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Integer Topological States
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Kane-Mele-Hubbard Model

 Kane-Mele-Hubbard model:
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Kane-Mele-Hubbard Model

 Kane-Mele-Hubbard model:
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* Hartree-Fock Approximation:
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Construction of Three-Orbital Model

 Wannier states:
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Construction of Three-Orbital Model
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Single-Particle Model

Single-particle Hamiltonian
in the Wannier basis:

k.tnn
) H H Y Y ]
e : 0=11h7<i0," . 0 =2.5°>6* E T O
2 (c®,09,c = (1,-10)] | (©D,0®,c¥) = (1,1,-2) - k 0
: i ' hkT —_— kT 0 Ek O ka
0 0 E




Interacting Model

Particle-hole transformation:
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Coulomb matrix element constructed directly in k-space:

§ |/ ninansng AW +
]l'lt. 2 kikaksk, (T’ T )bklnl?'bkgng‘r E}kﬂnﬂT’bkaln;lT?

0 =1.5° <ib;" 0—25°>01

=1 C“:).CEZJJC() 1=21.0) 20t W .c® ?C() T d:—2) 1/ nenan, l Ty TiaMg
- ( 1 o )0;( ) ( i . L ) Vi keokohs (77" AZVqM e Mz (7, —q).

L

M (1, q) Z ] drf*q‘"[(p (r)] qa;j;_f (r),

Coulomb dual-gate screened Coulomb interaction:
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v=1 Phase Diagram
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v=1 Phase Diagram: € —dependence
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v=1,d=20 nm

Gap (meV)

25 3 35 4
0(degree)

68.48

E — Epyp-vp(meV)

Energy Competition

v—16—15d—20nm

L5k . —LP-FM,
i —LP-E

36l P —L 120°AF+
: -120°AF~

271 QAHI(|C|=1) |
FM;(|C] = 0)

18} - -0-130°AF
- ---0FM,

0.9} :

0 il bl LT S I
0.9 —

2 25 3 35 4 45
6(degree) 12




v=2 Phase Diagram
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Interaction-Driven Phase Diagram at Integer Fillings
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Hartree-Fock in the Plane-Wave Basis

In this section, we include the Coulomb interaction and derive the mean-field Hamiltonian by applying the Hartree-
Fock (HF) approximation. We first rewrite Hg in the momentum space with the creation operator being defined as

CL |- = \/—13 [ '.::",-'; _(r)e*® T2y (the spin index is absent because it can be inferred from the valley and layer indices due
™ . " ¥

to the effective spin-valley-layer locking), where A is the total area. Thus, Hp can be expressed as

Ho = Z Z Zh'gﬂz)ﬂa._k_gﬂ_gCI’EGJQ,TckﬁJE:T‘- (S6)
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where h(7) is the Hamiltonian H, expanded in the plane-wave basis, and the momentum k is defined in the extended
Brillouin zone that spans the full momentum space, i.e., k € R?. Here, the subscripts «, 8 are index for momenta.

Due to Bloch’s theorem, hg)s r.1. s nonzero only when k, — kg is equal to the linear combination of any multiples
ala,gltsg

of hone of the moiré reciprocal lattice vectors (including the zero vector).

At the charge neutrality (filling factor ¥ = 0) of the heterobilayer, all valence bands are below Fermi energy. We
are interested in situations where the valence bands are slightly hole-doped. Therefore, it is convenient to study the
many-body interaction in the hole basis. We define the hole operator as bg ;. = CLJE?T, and Hp in the hole basis is

Ho = ZTT‘F”(T) - yj yj Y[hm]EQEQ,kﬁzﬁbla,zﬂ;rbks?fa;r (S7)




Hartree-Fock in the Plane-Wave Basis

By combing the single-particle Hamiltonian with the hole-hole Coulomb interaction term, we obtain the full Hamil-
tonian (dropping the constant term) as
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where h(") = —[A(7]T, the dual-gate screened Coulomb interaction V (k) = 2me? tanh(|k|d)/(e|k|), d is the sample-to-
gate distance, and € is the dielectric constant. ,\
Using the HF approximation, we obtain the following mean-field Hamiltonian HHF

HUF = A, + Hmt

1
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Hartree-Fock in the Plane-Wave Basis

The Hartree-Fock solution can either preserve or spontaneously break the moiré lattice translational symmetry. In
our study, we always assume that the interaction-induced states have a real-space unit cell that is commensurate with

the moiré unit cell, but the former can be larger than the latter, for example in charge/spin density wave states. In
Nid T i * T - T - 19 11T e ST F T i @ — T 1o « » 41 ATED i 100 1F W 3T
?{mt . the average value <bkmia__,r& bk,ﬁai g.75 ) 1S LONZETO only when k, — kg = G, where G is a reciprocal lattice vector

(including the zero vector) of the resulting real-space unit cell.

The total energy per moiré unit cell is obtained by averaging H in Eq. (S8), i.e.,
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Field-tunable v=1 Phase Diagram
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Electric-Field Tuned Phase Diagram

Theoretical Phase Diagram
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   n ↑  n ↓ ≈       − n 0 2 +  m 2 4 +  1 2  n 0 (  n ↑ +  n ↓ ) −  1 2  c †  (  𝒎 ⋅ 𝒔 ) c    
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