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1 Introduction

In this report, we want to show that SU(2)/Cy ~ SO(3). This result follows from finding a
surjective homomorphism

6: SU2) — SO(3),

with Ker(¢) = {I, =1} ~ C5 where I is the identity element of SU(2). In addition, we will
show that one choice of such homomorphism is given by

[p(U)],; = %Tr(aanjU_l),

where o;’s are the Pauli matrices.

2 Derivation

Recall the Pauli matrices with the identity

(10 O (0 —i /10
“\o 1) > 7\ 10) 0 27\ o 937\ —1)°

They form a basis of My(C) since they are linearly independent and span My(C). Let us
consider the subspace V' C M;(C) spanned by o1, 09, 03. This means that any element A € V'
can be written as

T3 ry — 2372)

A = 2101 + 2909 + 2303 = :
Ty + 129 —XI3

If x;’s are real, we can consider A as a map

A: R*=V,

X > L1071 + L9092 + X303.

One can check that this map is bijective. Then, for any x,y € R3, we have

AX)A(y) = (2101 + 2202 + x303) (Y101 + Y209 + y303) = Z XiY;0;05,
1,J
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where 7,7 = 1,2, 3. Upon taking the trace, we get
Tr[A(x)A(y)] = Z z;y; Tr(0;05).
0,3
The Pauli matrices have the following properties
ol =1 Vi,

005+ 00, =0 Vi#7j.

By taking the trace of these equations and using the cyclic property of the trace, it can be
shown that
Tr(o?) =2 Vi, and Tr(o0;) =0 Vi3],

or equivalently Tr(o;0;) = 20;;.
Then, we get
Te[A(x)A(y)] =2z = 2(x,y),
where (,) is the inner product defined in R3. Therefore, we can define an “inner product”

(,) in V that is equivalent to the one in R* by

1

(A(x), Aly)) = 5 Tr[Alx)A(y)].

Now, let us define a transformation 7y on V' where U € SU(2) by
Ty[Ax)] = UA(x) U = UA(x)U*.
The map Ty, indeed, gives us an element of V' and we will show it as follows. Consider V'

as a subspace of My(C) in which every element is self-adjoint and has zero trace. These
properties completely define V' the same as before. Then, one has

{(TU[ (x)])" = [VAX)U*)* = UAX)U* = Ty[A(x)],
Tr (Ty[A(x)]) = TrUAX)U~] = Tr[U U A(x)] = Tr[A(x)] = 0,

so Ty[A(x)] € V. We can now consider the inner product of Tyy[A(x)] and Ty [A(y)],
(Ty[A(x)], Ty[A(y)]) = s T[UAUUA(y)U ]
~ Inwamamu

= “Tr[UTUA(x)A(y)]
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This means that Ty preserves the inner product in V. However, consider the transformation
on R3 instead of V. Set ¢y = A~ o Tyy o A which is a transformation on R?® corresponding
to Ty. Then, the above equality implies

(dv (%), bu (%)) = (x,¥),

in R? so ¢y preserves the inner product in this space. As a result, ¢y € O(3). The relations
between the maps and the spaces can be summarized by the following diagram

L
y |a
VeV

We can also consider U as a variable and ¢ as a (continuous) map, so we have

6: SU@) = 0(3).
Uw— ¢U~

Proving that ¢ is a group homomorphism:

To show that ¢ is a homomorphism with the properties as mentioned in Section 1, we need
to show that ¢ preserves the group law and the identity in SU(2) is mapped to the identity
in SO(3). By definition,

oy (x) = AN (Ty[Ax)]) = A HUAX)U®] or UAX)U* = Alpy(x)].
Then, for U,V € SU(2),

meaning that ¢y = ¢poy. Also, we have [A(x)[* = A(x) so
o1(x) = AT A(x) = x,

implying that ¢; = I, in which we have denoted I' as the identity element in O(3). These
prove that ¢ is a homomorphism.

Finding the range of ¢:

Let us return to the statement that ¢y € O(3). This does not necessarily mean that every
element of O(3) can be reached by ¢, so we want to restrict the codomain of ¢ to be Ran(¢)
only. First, we notice that every element of SU(2) can be written as

_(a P
o=(5 )
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where «, 8 € C and |a|? + |S]*> = 1. Since we can identify any element z € C by an element
(21,22) = (Re(z2),Im(2)) € R?, we have

lal* + 8] = of + a5 + B; + 55 =1,

which corresponds to 3-dimensional spherical surface S* in R*. Therefore, SU(2) is homeo-
morphic to S?, and every continuous path in SU(2) can be identified with a continuous path
on this surface. Because S? is connected, we also find SU(2) to be connected.

Now, we will prove that the range of a continuous map from a connected space is also
connected. Let f be a continuous and surjective map

f: X =Y,

where X is connected. Assume that Y is not connected, i.e., there exists A, B non-empty
and open in Y such that AUB =Y and AN B = @. From the definitions, we have

A, B are non-empty = f~!(A) and f~!(B) are non-empty,
fis a function = f~1(A)N f~YB) = 2,

f is continuous = f~'(A) and f~!(B) are open,

f is surjective = f~1(A)U f~1(B) = X.

This implies that X is not connected as we can separate X into disjoint non-empty open
subsets f~!(A) and f~!(B), leading to a contradiction. Thus, Y = Ran(f) is connected.
For our problem, this means that Ran(¢) is connected. Since ¢y = I’ and ¢ preserves the
group law, Ran(¢) is a subgroup of SO(3) — the identity component of O(3) — because it is
connected, in contrary to O(3). The outline for the proof on the connectedness of SO(3) (or
general SO(n)) is given in Chapter 1, Exercise 13 of [3], whereas and the non-connectedness
of O(3) can be seen from the fact that we can make the separation

-1 0 0
03) =SO(3)uUl-SO(3), where I = 0 -1 0
0 0 -1
Because det(SO(3)) = 1 while det(I - SO(3)) = —1, we cannot define a continuous path

joining the two subsets so they are disjoint, implying that O(3) is not connected.

We have shown that Ran(¢) C SO(3); in fact, it can also be shown that SO(3) C Ran(¢).
The proof of the latter statement is given in the Appendix at the end of the report. As a
result, we get Ran(¢) = SO(3) so the map

¢: SU2) = SO(3)
is surjective.

Finding the kernel of ¢:

By definition, if Uy € Ker(¢), we have ¢y, = I'. This means that

du,(x) =x or UgAx)U; = A(x)

4



Fall 2022

for arbitrary x € R3. Since A(x) = Y z;0;, the above equation is equivalent to
[]00'1'(]8< = 0; Vi.

As mentioned previously, we can write Uy as

_ [ @0 —Bo
UO_(BO @0)’

with |ag|? +|8o|> = 1. Let us directly calculate each case

. _ —aopfo — @0 O‘(%_Bg, _ (01
UyorUy =01 = ( a2 — 32 aofo+aofo)  \1 0

UpooUy = 09 <= i <a060 — ol _ag - 637 > =7 (0 _1>

ag + 3 —aofo + apBo 1 0
. || — | Bol 20030 ) <1 0 )
UyosUy = 03 <— _ —
R ° ( 20030 —laol* + | Bo|? 0 -1

From the off-diagonal elements in the third equation, we find that either ag = 0 or Sy = 0.
However, if ag = 0, we have |fy| = 1 so the third equation becomes

~1 0\ (1 0
0 1) \0 -1
which is not true. Thus, we are left with Sy = 0 so |ag| = 1 and the set of equations reads
([0 a2\ (01
a2 0) \1o0
0 —af\ (0 —1
a2 0 ) \1 o0
1 0 1 0
o _1) = (0 _1> (always true)

@0
Solving these equations give us

N——

ag=a; =1 < ap€e{l,-1}
As a result, we have Ker(¢) = {I, -1} ~ Cs.

Finding the explicit expression of ¢:

Consider the equation
UAGU* = Algu(x)].
We can expand the left-hand side as

3
UAX)U* =Y aUoU",
=1
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while the right-hand side is given by

3

A[¢U<X>] = Z 102 Z Z ¢U ijLj0%-

i=1 =1 j5=1

We take the summation in the left-hand side equation to be over j since it is just a dummy
index. Then, by collecting terms with the same 7, one has

Zx] (Z oulijoi — UUjU*> = 0.

=1
This has to hold for any choice of z;’s so in general, we have

3 3

Z[¢U]ij0i —Uo;U"=0 or Z[¢U]ij0i =Uo,;U™.

i=1 i=1
Now, let o} for some k act on the right of the second equation then take the trace

Z[‘bU]ijTr<UiUk) = Tr(Uo,;U"oy,).

=1

By using Tr(o;01) = 24, we get
* 1 *
2[¢U]kj = TI'(UO']‘U O'k) or [¢U]ij = ETI'(O'Z‘UO'J‘U ),

after cycling to the right inside the trace once and changing the index from £ to ¢. This is
the same expression given in Section 1 since U~! = U*. Another short way to derive this
is by directly calculating the matrix element using its definition with the inner product and
the unit vectors e;’s in R3, i.e

[pu]i = (ei. dule;)) (in R?)
= (A(e:), Alpu(e))]) (in V)
= <O'1, UO']‘U*>
= %TF(O'Z‘UUJ‘U*)

]

Let us make a final remark on this result. The homeomorphism of SU(2) and S? in R* also
implies that SU(2) is simply connected (while SO(3) is not). Then, the above isomorphism
means that we can relate problems regarding the non-simply connected group SO(3) with
the simply connected group SU(2). We say that SU(2) is a universal cover of SO(3). Simple
connectedness is of great importance in Lie groups and Lie algebras because if a Lie group
is simply connected, there is a one-to-one correspondence between its representation (or
homomorphism) and the representation (or homomorphism) of its Lie algebra (see section

3.6 and 3.7, [3]) .
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Appendix

We will first work with topological groups for generality then apply it to our problem.
Let G be a topological group with e be its identity and G be its identity component. A
neighborhood V' of e is called symmetric if

Vi={veVi=V

Let V be open and define V¥ := VV ...V (k times). Then, consider the following subset of
G
H:=|JV*
k=1

For any x € V™ C H and y € V" C H, we have 7y € V™™ C H, and 27! € (V)™ =
V™ C H. Also, the conditions for associativity and existence of identity are satisfied because
H C G which is a group itself and V' contains the identity. Thus, H is a subgroup of G.
Assume that V¥ is open for k > 1, let us consider

VER = vVE = ] oV,

aeV

which is a union of left cosets of V* (we can also write in terms of right cosets by considering
VE+L = V*V instead). For arbitrary x € G, we define a left translation of z on G by

L(z): G— G,
Y zy.

G is a topological group so by definition, the product map and inverse map for the group
are continuous. Therefore, both L(z) and L(z)~' = L(z!) are continuous maps [[| If we let
x =a €V, the map L(a)™! is continuous so by definition, the inverse image of an open set in
G is also an open set in G. Since (L(a)™) ™" = L(a) and V* is open, we have L(a)V* = aV*
is open. Then, V**! is open due to it being a union of open sets. We have V! = V open so
by induction, V* is open for any k. Then, H is a union of open sets so H is open as well.
However, using the argument for the left coset again, we can show that the subset

K:=|JH=G\H
b¢H

is open, which means that H is closed. As a result, H is an open and closed subgroup of
G. In particular, we consider G = Gy, which is connected. For a connected space, the only
subsets that are both open and closed are the whole set itself and the empty set, and because
H is non-empty by assumption, we have H = G. The readers can refer to §23 of [4] for the
proof of this statement.

n fact, the map L(z) is a homeomorphism.
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The above derivation only involves symmetric neighborhoods of e but we can make this
more general as follows. We consider the identity component GGy alone and let U C Gy be
any open neighborhood of e. From Lemma 3.4 in [5], we can always find a neighborhood
V C U of e such V is open and symmetric. Then, we have V¥ C U* and

H=|Jvkc|JU"
k=1 k=1
As shown before, H = G, and because U* C G for any k, we arrive at

Go = G U*.
k=1

Thus, if we have a connected topological group G, i.e., G = Gq, any open neighborhood U
of e is a generator of G.

Now, let us return to our problem. We will consider the map
¢: SU(2) = SO(3).

We state without proof that there exists (small) open neighborhoods A C SU(2) of I and
B C SO(3) of I such that ¢ defined on these subsets is a homeomorphism. This also means
that B C Ran(¢), and since ¢ is also a group homomorphism, we have B* C Ran(¢) for any
k. Then, taking the union over all k£ gives us

|J B* < Ran(¢).
k=1

From the result derived previously, the left-hand side is equal to SO(3) itself, so finally, we
have SO(3) C Ran(¢).
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