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Entanglement entropy

Basis  states  :

Wave function :

Reduced

density matrix :

Entanglement entropy :
Measure of entanglement
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Entanglement entropy

Reduced density matrix

Singlet  state

( | ↑ ↓ > - | ↓ ↑ > )

( | ↑ ↑ > + | ↑ ↓ > )

Entanglement entropy

disentangled

entangled

S1 is independent of S2

S1 depends on S2

S1 S2
Wave function 

|  >  =  S1S2 | S1 > | S2 >

S1 =  ↑  or  ↓

S2   =  ↑  or  ↓

S=1/2  2-Spin system W W

S1S2

( | ↑ > + | ↓ > )=      | ↑ >
S1 S2

- correlated -

- Not correlated -



Entanglement entropy

Many electron system

Basis  states  : |  >  =  ij | i > | j >| i j >  =  | i > | j >

( | 1 1 > + | 1 2 > + | 1 3 > + … + | 1 m > )

W is independent of  W

i → {1,2,3,4, … m}

j → {1,2,3,4, … m}

disentangled

W W

Entanglement entropy

( | 1 > + | 2 > + … + | m > )=      | 1 >

i j

| i > | j >



Entanglement entropy

Maximally entangled

( | 1 1 > + | 2 2 > + | 3 3 > + … + | m m > )

Basis  states  :

| i j >  =  | i > | j > | i > | j >

W W

Entanglement entropy

W and W are correlated



Scaling of entanglement entropy

Relation between correlations and scaling of entanglement entropy

Power law correlation   :

Short range correlation   :  

(1D critical system )

L

1D system

( L >>  correlation length  x )
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1D-XXZ model

gapless

gapfull

0

x

Vidal, Latorre, Rico, and Kitaev, PRL, 2003

c: central charge



Scaling of entanglement entropy

Short range correlation   

L

D-dimensional  system

( L >>  x )

x

boundary size  (length) 

entanglement

Area law

Topological order in 2D 

Topological termBoundary term  

Non-trivial 

universal correction

Fractional quantum Hall state

n = 1/m  Laughlin state  :  D = m1/2

Srednicki, PRL, 1993 Wolf,Verstraete,Hastings,Cirac,PRL,2008

Kitaev & Preskill; Levin & Wen, PRL,2006



Application of DMRG to quantum Hall systems

To confirm the prediction of boundary term and topological term

Extend the blocks 

with the restriction of basis states

Large size of systems

Real space renormalization

Controlled accuracy

Variational method

Steven White  (1992)
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l 2
(x -Xn)2 x - Xn

lLy

Lx

Unit cell

Application of DMRG

Xn: guiding center

Initial basis states

Mapping on to effective 1D lattice model

Periodic boundary conditions 

for both x and y directions

One particle states are uniquely 

specified by Xn and N

ky =  2pn/Ly = Xn / l 2
N : Landau level index

Xn

1D lattice model

HN : Hermite polynomials

(Landau gauge)

Ground state energy  (Ne=10)

DMRG m=100  -3.239340

m=200  -3.239686

m=300  -3.239981

m=400  -3.239993

Exact    -3.239995
N=2

n=1/2



Ground state of Quantum Hall systems
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Stripe II

DMRG



Fractional quantum Hall effect

R. Willett et al (1987)

Hall resistance

Longitudinal 

resistance

H



DMRG and Entanglement entropy

Density matrix (rW)ii' =j i'j  ij

i j

Ground state  |  > =  i j | i > | j >

Eigenvalues of rW
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Ne=18

M =54
10-4

100

10-8
N=0

n=1/3

Entanglement entropy is

calculated from eigenvalues of rW



Entanglement entropy
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torus

boundary 
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Ly

( boundary length )

Torus geometry Fractional quantum Hall state n = 1/3

Ne = 8 ～16



Fixed boundary length

i

N = 24

N = 30

N = 36ai
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0.001

0.0001

0 10 20 30 40

Torus geometry

Fractional quantum Hall state n = 1/3

Ly : constant

boundary 

Lx

Ly

N : total flux

Lx×Ly = pN

density matrix eigenvalues ai

Area law 

ai is almost the same when the boundary length is the same



Entanglement entropy
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L / l : boundary length

L: boundary  length

torus

sphere

sphere  

torus

- ln 31/2 ~ - 0.55 
- g

sphere 
torus

L: boundary  length

- 2ln 31/2 ~ -1.10 

topological 

entropy

n =1/3  fractional quantum Hall state

N=18
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spherical : ln m1/2

torus : 2 ln m1/2

topological term

N=10

16
22

28
34

n =1/m  

Disk geometry :  Haque, Zozulya, and Schoutens, PRL, 2007

Torus geometry : Friedman and Levine, PRB, 2008

entanglement entropy
boundary term

topological term



Entanglement entropy
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L / l : boundary length

L: boundary  length

torus

sphere
entanglement entropy

n =1/3 torus

- ln 31/2 ~ - 0.55 

- g
sphere  

torus

L: boundary  length

- 2ln 31/2 ~ -1.10 

topological 

entropy

boundary term

fractional quantum Hall state at n=1/m

topological term

N=18
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torus : 2 ln m1/2

topological term
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36n =1/5 sphere  

( n =1/m )  

n =1/3 sphere  

16

- ln 51/2 ~ - 0.80 



Bilayer quantum Hall system at n=1

d > 1.6

d ～ 1.6

Composite fermion liquid

Brake down of 

composite fermion

d < 1.0

Finite charge gap

Excitonic state

Macroscopic  coherence of excitons

Gapless Fermi liquid
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Magnetic field

Zero pseudo-spin gap

Magnetic field



V0-V1 bilayer system at n=1 

d ~ 0

Interlayer dipole
small interlayer distance   d ~ 0

strong inter-layer Coulomb repulsion

n=1/2

d >> l

Inter-layer  interaction V0  

large interlayer distance   d >> l

strong intra-layer Coulomb repulsion

Intra-layer  interaction V1

n=1/2

V0

V1

V1

Intralayer dipole



1D Heisenberg  model

Relation between 2D systems and 1D systems

2D  Bilayer quantum Hall system at n=1

10 200 0 2 4 6 8

Ly / lN : number of spins

1

0
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Ne = 8

Ne = 18

V0 /V1 = 1.4

V0 /V1 = 3.0
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V0 /V1 = 3.0Ly

2D torus

1D ring

1D spin entropy = 2D pseudo-spin entropy 

2D topological charge entropy  = 2 ln m1/2 =  0   ( n = 1/m = 1)

N = 8

N = 18

Ne : number of electrons



Summary 

Similarity between different models

Entanglement entropy

Entanglement between two regions

Correlation and topological order

DMRG is applied to quantum Hall systems

Measure of

1D ring

Ly

2D torus

L

sphere


