π(x)≡ δH0

δ~v(x)

∣∣∣∣
π���½½½

=−∇[∇ ·~v(x)]−(∇2−M2)~v(x)=∇[v̇0(x)]−~̈v(x)V ~π(x)=~̇v(x)−∇v0(x)

S0 =

∫
d4x : ~π(x) · ~̇v(x) : −

∫
dt H0 =

∫
d4x

1
2

: {−[∂µvν(x)][∂µvν(x)] + M2v2(x)} :

=

∫
d4x : {−1

4
Fµν(x)Fµν(x)− 1

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} : Fµν(x)≡∂µvν(x)−∂νvµ(x)

ÑÑÑ���>>>...ÈÈÈ©©©§§§òòòS0���444���ÒÒÒ������|||���§§§ (∂2 + M2)vµ(x) = 0

������ ���uuu���ÆÆÆ
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gggddd¥¥¥þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

~π(x) = ~̇v(x)−∇v0(x)

H0 =

∫
d~x (−1/2) : {−~̇v2(x) + [∇ ·~v(x)]2 + [∇vµ(x)] · [∇vµ(x)] + M2v2(x)} :

= −1
2

∫
d~x : {−~̇v2(x) + [∇v0(x)] · [∇v0(x)] + [∇ ·~v(x)]2 + [∇vi(x)] · [∇vi(x)] + M2v2(x)} :

S0 =

∫
d4x : ~π(x) · ~̇v(x) : −

∫
dt H0

=
1
2

∫
d4x : {2~̇v2(x)− 2~̇v(x)·∇v0(x)− ~̇v2(x) + [∇·~v(x)]2 + [∇vµ(x)]·[∇vµ(x)] + M2v2(x)} :

=
1
2

∫
d4x : {~̇v2(x)− 2∇ ·~v(x)v̇0(x) + [∇ ·~v(x)]2 + [∇vµ(x)] · [∇vµ(x)] + M2v2(x)} :

=
1
2

∫
d4x : {~̇v2(x)− v̇2

0(x) + [∇vµ(x)] · [∇vµ(x)] + M2v2(x)} :

=
1
2

∫
d4x : {−[∂0vµ(x)][∂0vµ(x)] + [∇vµ(x)] · [∇vµ(x)] + M2v2(x)} :

=
1
2

∫
d4x : {−[∂µvν(x)][∂µvν(x)] + M2v2(x)} :

������ ���uuu���ÆÆÆ
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vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ggg���ÝÝÝgggddd¥¥¥þþþ|||���MMM���îîîþþþÚÚÚ...���KKKFFFþþþ:

v̇µ(x) = i
∑
σ

∫
d~p

(2π)3/2

√
p0

2
[−eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)a†(~p, σ)eip·x]

∇vµ(x) = i
∑
σ

∫
d~p

(2π)3/2

~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x − eµ∗(~p, σ)a†(~p, σ)eip·x]

S0 =

∫
d4x : {−1

4
Fµν(x)Fµν(x)− 1

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} : Fµν(x)≡∂µvν(x)−∂νvµ(x)

S0 =

∫
d4x L0 L0 =: {−1

4
Fµν(x)Fµν(x)− 1

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} :

L0 = 1/2 : {[~̇v2(x)]− ~̇v(x) · ∇v0(x) +∇v0(x) · ∇v0(x)− [∂ivj(x)][∂ ivj(x)] + M2v2(x)} :

πi(x) =
∂L0

∂v̇i(x)
= v̇i(x)− ∂ iv0(x)

������ ���uuu���ÆÆÆ
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vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ggg���ÝÝÝgggddd¥¥¥þþþ|||���MMM���îîîþþþÚÚÚ...���KKKFFFþþþ:

v̇µ(x) = i
∑
σ

∫
d~p

(2π)3/2

√
p0

2
[−eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)a†(~p, σ)eip·x]

∇vµ(x) = i
∑
σ

∫
d~p

(2π)3/2

~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x − eµ∗(~p, σ)a†(~p, σ)eip·x]

S0 =

∫
d4x L0 L0 =: {−1

4
Fµν(x)Fµν(x)− 1

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} :

Fµν(x)≡∂µvν(x)−∂νvµ(x) πi(x) =
∂L0

∂v̇i(x)
= v̇i(x)− ∂ iv0(x)

[vi(~x,t),πj(~y,t)]−= iδijδ(~x−~y) [vi(~x,t),vj(~y,t)]−=[πi(~x,t),πj(~y,t)]−=0 ������29

|||^̂̂ééé´́́'''XXX,���±±±yyy²²²þþþfff���///eee������KKK|||���§§§ ������30

~̇v(~x, t) = i[H0,~v(~x, t)] =
δH0

δ~π(~x, t)
~̇π(~x, t) = i[H0, ~π(~x, t)] = − δH0

δ~v(~x, t)
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vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ggg���ÝÝÝgggddd¥¥¥þþþ|||���MMM���îîîþþþÚÚÚ...���KKKFFFþþþ:

S0 =

∫
d4x L0 L0 =: {−1

4
Fµν(x)Fµν(x)− 1

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} :

Fµν(x)≡∂µvν(x)−∂νvµ(x) πi(x) =
∂L0

∂v̇i(x)
= v̇i(x)− ∂ iv0(x)

'''uuu���ååå^̂̂��� ∂µvµ(x) = 0 lll���...���KKKFFFþþþÃÃÃ{{{������ 999 π0

L′0 =: {−1
4

Fµν(x)Fµν(x) +
1
2

M2v2(x)} : L′0 ØØØ¹¹¹ v̇0 V π0 =
∂L0

∂v̇0(x)
= 0 v0ØØØ´́́ÄÄÄåååÆÆÆCCCþþþ!

∂L′0
∂vµ(x)

− ∂ν
∂L′0

∂∂νvµ(x)
= 0 V M2vµ + ∂ν(∂νvµ − ∂µvν) = 0 V M2∂µvµ = 0

���"""���þþþ
====⇒ ∂µvµ = 0 (∂2 + M2)vµ = 0 vµ������ÄÄÄ���|||

"""���þþþ
====⇒ ∂µFµν = 0 Fµν = ∂µvν−∂νvµ vµ → vµ′= vµ+∂µΩ vµØØØwwwªªªÑÑÑyyy§§§Fµν������ÄÄÄ���|||
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gggddd¥¥¥þþþ|||���|||���§§§!!!MMM���îîîþþþÚÚÚ���^̂̂þþþ!!!���KKKééé´́́'''XXX

vµ(x) = (2π)−3/2
∑
σ

∫ d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)ac†(~p, σ)eip·x]

ggg���ÝÝÝgggddd¥¥¥þþþ|||���MMM���îîîþþþÚÚÚ...���KKKFFFþþþ:

S0 =

∫
d4x L0 L0 =: {−1

4
Fµν(x)Fµν(x)− 1

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} :

Fµν(x)≡∂µvν(x)−∂νvµ(x) πi(x) =
∂L0

∂v̇i(x)
= v̇i(x)− ∂ iv0(x)

ííí222���???nnnµµµ'''uuu���ååå^̂̂��� ∂µvµ(x) = 0 lll���...���KKKFFFþþþÃÃÃ{{{������

L0” =: {−1
4

Fµν(x)Fµν(x)− λ

2
[∂µvµ(x)]2 +

1
2

M2v2(x)} :
∂L0”

∂λ
= 0 V ∂µvµ(x) = 0

∂L0”

∂vµ(x)
− ∂ν

∂L0”

∂∂νvµ(x)
= 0 V M2vµ + ∂ν [∂νvµ − (1− λ)∂µvν ] = 0 V (∂2 + M2)vµ = 0

���©©©���ÑÑÑ���...¼¼¼þþþL0éééAAA λ = 1 ������ØØØÑÑÑv0 = 0; ???UUU���...¼¼¼þþþL′0éééAAA λ = 0

������ ���uuu���ÆÆÆ
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¥¥¥þþþ|||���///   :

♣ ´́́���«««���²²²TTTþþþfff|||¥¥¥kkk²²²;;;éééAAA������{{{üüü���|||!

♦"""���þþþ¥¥¥þþþ|||���¦¦¦555���ééé¡¡¡555���

♥kkk���¥¥¥þþþ|||ééé���þþþ""":::ëëëYYY���¦¦¦555���ééé¡¡¡555���»»»���������þþþ���'''���

♠yyy¢¢¢...®®®uuuyyyØØØÚÚÚååå			¤¤¤kkkÔÔÔ���mmm���ppp���^̂̂ÑÑÑddd¥¥¥þþþ|||£££ããã!

¶555���ééé¡¡¡555´́́ûûû½½½ÔÔÔ���ÄÄÄ������ppp���^̂̂���ééé¡¡¡555���

z������ééé¡¡¡555ûûû½½½ÔÔÔ���������ppp���^̂̂ººº

������ ���uuu���ÆÆÆ
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XXXÛÛÛnnn)))IIIþþþ!!!^̂̂þþþ|||ÃÃÃ���þþþÛÛÛÉÉÉ§§§¥¥¥þþþ|||kkk���þþþÛÛÛÉÉÉ555ººº

♣ÏÏÏ���kkkÃÃÃ���þþþ���IIIþþþ!!!^̂̂þþþ|||éééAAA���������êêê888ÃÃÃ���OOO!

♠ kkkÃÃÃ���þþþ���¥¥¥þþþ|||éééAAA���������êêê888´́́kkk���OOO���!

z���pppggg^̂̂���þþþfff|||kkkÃÃÃ���þþþ���������êêê888ÑÑÑkkk���OOO���

¶���pppggg^̂̂���þþþfff|||AAATTTÑÑÑäääkkk���þþþ���ÛÛÛÉÉÉ555���

♥ ÏÏÏddd���pppggg^̂̂���"""���þþþþþþfff|||III���555���ééé¡¡¡555���ØØØùùù«««ÛÛÛÉÉÉ555���

♦pppggg^̂̂���"""���þþþþþþfff|||���333���jjj+++´́́þþþfff|||ØØØ###uuuÐÐÐ���ØØØ%%%���

������ ���uuu���ÆÆÆ
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���ÛÛÛgggâââÔÔÔ[[[+++���������ØØØ������LLL«««

i[J µν ,J ρσ] = gνρJ µσ − gµρJ νσ − gσµJ ρν + gσνJ ρµ

~J ≡ {J 1,J 2,J 3} = {−J1,−J2,−J3} = {−J 23,−J 31,−J 12}
~K ≡ {K1,K2,K3} = {−K1,−K2,−K3} = {−J 10,−J 20,−J 30}
[J i,J j] = iεijkJ k [J i,Kj] = iεijkKk [Ki,Kj] = −iεijkJ k

Ai ≡ 1
2

(J i + iKi) Bi ≡ 1
2

(J i − iKi) eee���¦¦¦A,B´́́���������§§§KKK J777LLL������§§§K777LLL���������

���yyy§§§þþþ!!!¥¥¥þþþ|||���ÑÑÑ��������� ~JvecÚÚÚ~Kvec������!!!½½½ÂÂÂ��������� ~J���������~K���mmm÷÷÷vvvµµµ ~Jvec = Q ~JQ−1, ~Kvec = Q~KQ−1

[Ai,Aj] = iεijkAk [Bi,Bj] = iεijkBk [Ai,Bj] = 0

üüü������pppÕÕÕááá���ggg^̂̂©©©OOO���AÚÚÚB���êêê½½½������êêê���ØØØÍÍÍÜÜÜ���âââfffééé������ÚÚÚ

( ~A)a′b′,ab = δb′b~J
(A)

a′a ( ~B)a′b′,ab = δa′a~J
(B)

b′b (A,B)LLL«««������êêê(2A+1)(2B+1)

(J(A),3)a′a =aδa′a (J(A),1± iJ(A),2)a′a =δa′,a±1

√
(A∓a)(A±a+1) a = −A,−A+1, · · · ,+A

(J(B),3)b′b =bδb′b (J(B),1± iJ(B),2)b′b =δb′,b±1

√
(B∓b)(B±b+1) b = −B,−B+1, · · · ,+B

���¡¡¡CCC���µµµ (A,B)
���¡¡¡CCC���⇐====⇒ (B,A)

βJ β−1 = J βKβ−1 = −K ⇒ βAβ−1 = B βBβ−1 = A
������ ���uuu���ÆÆÆ
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���ÛÛÛgggâââÔÔÔ[[[+++���������ØØØ������LLL«««

Ai ≡ 1
2

(J i + iKi) Bi ≡ 1
2

(J i − iKi) eee���¦¦¦A,B´́́���������§§§KKKJ777LLL������§§§K777LLL���������

[Ai,Aj] = iεijkAk [Bi,Bj] = iεijkBk [Ai,Bj] = 0

(A,B)
���¡¡¡CCC���⇐====⇒ (B,A) ⇔ βAβ−1 = B βBβ−1 = A

~J = ~A+ ~B ⇒ (A,B)LLL«««������mmm===ÄÄÄLLLyyy���äääkkkggg^̂̂ j���||| j = A+B,A+B−1, · · · , |A−B|

j = 0 (0, 0)|||

j = 1
2 ( 1

2 , 0)½½½(0, 1
2 )|||???ØØØ������ Dirac^̂̂þþþ( 1

2 , 0)⊕ (0, 1
2 )äääkkk(((½½½������¡¡¡

j = 1 ( 1
2 ,

1
2 ) ???ØØØ������, (1, 0)½½½(0, 1)|||

I ( 1
2 ,

1
2 )dddj=1ÚÚÚj=0���||||||¤¤¤,©©©OOOéééAAA(~v, v0)���IIIþþþ|||kkk'''XXXíííºººkkk(((½½½���¡¡¡

I (1, 0)ÚÚÚ(0, 1)©©©OOOéééAAAgggéééóóóÚÚÚ���gggéééóóó������ééé¡¡¡������ÜÜÜþþþ

I (1, 0)⊕ (0, 1)äääkkk(((½½½������¡¡¡

(A,A)���¹¹¹j = 2A, 2A− 1, · · · , 0���|||§§§���ééékkk���þþþ���²²²TTT"""ÃÃÃ���þþþ???ØØØ������

������ ���uuu���ÆÆÆ
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���ÛÛÛgggâââÔÔÔ[[[+++���������ØØØ������LLL«««

���äää···���???ØØØLLL���^̂̂þþþ|||µµµ

γ0 =

(
0 −I
−I 0

)
γ j =

(
0 σj

−σj 0

)
J µν = − i

4
[γµ, γν ]

γ5 ≡ iγ0γ1γ2γ3 =

(
I 0
0 −I

)
PL ≡

1− γ5

2
=

(
0 0
0 I

)
PR ≡

1 + γ5

2
=

(
I 0
0 0

)
γ jγk =

(
−σjσk 0

0 −σjσk

)
⇒ J i=−1

2
εijkJ jk =

i
8
εijk[γ

j, γk]=
1
4
εijkεljk

(
σl 0
0 σl

)
=

(
σi

2 0
0 σi

2

)

[γ0, γ i] = 2γ0γ i =

(
2σi 0
0 −2σi

)
Ki = J 0i = − i

4
[γ0, γ i] =

(
−iσ

i

2 0
0 iσ

i

2

)

Ai ≡ 1
2

(J i + iKi) =

(
σi

2 0
0 0

)
= PRJ i Bi ≡ 1

2
(J i − iKi) =

(
0 0
0 σi

2

)
= PLJ i

J 2 =
3
4

I = A2 + B2 A2 = PRJ 2 = PR
1
2

(
1
2

+1) B2 = PLJ 2 = PL
1
2

(
1
2

+1) AiBj = 0

···���???ØØØLLL���^̂̂þþþ|||áááuuu( 1
2 , 0)⊕ (0, 1

2 )|||

������ ���uuu���ÆÆÆ
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���ÛÛÛgggâââÔÔÔ[[[+++���������ØØØ������LLL«««

���äää···���???ØØØLLL���¥¥¥þþþ|||µµµ
(A2)µν
(B2)µν

=
1
4

( ~J 2 − ~K2 ± 2i ~J · ~K)µν (J σρ)µν = i(gσνgρµ− gρνgσµ)

=
1
4

[(J 23)2+(J 31)2+(J 12)2−(J 10)2−(J 20)2−(J 30)2±2i(J 23J 10+J 31J 20+J 12J 30)]µν

=
1

16
εijkεilm(J jk)µλ(J lm)λν −

1
4

(J i0)µλ(J i0)λν ±
i
4
εijk(J i0)µλ(J jk)λν

=
1
8

(J jk)µλ(J jk)λν −
1
4

(J i0)µλ(J i0)λν ±
i
4
εijk(J i0)µλ(J jk)λν

= −1
8

(gj
λgkµ − gk

λgjµ)(gj
νgkλ − gk

νgjλ) +
1
4

(gi
λg0µ − g0

λgiµ)(gi
νg0λ − g0

νgiλ)

∓iεijk(gi
λg0µ − g0

λgiµ)(gj
νgkλ − gk

νgjλ)

=
1
8

[−(gjkgkµ−gkkgjµ)gj
ν+(gjjgkµ−gkjgjµ)gk

ν+2(gi0g0µ−g00giµ)gi
ν−2(giig0µ−g0igiµ)g0

ν ]

∓2iεijk[(gikg0µ−g0kgiµ)gj
ν−(gijg0µ−g0jgiµ)gk

ν ]

=
1
8

[gk
νgkµ−3gjµgj

ν−3gkµgk
ν+gj

νgjµ−2giµgi
ν+6g0µg0

ν ] =
3
4

gρµgρν =
1
2

(
1
2

+ 1)gµν
···���???ØØØLLL���¥¥¥þþþ|||áááuuu( 1

2 ,
1
2 )|||§§§§§§���¹¹¹j = 1, 0üüüÜÜÜ©©©µµµ A2 = B2 = 1

2 ( 1
2 + 1)I

������ ���uuu���ÆÆÆ
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kkk���þþþ���???¿¿¿ggg^̂̂þþþfff|||

ψab(x) = (2π)−3/2
∑
σ

∫
d3p[κa(~p, σ)e−ip·xuab(~p, σ) + λac†(~p, σ)eip·xvab(~p, σ)]

∑
a

~J(A)
āa uab̄(0, σ) +

∑
b

~J(B)

b̄b uāb(0, σ)
~J= ~A+~B⇐=======

∑
a,b

~Jāb̄,abuab(0, σ) =
∑
σ̄

uāb̄(0, σ̄)~J(j)
σ̄σ

∑
a

~J(A)
āa vab̄(0, σ) +

∑
b

~J(B)

b̄b vāb(0, σ)
~J= ~A+~B⇐=======

∑
a,b

~Jāb̄,abvab(0, σ) = −
∑
σ̄

vāb̄(0, σ̄)~J(j)∗
σ̄σ

CGXXXêêê©©©))): Ψj
σ≡
∑

ab

CAB(jσ; ab)ΨabIIIþþþ|||������ûûû���¤¤¤���¥¥¥þþþ|||ººº333ÃÃÃ¡¡¡������mmm===ÄÄÄeee

δΨj
σ= i

∑
σ̄

~θ ·~J(j)
σ̄σΨj

σ̄ δΨab = i
∑

ā

~θ·~J(A)
āa Ψāb+i

∑
b̄

~θ ·~J(B)

b̄b Ψab̄ ⇒ uab(0, σ)=(2m)−
1
2 CAB(jσ; ab)

∑
σ̄ā̄b

~J(j)
σ̄σCAB(jσ̄; āb̄)Ψā̄b=

∑
σ̄

~J(j)
σ̄σΨ

j
σ̄=
∑
ā̄b

CAB(jσ; āb̄)[
∑

a

~J(A)
āa Ψāb +

∑
b

~J(B)

b̄b
Ψāb]=

∑
ā̄b

[
∑

a

~J(A)
āa CAB(jσ; ab̄)+

∑
b

~J(B)

b̄b
CAB(jσ; āb)]Ψā̄b

lllÝÝÝ


������ÑÑÑµµµ−~J(j)∗
σσ′ = (−1)−σ+σ′~J(j)

−σ,−σ′ ⇒ vab(0, σ) = (−1)j+σuab(0,−σ) ⇑���KKKΨā̄b���´́́111���111úúúªªª

ííí???CCC���µµµ cosh θ =
√
~p2 + m2/m sinh θ = |~p|/m

Li
k(θ) = δik + (cosh θ − 1)p̂ip̂k Li

0(θ) = L0
i(θ) = p̂i sinh θ L0

0(θ) = cosh θ

ÃÃÃ¡¡¡���θ: [L(θ)]µν = gµν + ωµν ⇒ ωi
0 = ω0

i = p̂iθ ωi
j = ω0

0 = 0

������ ���uuu���ÆÆÆ
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kkk���þþþ���???¿¿¿ggg^̂̂þþþfff|||

ψab(x) = (2π)−3/2
∑
σ

∫
d3p[κa(~p, σ)e−ip·xuab(~p, σ) + λac†(~p, σ)eip·xvab(~p, σ)]

∑
a

~J(A)
āa uab̄(0, σ) +

∑
b

~J(B)

b̄b uāb(0, σ)
~J= ~A+~B

========
∑
a,b

~Jāb̄,abuab(0, σ) =
∑
σ̄

uāb̄(0, σ̄)~J(j)
σ̄σ

∑
a

~J(A)
āa vab̄(0, σ) +

∑
b

~J(B)

b̄b vāb(0, σ)
~J= ~A+~B

========
∑
a,b

~Jāb̄,abvab(0, σ) = −
∑
σ̄

vāb̄(0, σ̄)~J(j)∗
σ̄σ

uab(0, σ)=(2m)−
1
2 CAB(jσ; ab)

ííí???CCC���µµµ cosh θ =
√
~p2 + m2/m sinh θ = |~p|/m

Li
k(θ) = δik + (cosh θ − 1)p̂ip̂k Li

0(θ) = L0
i(θ) = p̂i sinh θ L0

0(θ) = cosh θ

ÃÃÃ¡¡¡���θ: [L(θ)]µν = gµν + ωµν ⇒ ωi
0 = ω0

i = p̂iθ ωi
j = ω0

0 = 0

D(L(p)) = e−îp·~Kθ iK=A−B
====== e−p̂·~J(A)θep̂·~J(B)θ ⇒ D(L(p))a′b′,ab =

(
e−p̂·~J(A)θ

)
a′a

(
e p̂·~J(B)θ

)
b′b

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

������ ���uuu���ÆÆÆ
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ψab(x) = (2π)−3/2
∑
σ

∫
d3p[κa(~p, σ)e−ip·xuab(~p, σ) + λac†(~p, σ)eip·xvab(~p, σ)]

uab(0, σ)=(2m)−1/2CAB(jσ; ab)

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
e p̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

[ψab(x), ψ̃†ab(y)]∓ = (2π)−3
∫

d3p
2p0 πab,ãb̃(~p)[κκ̃∗e−ip·(x−y) ∓ λλ̃∗eip·(x−y)]

πab,ãb̃(~p) ≡ 2p0
∑
σ

uab(~p, σ)ũ∗ãb̃(~p, σ) = 2p0
∑
σ

vab(~p, σ)ṽ∗ãb̃(~p, σ) j̃ = j, σ̃ = σ

=
∑
a′b′

∑
ã′ b̃′

∑
σ

CAB(jσ; a′b′)CÃB̃(jσ; ã′b̃′)
(

e−p̂·~J(A)θ
)

aa′

(
e p̂·~J(B)θ

)
bb′

(
e−p̂·~J(A)θ

)∗
ãã′

(
e p̂·~J(B)θ

)∗
b̃b̃′

= Pab,ãb̃(~p)︸ ︷︷ ︸
p0óóó���ggg

+2
√
~p2 + m2 Qab,ãb̃(~p)︸ ︷︷ ︸

p0óóó���ggg

~~~fff������ P(−~p)=(−1)2A+2B̃P(~p) Q(−~p)=−(−1)2A+2B̃Q(~p)

[ψab(x), ψ̃†ab(y)]∓
x0=y0

==== [κκ̃∗ ∓ (−1)2A+2B̃λλ̃∗]Pab,ãb̃(i∇)∆+(~x−~y, 0)

aaa���mmm���������uuu~x 6=~y,~x =~y´́́aaa���mmm��� + [κκ̃∗ ± (−1)2A+2B̃λλ̃∗]Qab,ãb̃(i∇)δ3(~x−~y)
������ ���uuu���ÆÆÆ
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πab,ãb̃(~p) ≡ 2p0
∑
σ

uab(~p, σ)ũ∗ãb̃(~p, σ) = 2p0
∑
σ

vab(~p, σ)ṽ∗ãb̃(~p, σ)

=
∑
a′b′

∑
ã′ b̃′

∑
σ

CAB(jσ; a′b′)CÃB̃(jσ; ã′b̃′)
(

e−p̂·~J(A)θ
)

aa′

(
e p̂·~J(B)θ

)
bb′

(
e−p̂·~J(A)θ

)∗
ãã′

(
e p̂·~J(B)θ

)∗
b̃b̃′

= Pab,ãb̃(~p)︸ ︷︷ ︸
p0óóó���ggg

+2
√
~p2 + m2 Qab,ãb̃(~p)︸ ︷︷ ︸

p0óóó���ggg

~~~fff���eee P(−~p)=(−1)2A+2B̃P(~p) Q(−~p)=−(−1)2A+2B̃Q(~p)

���ÄÄÄ~p÷÷÷z¶¶¶������¹¹¹µµµ πab,ãb̃(~p) =
∑
σ

CAB(jσ; ab)CÃB̃(jσ; ãb̃)e(−a+b−ã+b̃)θ

CAB(jσ; ab)

∣∣∣∣
σ 6=a+b

= CÃB̃(jσ; ãb̃)

∣∣∣∣
σ 6=ã+b̃

= 0 ⇒ − a + b− ã + b̃ = −2a + σ + 2b̃− σ = 2b̃− 2a

cosh θ =
p0

m
sinh θ =

p3

m
⇒ e±θ = cosh θ ± sinh θ =

p0 ± p3

m

πab,ãb̃(~p)=
∑
σ

CAB(jσ; ab)CÃB̃(jσ; ãb̃)×


[

p0+p3

m

]2b̃−2a
b̃≥a[

p0−p3

m

]2a−2b̃
a≥ b̃

~p→−~p; p0→−p0=======⇒(−1)2A+2B̃πab,ãb̃(~p)

(−1)2̃b−2a = (−1)2A+2B̃(−1)2̃b−2B̃−2a−2A = (−1)2A+2B̃ (−1)2a−2̃b = (−1)2A+2B̃(−1)−2̃b−2B̃+2a−2A = (−1)2A+2B̃

������ ���uuu���ÆÆÆ
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kkk���þþþ���???¿¿¿ggg^̂̂þþþfff|||

ψab(x) = (2π)−3/2
∑
σ

∫
d3p[κa(~p, σ)e−ip·xuab(~p, σ) + λac†(~p, σ)eip·xvab(~p, σ)]

uab(0, σ)=(2m)−1/2CAB(jσ; ab)

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

[ψab(x), ψ̃†ab(y)]∓ = (2π)−3
∫

d3p
2p0 πab,ãb̃(~p)[κκ̃∗e−ip·(x−y) ∓ λλ̃∗eip·(x−y)]

πab,ãb̃(~p) = Pab,ãb̃(~p)+2
√
~p2+m2Qab,ãb̃(~p) P(−~p)=(−1)2A+2B̃P(~p) Q(−~p)=−(−1)2A+2B̃Q(~p)

[ψab(x), ψ̃†ab(y)]∓
x0=y0

==== [κκ̃∗ ∓ (−1)2A+2B̃λλ̃∗]Pab,ãb̃(i∇)∆+(~x−~y, 0)

+[κκ̃∗ ± (−1)2A+2B̃λλ̃∗]Qab,ãb̃(i∇)δ3(~x−~y) κκ̃∗=±(−1)2A+2B̃λλ̃∗

ggg^̂̂ÚÚÚOOO'''XXXµµµ j =���êêê⇔ÀÀÀÚÚÚfff; j =������êêê⇔¤¤¤���fff

A = Ã B = B̃ ⇒ |κ|2 = ±(−1)2A+2B|λ|2 2A+2B−2j=óóóêêê
=======⇒ ± (−1)2j = 1 |κ|2 = |λ|2

|κ̃|2 = |λ̃|2 ⇒ κ

κ̃
=±(−1)2A+2B̃ λ

λ̃
=(−1)−2B+2B̃ λ

λ̃
⇒ λ=(−1)2Bcκ

|κ|2=|λ|2
===⇒ c=1⇒λ=(−1)2Bκ

������ ���uuu���ÆÆÆ
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ψab(x) = (2π)−3/2
∑
σ

∫
d3p[κa(~p, σ)e−ip·xuab(~p, σ) + λac†(~p, σ)eip·xvab(~p, σ)]

uāb̄(~k, σ)eiθσ =
∑

ab

Dāb̄,ab(R(θ))uab(~k, σ) uāb̄(~k, σ) =
∑

ab

Dāb̄,ab(S(α, β))uab(~k, σ)

vāb̄(~k, σ)e−iθσ =
∑

ab

Dāb̄,ab(R(θ))vab(~k, σ) vāb̄(~k, σ) =
∑

ab

Dāb̄,ab(S(α, β))vab(~k, σ)

Sµν(α, β) =


1 + ζ α β −ζ
α 1 0 −α
β 0 1 −β
ζ α β 1− ζ

 Rµν(θ) =


1 0 0 0
0 cos θ sin θ 0
0 − sin θ cos θ 0
0 0 0 1


éééÃÃÃ¡¡¡���θ: D(R(θ)) = 1 + iθJ 3

σuab(~k, σ) = (a + b)uab(~k, σ) ⇒ uab(~k, σ)
σ 6=a+b

===== 0

−σvab(~k, σ) = (a + b)vab(~k, σ) ⇒ vab(~k, σ)
σ 6=−a−b

===== 0

lll���§§§www������ vab(~k, σ) = uab(~k,−σ)

������ ���uuu���ÆÆÆ
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ÃÃÃ���þþþ���???¿¿¿ggg^̂̂þþþfff|||

ψab(x) = (2π)−3/2
∑
σ

∫
d3p[κa(~p, σ)e−ip·xuab(~p, σ) + λac†(~p, σ)eip·xvab(~p, σ)]

uāb̄(~k, σ) =
∑

ab

Dāb̄,ab(S(α, β))uab(~k, σ) vāb̄(~k, σ) =
∑

ab

Dāb̄,ab(S(α, β))vab(~k, σ)

Sµν(α, β) =


1 + ζ α β −ζ
α 1 0 −α
β 0 1 −β
ζ α β 1− ζ

 uab(~k, σ)
σ 6=a+b

===== 0 vab(~k, σ)
σ 6=−a−b

===== 0

éééÃÃÃ¡¡¡���α, β: D(S(α, β)) = 1− iα(J 01 − J 13)− iβ(J 02 − J 23)

J 01−J 13 =K1−J 2 =−iA1+iB1−A2−B2 J 02−J 23 =K2+J 1 =−iA2+iB2+A1+B1

0 = (J(A),2 + iJ(A),1)aa′ua′b(~k, σ) + (J(B),2 − iJ(B),1)bb′uab′(~k, σ)

0 = (J(A),1 − iJ(A),2)aa′ua′b(~k, σ) + (J(B),1 + iJ(B),2)bb′uab′(~k, σ)

(J(A),1 − iJ(A),2)aa′ua′b(~k, σ) = 0 (J(B),1 + iJ(B),2)bb′uab′(~k, σ) = 0

uab(~k, σ)
a 6=−A, b 6=B

====== 0 σ=B−A aaaqqq/// vab(~k, σ)
a 6=−A, b 6=B

====== 0 σ=A−B ���âââfffäääkkk���������ÚÚÚ^̂̂ÝÝÝ���

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ gggdddþþþfff|||§§§âââfff������âââfff ���ÙÙÙïïïáááÚÚÚ£££ãããþþþfff|||ØØØ¥¥¥���þþþfff///gggddd|||000



888¹¹¹õõõâââfff���???���!!!ÑÑÑ������SÝÝÝ


 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT
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???¿¿¿ggg^̂̂���"""���þþþþþþfff|||µµµ (A,B)

uab(~k, σ)
a 6=−A, b 6=B

====== 0 σ = B−A = ±j aaaqqq/// vab(~k, σ)
a6=−A, b 6=B

====== 0 σ = A−B = ∓j

(A,B)
���¡¡¡CCC���⇐====⇒ (B,A) ⇔ βAβ−1 = B βBβ−1 = A

j = 0, σ = 0 (0, 0)|||¶¶¶ ( 1
2 ,

1
2 ) éééAAA∂µφ,������¶¶¶ (A,A)||| ùùùÚÚÚ´́́"""���þþþAAAÏÏÏ���

j = 1
2 ( 1

2 , 0)½½½(0, 1
2 )||| σ = ± 1

2 Dirac^̂̂þþþ( 1
2 , 0)⊕ (0, 1

2 )äääkkk(((½½½������¡¡¡

j = 1 (1, 0)½½½(0, 1)||| σ = ±1 (1, 0)⊕ (0, 1)kkk(((½½½���¡¡¡;éééAAAFµν =∂µvν−∂µvµ vµØØØwwwªªªÑÑÑyyy

j = A (A, 0)½½½(0,A)||| σ = ±A (A, 0)⊕ (0,A)äääkkk(((½½½������¡¡¡

���±±±yyy²²²µµµ(A,A + j)´́́ééé(0, j)???1112Aggg���ûûû¶¶¶(B + j,B)´́́ééé(j, 0)???1112Bggg���ûûû

������???ØØØ (j, 0) ���kkku−j,0(~k,−j)ÚÚÚv−j,0(~k, j)���"""ÚÚÚ (0, j) ���kkku0,j(~k, j)ÚÚÚv0,j(~k,−j)���"""|||���

������ ���uuu���ÆÆÆ
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ψ−j,0(x) = (2π)−3/2
∫

d3p[κ̃a(~p, j)e−ip·xu−j,0(~p, j) + λ̃ac†(~p,−j)eip·xv−j,0(~p,−j)]

ψ0,j(x) = (2π)−3/2
∫

d3p[κ′a(~p, j)e−ip·xu0,j(~p, j) + λ′ac†(~p,−j)eip·xv0,j(~p,−j)]

uāb̄(~p, σ)=

√
κ

p0

∑
a,b

Dāb̄ ab(L(p))uab(~k, σ) vāb̄(~p, σ)=

√
κ

p0

∑
a,b

Dāb̄ ab(L(p))vab(~k, σ)

L(p) = R(p̂)B(
|~p|
κ

) D(L(p)) = D(R(p̂))D(B(
|~p|
κ

)) B(
|~p|
κ

) = eω

B(u) =


u2+1

2u 0 0 u2−1
2u

0 1 0 0
0 0 1 0

u2−1
2u 0 0 u2+1

2u

 = exp


0 0 0 arc cosh( u2+1

2u )
0 0 0 0
0 0 0 0

arc cosh( u2+1
2u ) 0 0 0


ω03=arc cosh(

u2 + 1
2u

)

∣∣∣∣
u= |~p|

κ

= ln u
∣∣∣∣

u= |~p|
κ

= ln
|~p|
κ

D(B(
|~p|
κ

))=e−iω03K3 iK3=A3−B3

======

(
|~p|
κ

)−A3+B3

=

(
p0

κ

)j

uāb̄(~p, σ)=

(
p0

κ

)j−1/2∑
a,b

Dāb̄ ab(R(p̂))uab(~k, σ) vāb̄(~p, σ)=

(
p0

κ

)j−1/2∑
a,b

Dāb̄ ab(R(p̂))vab(~k, σ)

������ ���uuu���ÆÆÆ
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 þþþfff||| IIIþþþþþþfff||| ^̂̂þþþþþþfff||| ¥¥¥þþþþþþfff||| ???¿¿¿ggg^̂̂þþþfff||| ±±±µµµ���CPT
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ψ−j,0(x) = (2π)−
3
2

∫
d3p
(

p0

κ

)j−1/2

[κ̃a(~p, j)e−ip·x(Du)−j,0(~p, j) + λ̃ac†(~p,−j)eip·x(Dv)−j,0(~p,−j)]

ψ0,j(x) = (2π)−
3
2

∫
d3p
(

p0

κ

)j−1/2

[κ′a(~p, j)e−ip·x(Du)0,j(~p, j) + λ′ac†(~p,−j)eip·x(Dv)0,j(~p,−j)]

(Du)āb̄(~p, σ) ≡
∑
a,b

Dāb̄ ab(R(p̂))uab(~k, σ) (Dv)āb̄(~p, σ) ≡
∑
a,b

Dāb̄ ab(R(p̂))vab(~k, σ)

[ψ−j,0(x), ψ†−j,0(y)]∓ =

∫
d3p

(2π)3

π(p)

2p0

[
|κ̃|2e−ip·(x−y) ∓ |λ̃|2eip·(x−y)

]
[ψ0,j(x), ψ†0,j(y)]∓ = (2π)−3

∫
d3p
2p0 π

′(p)
[
|κ′|2e−ip·(x−y) ∓ |λ′|2eip·(x−y)

]
π(p)

|||^̂̂vab(~k,σ)=uab(~k,−σ)
=========== (p0/κ)2j(Du)−j,0(~p, j)(Du)∗−j,0(~p, j)

p0→−p0; ~p→−~p
=======⇒ (−1)2jπ(p)

π′(p)
|||^̂̂vab(~k,σ)=uab(~k,−σ)

=========== (p0/κ)2j(Du)0,j(~p, j)(Du)∗0,j(~p, j)
p0→−p0; ~p→−~p

=======⇒ (−1)2jπ′(p)���¡¡¡yyy

[ψ−j,0(x), ψ†−j,0(y)]∓= π(−i∂x)[(−)2j|κ̃|2∆+(x− y)∓ |λ̃|2∆+(y− x)]
aaaqqqkkk���þþþ

====⇒ggg^̂̂ÚÚÚOOO'''XXX

[ψ0,j(x), ψ†0,j(y)]∓ = π′(−i∂x)[(−)2j|κ′|2∆+(x− y)∓ |λ′|2∆+(y− x)]

������ ���uuu���ÆÆÆ
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δā,−jδā′,−j =
1× 2× · · · × (2j− 1)× 2j

(2j)!
δā,−jδā′,−j =

1
(2j)!

[
Πj
λ=−j+1(λ− J(A),3)

]
āā′
δā,−jδā′,−j︸ ︷︷ ︸
���ØØØ���

δb̄,jδb̄′,j =
2j× (2j− 1)× · · · × 2× 1

(2j)!
δb̄,jδb̄′,j =

1
(2j)!

[
Πj−1
λ=−j(J(B),3 − λ)

]
b̄b̄′
δb̄,jδb̄′,j

π(p) =

(
p0

κ

)2j [
u†(~k, j)D†(R(p̂))

]
−j,0

[
D(R(p̂))u(~k, j)

]
−j,0

=

(
p0

κ

)2j [
u†(~k, j)D†(R(p̂))

]
ā,0
δā,−jδā′,−j

[
D(R(p̂))u(~k, j)

]
ā′,0

=
1

(2j)!κ2j

[
u†(~k, j)D†(R(p̂))

]
ā,0

[
Πj
λ=−j+1(p0λ− J(A),3p0)

]
ā,ā′

[
D(R(p̂))u(~k, j)

]
ā′,0

DNNN���
====

1
(2j)!κ2j u†ā,0(~k, j)

[
Πj
λ=−j+1(p0λ−~J(A) ·~p)

]
ā,ā′

uā′,0(~k, j) D†(R(p̂))J(A),3D(R(p̂)) = ~J(A) ·p̂

π′(p) =

(
p0

κ

)2j [
u†(~k, j)D†(R(p̂))

]
0,j

[
D(R(p̂))u(~k, j)

]
0,j

DNNN���
====

1
(2j)!κ2j u†0,b̄(

~k, j)
[
Πj−1
λ=−j(

~J(B) ·~p− p0λ)
]

b̄,b̄′
u0,b̄′(~k, j)

������ ���uuu���ÆÆÆ
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kkk���þþþµµµ ψab(x) = (2π)−3/2
∑
σ

∫
d3p[a(~p, σ)e−ip·xuab(~p, σ) + (−1)2Bac†(~p, σ)eip·xvab(~p, σ)]

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

Pa(~p, σ)P−1 = η∗a(−~p, σ) Pac†(~p, σ)P−1 = ηcac†(−~p, σ)

PψAB
ab (x)P−1 = (2π)−3/2

∑
σ

∫
d3p[η∗a(−~p, σ)e−ip·xuAB

ab (~p, σ) + ηc(−1)2Bac†(−~p, σ)eip·xvAB
ab (~p, σ)]

CAB(jσ; ab) = (−1)A+B−jCBA(jσ; ba)

⇒ uAB
ab (−~p, σ) = (−1)A+B−juBA

ba (~p, σ) vAB
ab (−~p, σ) = (−1)A+B−jvBA

ba (~p, σ)

PψAB
ab (x)P−1 = (2π)−3/2

∑
σ

∫
d3p(−1)A+B−j[η∗a(~p, σ)e−ip·PxuBA

ba (~p, σ)

+ ηc(−1)2Bac†(~p, σ)eip·PxvBA
ba (~p, σ)]

ηc(−1)2B/η∗ = (−1)2A ⇒ ηc = η∗(−1)2j PψAB
ab (x)P−1 = η∗(−1)A+B−jψBA

ba (−~x, x0)

������ ���uuu���ÆÆÆ
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ÃÃÃ���þþþµµµ
ψ−j,0(x) = (2π)−

3
2

∫
d3p(p0/κ)j−1/2[a(~p, j)e−ip·x(Du)−j,0(~p, j) + ac†(~p,−j)eip·x(Dv)−j,0(~p,−j)]

ψ0,j(x) = (2π)−
3
2

∫
d3p(p0/κ)j−1/2[a(~p, j)e−ip·x(Du)0,j(~p, j) + ac†(~p,−j)eip·x(Dv)0,j(~p,−j)]

(Du)āb̄(~p, σ) ≡
∑
a,b

Dāb̄ ab(R(p̂))uab(~k, σ) (Dv)āb̄(~p, σ) ≡
∑
a,b

Dāb̄ ab(R(p̂))vab(~k, σ)

Pa†(~p, σ, n)P−1 = ησe∓iπσa†(P~p,−σ, n) Pa(~p, σ, n)P−1 = η∗σe±iπσa(P~p,−σ, n)

KKKÒÒÒ: 0 ≤ φ < π, ���ÒÒÒ: π ≤ φ < 2π £££φ´́́~p333xy²²²¡¡¡þþþ���ÝÝÝKKK���x¶¶¶���YYY���¤¤¤

Pψ−j,0(x)P−1
= (2π)

− 3
2
∫

d3p

(
p0

κ

)j− 1
2

[η
∗
j e±iπja(−~p,−j)e−ip·x

(Du)−j,0(~p, j) + η
c
−je
±iπjac†

(−~p, j)eip·x
(Dv)−j,0(~p,−j)]

~p→−~p
====η

∗
j (−1)A+B−j

∫ d3p

(2π)
3
2

(
p0

κ

)j− 1
2

[a(~p,−j)e−ip·Px
(Du)0,j(~p,−j)+ηjη

c
−ja

c†
(~p, j)eip·Px

(Dv)0,j(~p,−j)]
η∗j =ηc

−j
=====η

∗
j (−1)A+B−j

ψ0,j(Px)

U(R(p̂)R2) = U(R(−p̂))e±iπJ3
Da′b′ ab(R2) = (e−iπA2

)a′a(e−iπB2
)b′b = (−1)A+a

δa′,−a(−1)B+b
δb′,−b

⇒ Dā̄b ab(R(−p̂))e±iπ(a+b)
= Dā̄b ab(R(p̂)R2) = (−1)A+B+a+bDā̄b−a−b(R(p̂))

aaaqqq///µµµPψ0,j(x)P−1
= η
∗
j η
∗
(−1)A+B−j

ψ−j,0(Px)
���kkk���þþþ(((JJJ������

==========⇒ PψAB
ab (x)P−1

= η
∗
(−1)A+B−j

ψ
BA
ba (−~x, x0

)

������ ���uuu���ÆÆÆ
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ψab(x) = (2π)−3/2
∑
σ

∫
d3p uab(~p, σ)[a(~p, σ)e−ip·x + (−1)2B(−1)j−σac†(~p,−σ)eip·x]

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

Ca(~p, σ)C−1 = ξ∗ac(~p, σ) Cac†(~p, σ)C−1 = ξca†(~p, σ)

CψAB
ab (x)C−1 = (2π)−3/2

∑
σ

∫
d3p uAB

ab (~p, σ)[ξ∗ac(~p, σ)e−ip·x + ξc(−1)2Ba†(~p,−σ)(−1)j−σeip·x]

ψBA†
ba (x)= (2π)−3/2

∑
σ

∫
d3p uBA∗

ba (~p, σ)[(−1)2A(−1)j−σac(~p,−σ)e−ip·x + a†(~p, σ)eip·x]

−~J(j)∗
σσ′=(−1)−σ+σ′~J(j)

−σ,−σ′ ⇒ ~J(j)∗=−B~J(j)B−1 Bσ̄σ=(−1)j+σδσ̄,−σ B−1
σ̄σ=(−1)−j+σδσ̄,−σ

uBA
ba (~p, σ)∗ =

1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
−a,−a′

(
ep̂·~J(B)θ

)
−b,−b′

(−1)a′−a(−1)b′−bCBA(jσ; b′a′)

CBA(j,−σ;−b′,−a′) = CAB(jσ; a′b′)δa′+b′,σ ⇒ uBA
−b,−a(~p,−σ)∗ = (−1)a+b−σuAB

ab (~p, σ)

ψBA†
−b,−a(x)= (2π)−3/2

∑
σ

∫
d3p(−1)a+b−σuAB

ab (~p, σ)[(−1)2A(−1)j+σac(~p, σ)e−ip·x + a†(~p,−σ)eip·x]

(−1)−2A−a−b−jψBA†
−b,−a(x)= (2π)−3/2

∑
σ

∫
d3p uAB

ab (~p, σ)[ac(~p, σ)e−ip·x+(−1)j−σ+2Ba†(~p,−σ)eip·x]

������ ���uuu���ÆÆÆ
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ψab(x) = (2π)−3/2
∑
σ

∫
d3p uab(~p, σ)[a(~p, σ)e−ip·x + (−1)2B(−1)j−σac†(~p,−σ)eip·x]

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

Ca(~p, σ)C−1 = ξ∗ac(~p, σ) Cac†(~p, σ)C−1 = ξca†(~p, σ)

CψAB
ab (x)C−1 = (2π)−3/2

∑
σ

∫
d3p uAB

ab (~p, σ)[ξ∗ac(~p, σ)e−ip·x + ξc(−1)2Ba†(~p,−σ)(−1)j−σeip·x]

ψBA†
ba (x)= (2π)−3/2

∑
σ

∫
d3p uBA∗

ba (~p, σ)[(−1)2A(−1)j−σac(~p,−σ)e−ip·x + a†(~p, σ)eip·x]

ψBA†
−b,−a(x)= (2π)−3/2

∑
σ

∫
d3p (−1)a+b−σuAB

ab (~p, σ)[(−1)2A(−1)j+σac(~p, σ)e−ip·x + a†(~p, σ)eip·x]

(−1)−2A−a−b−jψBA†
−b,−a(x)= (2π)−3/2

∑
σ

∫
d3p uAB

ab (~p, σ)[ac(~p, σ)e−ip·x+(−1)j−σ+2Ba†(~p,−σ)eip·x]

ξ∗=ξc CψAB
ab (x)C−1 =ξ∗(−1)−2A−a−b−jψBA†

−b,−a(x)

âââfff=���âââfff
=====⇒ ψAB

ab (x) = (−1)−2A−a−b−jψBA†
−b,−a(x)

������ ���uuu���ÆÆÆ
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ψab(x) = (2π)−3/2
∑
σ

∫
d3p uab(~p, σ)[a(~p, σ)e−ip·x + (−1)2B(−1)j−σac†(~p,−σ)eip·x]

uab(~p, σ) =
1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′) vab(~p, σ)=(−1)j+σuab(~p,−σ)

Ta(~p, σ)T−1 = ζ∗(−1)j−σa(−~p,−σ) Tac†(~p, σ)T−1 = ζc(−1)j−σac†(−~p,−σ)

TψAB
ab (x)T−1=(2π)−

3
2
∑
σ

∫
d3p uAB

ab (~p, σ)∗(−1)j−σ[ζ∗a(−~p,−σ)eip·x+ζc(−1)2B+j−σac†(−~p,σ)e−ip·x]

CAB(jσ; ab) = (−1)A+B−jCAB(j,−σ;−a,−b) ⇒ uAB∗
ab (−~p,−σ) = (−1)a+b+σ+A+B−juAB

−a,−b(~p, σ)

ζc = ζ∗ TψAB
ab (x)T−1 = ζ∗(−1)a+b+A+B−2jψAB

−a,−b(~x,−x0)

CPTψAB
ab (x)[CPT]−1 = ξ∗η∗ζ∗(−1)2AψAB†

ab (−x)

������ ���uuu���ÆÆÆ
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þþþfff|||���((( ψ(x) =
∑
σ

∫
d3p

(2π)3/2 [e−ip·xu(~p, σ)a(~p, σ) + eip·xv(~p, σ)ac†(~p, σ)]

IIIþþþ|||: σ = 0 u(~p) = v(~p) = 1/
√

2(~p2 + M2) ggg^̂̂ÚÚÚOOO'''XXX

Lggg���ÝÝÝ=
1
2

: [(∂µφ(x))2−M2φ2(x)] : (∂2 + M2)φ(x) = 0 vvvuuuyyy���þþþ���ééé¡¡¡555���éééXXX

^̂̂þþþ|||: σ = ±1/2 u(~p, σ) =
√

M/p0D(L(p))u(0, σ) v(~p, σ) =
√

M/p0D(L(p))v(0, σ)

L0 =: ψ(x)(iγµ∂µ −M)ψ(x) : (iγµ∂µ−M)ψ(x)=0 ^̂̂þþþ|||���þþþ���ÃÃÃ���ééé¡¡¡555���éééXXX

¥¥¥þþþ|||: σ = 0,±1 or ± 1 u(~p, σ) = v∗(~p, σ) = (2p0)−1/2e(~p, σ) eµ(~p,σ)≡Lµν(~p)eν(0,σ)

Lggg���ÝÝÝ =: {−1
4

Fµν(x)Fµν(x) +
1
2

M2v2(x)} : (∂2 + M2)vµ(x) = 0 ∂µvµ(x) = 0

¥¥¥þþþ|||���þþþ���555���ééé¡¡¡555���éééXXX

���������¹¹¹: a=−A,· · ·, A; b=−B,· · ·, B uab(~p, σ)= 1√
2p0

∑
a′b′

(
e−p̂·~J(A)θ

)
aa′

(
ep̂·~J(B)θ

)
bb′

CAB(jσ; a′b′)=(−1)j+σvab(~p,−σ)

[ψl(~x, t), ψl′(~y, t)]∓ = [πl(~x, t), πl′(~y, t)]∓ = 0 [ψl(~x, t), πl′(~y, t)]∓ = iδ(~x−~y)

···������,,,ïïïááá


gggddd|||nnnØØØ,������vvv???ØØØ���ppp���^̂̂,ÏÏÏddd���ØØØUUU???ØØØSÝÝÝ
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þþþfff|||���(((YYY

ψ(x) =
∑
σ

∫
d3p

(2π)3/2 [e−ip·xu(~p, σ)a(~p, σ) + eip·xv(~p, σ)ac†(~p, σ)]

ggg^̂̂ÚÚÚOOO'''XXX

···������,,,ïïïááá


gggddd|||nnnØØØ,������vvv???ØØØ���ppp���^̂̂,ÏÏÏddd���ØØØUUU???ØØØSÝÝÝ


!

yyy333···���AAATTTUUU


nnn)))XXXeee¯̄̄KKK:

������ooo¤¤¤kkkäääkkkÓÓÓ���ggg^̂̂���gggdddâââfffäääkkkÓÓÓ������ÅÅÅ¼¼¼êêê?

½½½`̀̀÷÷÷vvvÓÓÓ������|||���§§§. ØØØ+++§§§333���ooo���***ÔÔÔ������gggþþþ,ØØØ+++§§§kkkÃÃÃSSS333(((���.

ÏÏÏ������ééé555���nnn���¦¦¦§§§���áááuuuÓÓÓ������âââÔÔÔ[[[+++���LLL«««

ùùù���LLL«««���NNNXXX���ºººÝÝÝÃÃÃ''',������òòòÅÅÅ¼¼¼êêê(((½½½eee555,ÏÏÏ������(((½½½������§§§!
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UUUÄÄÄþþþ���ÎÎÎ

gggdddþþþfff|||: ψ(x) =
∑
σ

∫
d3p

(2π)3/2 [e−ip·xu(~p, σ)a(~p, σ) + eip·xv(~p, σ)ac†(~p, σ)]

ψ̇(~x, t) = i[H0, ψ(~x, t)] =
δH0

δπ(~x, t)
π̇(~x, t) = i[H0, π(~x, t)] = − δH0

δψ(~x, t)
[ψl(~x, t), ψl′(~y, t)]∓ = [πl(~x, t), πl′(~y, t)]∓ = 0 [ψl(~x, t), πl′(~y, t)]∓ = iδ(~x−~y)

gggddd|||���UUUÄÄÄþþþ���ÎÎÎµµµ

H0 ≡ P0
0 =

∫
d~x : [−L0 + πl(x)ψ̇l(x)] : ~P0 ≡

∫
d~x : πl(x)∇ψl(x) : ���������������

~̇P0 =

∫
d~x : {π̇l(x)∇ψl(x) + πl(x)∇ψ̇l(x)} := i

∫
d~x{[H0, πl(x)]∇ψl(x) + πl(x)∇[H0, ψl(x)]}

= i[H0, ~P0] = 0

i[~P0, ψ(~x, t)] = ±i
∫

d~y [πl(~y, t), ψ(~x, t)]∓∇yψl(~y, t) = ∇ψ(~x, t)

i[~P0, π(~x, t)] = i
∫

d~y πl(~y, t)∇y[ψl(~y, t), π(~x, t)]∓ = ∇π(~x, t)
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���ppp���^̂̂±±±µµµÚÚÚ°°°ÜÜÜ���±±±µµµ

gggdddþþþfff|||: ψ(x) =
∑
σ

∫
d3p

(2π)3/2 [e−ip·xu(~p, σ)a(~p, σ) + eip·xv(~p, σ)ac†(~p, σ)]

ψ̇(~x, t) = i[H0, ψ(~x, t)] =
δH0

δπ(~x, t)
π̇(~x, t) = i[H0, π(~x, t)] = − δH0

δψ(~x, t)
[ψl(~x, t), ψl′(~y, t)]∓ = [πl(~x, t), πl′(~y, t)]∓ = 0 [ψl(~x, t), πl′(~y, t)]∓ = iδ(~x−~y)

���ppp���^̂̂: S = U(+∞,−∞) Ω(τ) = eiHτe−iH0τ Ψ±α = Ω(∓∞)Φα

U(τ, τ0) = Ω†(τ)Ω(τ0) = eiH0τe−iH(τ−τ0)e−iH0τ0 = T e−i
∫ τ
τ0

dt V(t)

V(t) ≡ eiH0tVe−iH0t =

∫
d~x H(~r, t) V = H − H0

°°°ÜÜÜ���±±±µµµ���|||���ÎÎÎ: ψH(~x,t) ≡ Ω(t)ψ(~x,t)Ω†(t) πH(~x,t) ≡ Ω(t)π(~x,t)Ω†(t)

ψ̇H(~x, t) = Ω̇(t)ψ(~x, t)Ω†(t) + Ω(t)ψ̇(~x, t)Ω†(t) + Ω(t)ψ(~x, t)Ω̇†(t)

= i[HΩ(t)−Ω(t)H0]ψ(~x,t)Ω†(t)+iΩ(t)[H0, ψ(~x,t)]Ω†(t)+iΩ(t)ψ(~x,t)[H0Ω
†(t)−Ω†(t)H]

= i[H, ψH(~x, t)] π̇H(~x, t) = i[H, πH(~x, t)]

[ψH,l(~x, t), ψH,l′(~y, t)]∓ = [πH,l(~x, t), πH,l′(~y, t)]∓ = 0 [ψH,l(~x, t), πH,l′(~y, t)]∓ = iδ(~x−~y)
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°°°ÜÜÜ���±±±µµµ���ÎÎÎ������²²²£££

¹¹¹���ppp���^̂̂���UUUÄÄÄþþþ���ÎÎÎ:

H ≡ P0 =

∫
d~x : [−L+ πl(x)ψ̇l(x)] : ~P ≡

∫
d~x : πl(x)∇ψl(x) :

πl ≡
∂L
∂ψ̇l

V ���ppp���^̂̂ØØØ¹¹¹222ÂÂÂ���ÝÝÝ V ~P = ~P0

Ω(τ) = eiHτe−iH0τ ψH(~x,t) ≡ Ω(t)ψ(~x,t)Ω†(t) πH(~x,t) ≡ Ω(t)π(~x,t)Ω†(t)

Ω(0) = 1 ψH(~x, 0) ≡ ψ(~x, 0) πH(~x, 0) ≡ π(~x, 0)

U0(a)ψ(x)U−1
0 (a) = ψ(x + a) U0(a) = eiaµPµ0

~P = ~P0 U(a) = eiaµPµ

ψH(x + a) = Ω(t + a0)ψ(x + a)Ω†(t + a0)

= eiH(t+a0)e−iH0(t+a0)ei(a0H0−~a·~P0)ψ(x)e−i(a0H0−~a·~P0)eiH0(t+a0)e−iH(t+a0)

= eiHteiHa0
e−iH0te−i~a·~P0ψ(x)ei~a·~P0 eiH0te−iHa0

e−iHt

= ei(Ha0−~a·~P)eiHte−iH0tψ(x)eiH0te−iHte−i(Ha0−~a·~P) = U(a)ψH(x)U−1(a)
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���ppp���^̂̂±±±µµµÚÚÚÅÅÅ½½½���±±±µµµ

gggdddþþþfff|||: ψ(x) =
∑
σ

∫
d3p

(2π)3/2 [e−ip·xu(~p, σ)a(~p, σ) + eip·xv(~p, σ)ac†(~p, σ)]

ψ̇(~x, t) = i[H0, ψ(~x, t)] =
δH0

δπ(~x, t)
π̇(~x, t) = i[H0, π(~x, t)] = − δH0

δψ(~x, t)
[ψl(~x, t), ψl′(~y, t)]∓ = [πl(~x, t), πl′(~y, t)]∓ = 0 [ψl(~x, t), πl′(~y, t)]∓ = iδ(~x−~y)

���ppp���^̂̂: S = U(+∞,−∞) Ω(τ) = eiHτe−iH0τ Ψ±α = Ω(∓∞)Φα

U(τ, τ0) = Ω†(τ)Ω(τ0) = eiH0τe−iH(τ−τ0)e−iH0τ0 = T e−i
∫ τ
τ0

dt V(t)

V(t) ≡ eiH0tVe−iH0t =

∫
d~x H(~r, t) V = H − H0

ÅÅÅ½½½���±±±µµµ���|||���ÎÎÎ: ψS(~x,t) ≡ e−iH0tψ(~x,t)eiH0t πS(~x,t) ≡ e−iH0tπ(~x,t)eiH0t

ψ̇S(~x, t) = ˙e−iH0tψ(~x, t)eiH0t + e−iH0tψ̇(~x, t)eiH0t + e−iH0tψ(~x, t) ˙eiH0t

= −ie−iH0tH0ψ(~x,t)eiH0t +ie−iH0t[H0, ψ(~x,t)]eiH0t +ie−iH0tψ(~x,t)H0eiH0t = 0

π̇S(~x, t) = 0

[ψS,l(~x, t), ψS,l′(~y, t)]∓ = [πS,l(~x, t), πS,l′(~y, t)]∓ = 0 [ψS,l(~x, t), πS,l′(~y, t)]∓ = iδ(~x−~y)
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'''uuu^̂̂|||þþþLLL������MMM���îîîþþþ

Ḣ0 = 0 ²²²www���yyy

ψS(~x, t) ≡ e−iH0tψ(~x, t)eiH0t πS(~x, t) ≡ e−iH0tπ(~x, t)eiH0t

ψS(~x, 0) = ψ(~x, 0) πS(~x, 0) = π(~x, 0)

H ≡ H(ψS, πS) = e−iH0tH(ψ, π)eiH0t H0 = e−iH0tH0(ψ, π)eiH0t V = e−iH0tV(ψ, π)eiH0t

���ppp���^̂̂: S = U(+∞,−∞) Ω(τ) = eiHτe−iH0τ Ψ±α = Ω(∓∞)Φα

U(τ, τ0) = Ω†(τ)Ω(τ0) = eiH0τe−iH(τ−τ0)e−iH0τ0 = T e−i
∫ τ
τ0

dt V(t)

V(t) ≡ eiH0tVe−iH0t =

∫
d~x H(~r, t) V = H − H0 [H(x),H(x′)] aaa���

=== 0∫
d~x H(~r, t) = eiH0tVe−iH0t = V(ψ, π) S = U(∞,−∞) = Te−i

∫∞
−∞ dt V(ψ,π) = Te−i

∫
d4x H(x)

���ÑÑÑV(ψ, π),|||^̂̂ψ, π������)))���«««���ÎÎÎÐÐÐmmm===���OOO���SÝÝÝ


���⇒���KKKOOO���NNNXXX!
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CPT½½½nnn∫
d~x H(~r, t) = eiH0tVe−iH0t = V(ψ, π) S = U(∞,−∞) = T e−i

∫
d4x H(x)

H(~r, t)´́́���������âââÔÔÔ[[[IIIþþþ

CPTψAB
ab (x)[CPT]−1 = ξ∗η∗ζ∗(−1)2AψAB†

ab (−x)

���¦¦¦ψA1B1
a1b1

(x)ψA2B2
a2b2

(x) · · ·UUUÍÍÍÜÜÜ¤¤¤IIIþþþH(~r, t)µµµ

÷÷÷z¶¶¶���ÃÃÃ¡¡¡���===ÄÄÄØØØCCC������a1 +a2 +· · ·+b1 +b2 +· · ·= 0; ÷÷÷z¶¶¶���ÃÃÃ¡¡¡���ííí???ØØØCCC������a1 +a2 +· · ·−b1−b2−· · ·= 0

(−1)2a1+2a2+··· = 1 ⇒ (−1)2(ai−Ai) = 1 ⇒ (−1)2A1+2A2+··· = 1

���¦¦¦ψA1B1
a1b1

(x)ψA2B2
a2b2

(x) · · ·UUU���yyyH(~r, t)������§§§ψA1B1
a1b1

(x)ψA2B2
a2b2

(x) · · ·777LLL���ÙÙÙ���ÝÝÝ|||ÓÓÓ���ÑÑÑyyy

ÏÏÏψA1B1
a1b1

(x)ψA2B2
a2b2

(x) · · · ¥¥¥CPTCCC������)))���EEE~~~êêê������ÃÃÃ���zzz���

[CPT] H(x)[CPT]−1 = H(−x)

[CPT] S [CPT]−1 = T e−i
∫

d4x CPTH(x)[CPT]−1
= T e−i

∫
d4x H(−x) = T e−i

∫
d4x H(−x) = S
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