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This work

e Fully interacting
e General formalism

e Series of sum rules and outcomes

Problem setting
(standard many-body perturbation,
requires thermal equilibrium)
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Geometry of pure state (single-particle)

k2 Characterizes how periodic Bloch state | i) varies locally in the Brillouin zone {k}.
| 1)
Bloch state: y;(r + a) = ey (r)
t f (1 | Gauge redundancy: u;(r) — eigkuk(r)
Periodic part: u,(r) = e“k’t//k(r)
> k1

Geometry of (single-particle) wavefunction
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Berry curvature

d b, o
k=a+ Z mj—J (gauge invariant phase)
a N

| B Q) = 3 [(dkxuk | dkyuk>]
a = twisted boundary condition flux
= origin of momentum grid

|Ale™ = | ) | ... Ly Yy Vi )y |

Quantum metric
(gauge invariant distance)

| (| w5 |* = 1 = g®(dk,dk, + . ..



Geometry of pure state (many-particle)

a, How many-body state | U,) varies locally in the twisted boundary condition pace {a}.
| Uy)
t .’ (’ “Bloch state”: W, (ry,...7,+L,...,ry)=e "YW (ri,...10,...,1y)
» O “Periodic part”: U, (ry,...,ry) = e~ L% W, (r,....1y)

ﬁf‘.ﬁﬁﬁﬁwwww - Many-body Berry curvature Many-body quantum metric (1st meaning)
C = —

2
N Qa)=S [(aaan| aayUa>] (U Uyos) 2 = 1 = G(@)da,day + ...
_ )
k=a+ Z mjﬁ
=
o 4
a = twisted boundary condition flux Comment 1 (any size): Q(a) = Z Q(k) Comment 2 (thermodynamic limit): Q(a) = 2—C
= origin of momentum grid K d



Application of quantum geometry to fractional Chern insulators

~Quantum geometric bound: TrG(a) > 24/det G(a) > |Q(a) | R. Roy; PRB 14

< Q: What happens when bound saturates TrG (a) = Q(a)?

A: It is Kahler condition, the Bloch wavefunction is provable to be exactly “lowest
JW, Zhao Liu, et. al; PRL (21, 22)

”» -
Landau level type (]deal band) Bruno Mera, Tomoki Ozawa; PRB (21,22)

@, (r) standard LLL wavefunction Ledwith, Vishwanath, et. al; (PRR 20, 23)

Ya(r) = Ay Br) Oy (1)

B(r) determines Berry curvature distribution in Brillouin zone

Implication: FCI as Exact ground state in short-ranged interacting ideal flat band.

Theory of Generalized Landau Levels and its

. . Implications to non-Abelian States
~ See recent work for quantum geometry based classification of Bloch states and geometric

conditions preferring non-Abelian states. Z. Liu#, Bruno Mera#, M. Fujimoto, T. Ozawa, JW*
(PRX, 25)



Zero temperature optical conductivity sum rule

~ Optical absorption (hermitian)
Geometrical sum rule for optical conductivity

0 ab 2 Absorption of Absorption difference
op (a)a T = 0) e linear light of circular light
J dw = — Q“"(a)
0 @ h b Gab(w) + Gba(_w) ,‘RGBX . Sdgy
Response — Geometry

Dissipation <4«—»  Fluctuation

\maginary part: Qjan Niu, D. Thouless, Yongshi W PRB (85) ~ Quantum geometric tensor of ground state (hermitian)

Real part: Souza, Wilkens, Martin; PRB (00)
ab ab i ab
@ (a) =G ((l) + 56‘ Q((l)

Our work: finite-temperature generalization and beyond.



Geometry of pure state: many-body Berry curvature

Quantization of 2D Hall conductivity [Niu, Wu, Thouless 85]

« Valid in the presence of interaction, disorder

» Quantization requires a gap .

2 2

e e
—C = —Qa)=0"(w=0,T=0)

ho . Vh

e
Thermodynamic limit

Kramers-Kronig relation

1 [®  Soi(w)
Mw=0=-—P| do—2—=
T P )
(o) g X —
2 J‘ Soy (o, T =0)
T 0 ()]
Implication
Dynamically probe Chern number
(especially useful for neutral systems —— cold atom)

Tran, Dauphin, Grushin, Zoller, N. Goldman (17)




Geometry of pure state: many-body quantum metric

~ Phase of z,, encodes electric polarization

Localization length of electronic states [Resta, Sorella 99]

© Amplitude |zy| discriminates metal and insulator

. finite, insulator
X Y ¥ lim |ZN| - 00, metal
o= (Wt wy K=& = ’

I “For insulators, |zy| is the many-body quantum metric (2nd meaning)
|2yl = (P1R2Y) = (P X|¥)* ~ TIG(@)

Souza, Wilkens, Martin (00)

Flux insertion, current operator, COM coordinate

dw = ——G%(q)
0 l @ 2 Vh \
Change of wavefunction under
flux insertion
l l The sum rule is understood as the

fluctuation-dissipation relation.

J°° Rot(w,T=0) 7 e
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Probed by flux insertion

Dissipation of COM coordinates Fluctuation of COM coordinates




Optical conductivity sum rule at zero temperature

Putting imaginary & real parts together

Geometrical sum rule for optical conductivity

__@ab
, o 2V e @

Dissipation Fluctuation

r’ o, T=0) 7 €
dw =

Important point (second meaning of geometry):
Geometry = two-point correlation function

@ab(a) — <DaTl’jb>

i
mn» = > )|
k

D=0 X*P

dipole transition operator

COM coordinate connecting ground state and its excitations




Time dependent geometry at zero temperature

Static wavefunction’s geometric tensor @* = (D% DP)
l Un-occupied Q=1-P
@™t = 1) = (D™D (1) D = QRP
Time dependent geometric teNsSOr e
DA(t) = eiHilh pyag=itiilh R = Z i
l Occupied P = Z | oy ) oty |
k
Generating function for 7 = 0 sum rules 1 e o8 (w)
- ——0(w) = ——
(formally from F-D theorem) VA (@) -
What about finite temperature, and
1 e 0 what is new?
——@(“b) = J da)agh(a))w”_1
2va "
Various sum rules T Wavefunction = density matrix.

Q% = (i0)"@(1)),_,

Nishchhal Verma, Raquel Queiroz (23).

10




Geometry of density matrices

Pure state geometry mixed state geometry

Band projector Density matrix

Wavefunction Purification (“wavefunction of DM”)
| U Pa = WoW,

Gauge transf_ormation Gauge transformatl;on
|U,) = €| U,) W, = WV, V,Vi=1

a’a a’”a

Practical ways of deriving DM’s geometry:
« Symmetric log derivative operator dp(a)/da = {p, L}
« S =Tr [pL“Lb] = Fb 4 j Y

“Purification” restores the “wavefunction”
(gauge structure) of mixed state.

P N/

Space of W,
<7
M Space of p,

Uhlmann’s parallel transport condition

o 0
Wi—W—-—W'W=0
or ot

Armin Uhlmann (91): A Gauge Field Governing Parallel Transport Along Mixed States.




Geometry of density matrices

Purification p, = W, W/

R AR

Space of p,,

Practical ways of deriving DM’s geometry:
» Symmetric log derivative operator

dp
— = {p, L
% {p,L"}

a

« S =Tr[pLL"| = FP + iU

Fisher Uhlmann
info curvature

o Fisher information as the distance measure of density matrices

Fidelity of DMs: f(p, p’) = Tr, /\/,5,0/\//_)

Wf’s overlap: | (u|u’) |

Bures distance: Dé(p,p/) =1-=f(p,p) We’s distance: D = 1 — | (u|u’) |?

Fisher info: Dg [p (), p(a + 50:)] = FYa)da,da, Wf's metric: D? = g**(k)dk,dk,

o Fisher information and quantum metrology: Cramér-Rao bound

Set the lower bound of the parameter estimation: | Aa |2 > 1/ [N Tr?/'“((x)].

© Entanglement witness and observable
Tell if a system is N-particle entangled.

Theory: Hauke, Heyl, Tagliacozzo and Zoller, Nat-Phy (16); Qimiao Si group (25);

Experiment: Jianming Cai group; Matteo Mitrano group,

~ Phase transition in the absence of order parameter (B. Mera et al PRL 17)




Geometrical sum rules for all temperature

Setting: Hamiltonian parameterized by ¢ at inverse temperature ff: H(¢p) = H, + Z 0%, + 0(¢?)

a

On the geometry side:

oplod, = {p, L% \ Applying fluctuation-dissipation theorem And relation of two-point functions
asy — HiHihT a,—iHth | pw

L) = L% 1it(@) = = 5 (1= ) S(w) S9(@) = o? coth? (T) S9(e)

St — 1) = (LYWL (@)

On the response side: l

xeb(t =1y = —i0@t — t')(|0%(1), O°(")])
1 , , ' Generating function for sum rules
Xo;p(@) =[x (@) = (- w)]/2i 1 §9b(g) tanh? (ﬂa)/Z) 180(w)

St — 1') = (0%() ")) 2h I —ebo a2




New results for orbital magnetization sum rules

Hauke, Heyl, Tahliacozzo, Zoller 16

2 oo hg R ab( ) ie_z b = dew o-gb(a)’ r=0
o T e w o (w 2V A
0,, moment J dw WEFab = / dw tanh ( 9 ) D 0 @
e 0 w
/ Ao T limit
Leonforte, Valenti, Spagnolo, Carollo 19
2 o] Cxyab
2 ﬁ 2y = / dw tanh? hpw Sop (w)
tanh 2V h 0 2 w
ol (w) 1 L gan(e)
1-— e‘ﬂ“’ o 2 ,
Dissipation Geometry —EM(T —0) = me Gabu(l)(T ~0)
. L. h 2V h
Orbital magnetization sum rule (new)
Zero T limit
o e 0o ﬁw b Resta (20) = €qp /°° dw S[U%b(w)]
1, moment J dw X ® —fM = eab/ dw coth (7> Sep (w)] 0 o
— 0

Reduces to T=0 OM sum rule Resta (20)

> h,BUJ o[ _ab
2V hu(l) /0 dw tanh (T) o (w)]



Positivity of geometry and constrains

Time-dependent geometry is a “non-negative function”

St — 1) = (OO (1)) For any X (7), there is Jdt[dt’X;f (DSt — t)X,(t) > 0

This means its “Hankel matrix” and its “principle minors” are non-negative

FQll 11 11 T Q12 12 12 T
S Sw S | [So Su) Se
Sty Sy Sigy | |SH S S Consequences (infinity number of bounds):
11 11 11 12 12 12 ..
S S Sw | S Se Sw . S0
§b = gngab(y)| B : o L : N
(n) t t=0 - Z - -
S Sty Sey ][5 So) Sey - det S 20
821 821 821 822 822 322 B )
(1) =(2) () (1) =(2) *(3) kk k 2
. Cauchy-Schawtz &% &%  — | &/ >0
St St St | |sB 5B S - Y an®en =1 S 2
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