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Ø Deconfined Quantum Critical Point (DQCP)
o Transition between symmetry-breaking phases

Example: 

Néel Valence Bond Solid (VBS)

O(3)-Breaking Z4-Breaking

Landau-allowed scenario:

First-order Co-exist Disorder phase

Beyond Landau scenario:

A direct continuous transition?   DQCP!

[T. Senthil, et al, PRB2004; A. Nahum, et al, PRX2015; 
C. Wang, et al, PRX2017; T. Senthil, arXiv:2306.12638]



Ø The Enigma of DQCP
o Spin systems J-Q model:

ü Emergent continuous symmetry and fractional excitation

§ Incompatible scaling relation with conformal bootstrap
[Y. Nakayama, T. Ohtsuki, PRL2016]
[D. Poland, S. Rychkov, A. Vichi, RMP2019]

[A. Sandvik, PRL2007]
[A. Nahum, PRL2015, PRL2019]
[N. Ma, PRL2019]

[A. Kuklov, et al, PRL2008]
[K. Chen, et al, PRL2013]
[B. Zhao, et al, PRL2020]

§ First-order transition/multicritical point

[R. Kaul, A. Sandvik, PRL2012; M. Block, R. Melko, R. 
Kaul, PRL2013; M. Song, et al, arXiv:2307.02547]

ü DQCP in SU(N) systems

o Fermion systems
§ Continuous QSH-SC / Neel-VBS transitions

[Y. Liu, et al, Nat. Comm. 2019]
[Z. H. Liu, et al, PRL2022, PRL2023]

o Key challenge
ü Symmery requirement

Z4 => U(1)

U(1) x SU(2) => SO(5)

ü Extra length scales required for 
such emergent symmetries: 
Slow RG flow



Ø The Enigma of DQCP
o SO(5) NLSM model with WZW term [Z. Wang, M. Zaletel, R. Mong, F. Assaad, PRL2021]

[M. Ippoliti, R. Mong, F. Assaad, M. Zaletel, PRB2018]



Ø Spherical Landau Level regularization
o Landau Level on Sphere

ü Single-particle Hamiltonian:

with

(2s+1)-Fold degenerated
Lowest Landau level (LLL)

o LLL projection of the SO(5) Model 

[D. Haldane, PRL1983; W. Zhu, et al, PRX2023]

§ System size:
Number of orbitals 
N = 2s + 1



Ø Numerical Results
o Full Phase Diagram

ü Various ordered phases 
ü Intermediate disorder phase
ü Non-Wilson-Fisher transition
ü Multicritical point

o Methods
ü DMRG 

SU(2)spin x U(1)charge x U(1)angular-momentum symmetries

Up to 4096 SU(2) multiplets are kept (~12000 states)

Truncation error: 10-5 at N = 16.

ü DQMC
ü ED

[BC, X. Zhang, Y. Wang, K. Sun, Z. Y. Meng, PRL 132, 246503 (2024)]



Ø Numerical Results
o Non-Wilson-Fisher transition from VBS to disorder

§ VBS order parameter: with i = 1,2

§ VBS Binder ratio:

ü Binder ratios nicely cross ü Crossing point dirfts due to finite sizes

VBS Disorder



Ø Numerical Results
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away from the SO(5) line
within errorbar 

Existence of Disorder Phase



Ø Numerical Results
o Non-Wilson-Fisher transition from VBS to disorder

§ VBS order parameter: with i = 1,2

§ VBS Binder ratio:

o Data Collapse



Ø Numerical Results
o Non-Wilson-Fisher transition from VBS to disorder

§ VBS order parameter: with i = 1,2

§ VBS Binder ratio:

o Data Collapse

o Non-Wilson-Fisher O(2) transition

(Scaling dimension of order parameter for Wilson-Fisher 
O(2) transition is 0.519.)



Ø Numerical Results
o Multicritical point 

§ SO5 correlation ratio:

with angular momentum shift l

ü SO5 symmetry breaking at small u

ü SO5 disordered at large u

ü Multicriticality at u~0.12

§ Susceptibility: (ordered at l=0)



Ø Numerical Results
o Properties of the Disorder phase

§ Spin-singlet gap:

§ Spin-triplet gap:

ü Gapless disorder phase



Ø CFT Operator Spectrum: State-Operator Correspondence
o Radial quantization

The Eigen-states of a quantum Hamiltonian on 

are on one-to-one correspondence with CFT’s scaling operators. 

§ CFT primaries and descendants

o 3D Ising CFT

<latexit sha1_base64="KBa56Qm4DrMwYAjhKM4JZUUjbx4=">AAACNXicbZC7TgJBFIZn8YZ4W7W0mQgmJiZklwItiVpYWGAil4QlZHYYYMLszmbmrIYQeCgb38NKCwuNsfUVHGALBf5kkj/fOSdnzu9HgmtwnDcrtbK6tr6R3sxsbe/s7tn7B1UtY0VZhUohVd0nmgkesgpwEKweKUYCX7Ca37+a1GsPTGkuw3sYRKwZkG7IO5wSMKhl3+a8ayaA4LGneLcHRCn5OMYzeOYux4V5TNsSNM617KyTd6bCi8ZNTBYlKrfsF68taRywEKggWjdcJ4LmkCjgVLBRxos1iwjtky5rGBuSgOnmcHr1CJ8Y0sYdqcwLAU/p34khCbQeBL7pDAj09HxtApfVGjF0LppDHkYxsJDOFnVigUHiSYS4zRWjIAbGEKq4+SumPaIIBRN0xoTgzp+8aKqFvFvMF+8K2dJlEkcaHaFjdIpcdI5K6AaVUQVR9IRe0Qf6tJ6td+vL+p61pqxk5hD9k/XzCz7Iq7s=</latexit>

� ! �+ 1 ! �+ 2 ! · · ·

<latexit sha1_base64="pH22QDwSn0z6WT9nugZalwxs6mA=">AAACOHicfVC7TsMwFHXKq5RXgJHFokViqpIOhbGCha1Fog+pqSLHdVqrjhPZDqiK2r9i4TPYEAsDCLHyBThthtIijmTp+Jx7r32PFzEqlWW9GLm19Y3Nrfx2YWd3b//APDxqyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsbXad++54ISUN+p8YR6QVowKlPMVJacs16qQ6njqCDoUJChA9T6ERIKIqYmzhBPIH/2ws3nhaXXLNola0Z4CqxM1IEGRqu+ez0QxwHhCvMkJRd24pUL0nHYkYmBSeWJEJ4hAakqylHAZG9ZLb4BJ5ppQ/9UOjDFZypix0JCqQcB56uDJAaymUvFf/yurHyL3sJ5VGsCMfzh/yYQRXCNEXYp4JgxcaaICyo/ivEQyQQVjrrgg7BXl55lbQqZbtart5WirWrLI48OAGn4BzY4ALUwA1ogCbA4BG8gnfwYTwZb8an8TUvzRlZzzH4BeP7B2uBrpw=</latexit>

O ! @µO ! @µ@⌫O
<latexit sha1_base64="KBa56Qm4DrMwYAjhKM4JZUUjbx4=">AAACNXicbZC7TgJBFIZn8YZ4W7W0mQgmJiZklwItiVpYWGAil4QlZHYYYMLszmbmrIYQeCgb38NKCwuNsfUVHGALBf5kkj/fOSdnzu9HgmtwnDcrtbK6tr6R3sxsbe/s7tn7B1UtY0VZhUohVd0nmgkesgpwEKweKUYCX7Ca37+a1GsPTGkuw3sYRKwZkG7IO5wSMKhl3+a8ayaA4LGneLcHRCn5OMYzeOYux4V5TNsSNM617KyTd6bCi8ZNTBYlKrfsF68taRywEKggWjdcJ4LmkCjgVLBRxos1iwjtky5rGBuSgOnmcHr1CJ8Y0sYdqcwLAU/p34khCbQeBL7pDAj09HxtApfVGjF0LppDHkYxsJDOFnVigUHiSYS4zRWjIAbGEKq4+SumPaIIBRN0xoTgzp+8aKqFvFvMF+8K2dJlEkcaHaFjdIpcdI5K6AaVUQVR9IRe0Qf6tJ6td+vL+p61pqxk5hD9k/XzCz7Iq7s=</latexit>

� ! �+ 1 ! �+ 2 ! · · ·

[W. Zhu, et al, PRX2023]

o Pseudo-criticality in SO(5) model

[Z. Zhou, et al, arXiv:2306.16435]



Ø CFT Operator Spectrum: State-Operator Correspondence
o Identifying CFT operators in ED

o Identifying CFT operators in DMRG
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Ø Numerical Results: CFT Operator Spectrum

o Scaling dimension of energy-momentum tensor

For CFT, we have
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Ø Numerical Results: CFT Operator Spectrum
o CFT tower

o Relevant primary operators

ü S = 2.884 < 3

ü Relevant away from SO(5) line
i.e. Multicritical point



Ø Numerical Results: Correlation ratio
§ SO5 correlation ratio:

with angular momentum shift l

§ Crossing point analysis:

§ We take

obtaining

Consistent with CFT spectrum



Ø Conclusion

ü Various ordered phases: 
      Néel, VBS, FM, VP
ü Intermediate disorder region between  
      Néel and VBS phase

ü Non-Wilson-Fisher transition from 
      both Néel and VBS phase to disorder phase

ü Multicritical point

ü CFT Operator Spectrum of the Multicritical point

Thank you! 

o Full Phase Diagram of the SO5 model

o SO5 transtion 

ü 4 relevant primary operators identified

[BC, X. Zhang, Y. Wang, K. Sun, Z. Y. Meng, PRL 132, 246503 (2024)]

[BC, X. Zhang, Z. Y. Meng, arXiv:2405.04470]


