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Landau Levels

* Landau levels created by magnetic fields are

flat Chern bands. Magnetic | OO

field

* Magnetic Bloch states:

V) (r 4 a;) = —e~imEeaxTkaig() (1) )

5_

(a; X ay) - 2| = 21m#? N

3
« Uniform quantum geometry N
) _(nt3 =5\

Xn; o 1'_25 n + Ly

0

Momentum

Trlg] = (2n + 1)|%



Wilson Loop

* Wilson loop:
N

W(k1? k2? "t kN‘; kN+1 — kl) — H Af[kj,kj_Fl

~ expli ZA i)0ka — Zgag )0k 0ks] k, ky

%exp[i/ Qpd’k — —Zgaﬁ )0k o Oks]
I'r

J'

[', 1s the interior enclosed by the loop L formed
by k; forj=1,..,N+ 1, and ok = ki.,— k.
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Quantum Metric

uk—p/2|uk:—|—p/2

, 1

~1 + 1p, An (k) — §paﬁpﬁRe akauk|8kﬁuk
. L,

~explipa Ao (k) — §ga;3 k pcxp/ﬁ']&
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Quantum Geometry

Aas(k) = (O, k| Ok, ui) — Aa(k)As(k)

Ok, ure| (I — Pr)| Ok, ue)

(
(

= Gap(K) + 5 €as O

[ is the identity matrix and Py, is the projector | wy Wuy, |.
The tensor A is the projection of [ — Py, onto the subspace spanned by {] O, Uk ), | ﬁkyuk)}

The projector] — Py is semipositive definite, so is the tensor A

TrA = 0 and detA > 0

TR = Teg and deth = =2+ detg 3 T, 2 0,detg = %

Because gy is a 2 X 2 matrix, (Trgy)? = 4det g, 2 Trgy =| 2, | [Trace Inequality]



Quantum Geometry

@ po| o o ® (Quantum geometric tensor
aQ o =
JJ »)J od (Xk)ab — (akaukll o Pklakbuk>
J 9 J k
o |o |o ug(r) = e MYy (r)
(b) Trivialquatntum Nontrivialqlilantum
E geometry E geometry
P = Jwe){ugl
_/\ i
- Xidap = Gi)ap + Eeabﬂk

Quantum metric: amplitude distance

. : : Berry curvature: phase distance
» Euclidean geometry: determines distances

between two points on a plane or on a sphere

Chern number C = i / dk Qg

» Quantum geometry: captures the phase and 2
amplitude distances between quantum states. Quantum Weight 1 = 1 / dk Tr[gs)
27



Integer and Fractional Quantum Hall Effects

T T T T T T T T T T T T T T

2.5+
!

32 N=1 N:O — ——

Pxy [h/eZ]

PII

T T T T T T

15
MAGNETIC FIELD [T]

R. Willett, J. P. Eisenstein, H. L. Stormer, D. C. Tsui, A. C. Gossard,

J. H. English, Phys. Rev. Lett. 59, 15 (1987)

* Integer Quantum Hall states:

62

h
TKNN i1nvariant, PRL 49, 405 (1982)

Oxy = C

e Fractional Quantum Hall states:

w(zﬁ) = H(Z@ — Zj)me_ Sy lzil? /4l

1<J

R. B. Laughlin, PRL 50, 1395 (1983)



Fractional Quantum Hall Effects at 5/2

P‘y[h/ez]

Pax

MAGNETIC FIELD [T]

FIG. 2. Diagonal resistivity pxx and Hall resistance py, [en-
larged section (a) of Fig. 1] at 7=100 to 25 mK. Filling fac-
tors v are indicated in pyx while quantum numbers p/q are
shown in py,.

Moore-Read Pfaffian states

‘ppf(z!,...,zN) = Pfaff(

)l—I(Z - z;)" exp[ - § Llz1?]

1<y

G. Moore and N. Read, Nuclear Physics B 360, 362 (1991)

* Non-Abelian Quasiparticles

W\\- W A

D o ) / b@’o c/

R. Willett, J. P. Eisenstein, H. L. Stormer, D. C. Tsui, A. C. Gossard,

J. H. English, Phys. Rev. Lett. 59, 15 (1987)
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Chern Insulators

Haldane Model on honeycomb lattice

F. D. M. Haldane, PRL 61, 2015 (1988)

A

1.0[30mK.__ . _ 15V
The lowest sub-bands v ‘s r/— 75V
with broken TRS Fermi level 0.5 -14 V
o (- /_ 28V
2 — ~-55V
‘E} 0.0 ~—200 V

Q —

0.5k /| )

1.0 —"J ................
0.4 0.2 0.0 0.2 0.4
aH(T)

Q.-K. Xue et al., Science 340, 167 (2013

Five-layer device : Twisted bilayer graphene

MnBi,Te, is naturally occurring and has an intrinsic Stacking bilayer graphene with hBN produces an
magnetic moment if the material has an odd number i intrinsic magnetic moment.
of layers. i

Single-layer Orbital ferromagnetism

MnBi,Te,

Twisted
. graphene
~._ Dbilayer

Interlayer
antiferro- :
magnetism  :

Y. Zhang et al., Science 367, 895 (2020)
A. Young et al., Science 367, 900 (2020)

)
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Fractional Chern Insulators

A
a) E/E; =S=E==gE=ES =mm
=—_=_El=H =sg=
S=m==ZS==E= m
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Fractional Chern insulators are lattice version of fractional qguantum Hall states.

T. Neupert et al., PRL 2011; K. Sun et al., PRL 2011; E. Tang et al., PRL 2011;
N. Regnault et al., PRX 2011; D. N. Sheng et al., NC 2011
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Layer Pseudospin SKyrmions

Moiré Hamiltonian:
fH’T = UJ(T)HTUO(?‘L
Wk

= — o ao + A('r) -0 + AO(T’) ao,

n(r) = A(r)/|A(T)|

* Layer pseudospin magnetic field:

Ai(r) = A(r)
2

A(r) =[Re AL(r), Tm AL (r),

* Layer pseudospin skyrmions:

1 A -(0,A x 0,A)

N, = — r T

4 Jmuc A
)+ Vsiny >0
~|—1, Vsiny < 0.

14



Skyrmion Field = Effective Magnetic Field

Layer pseudospin skyrmion lattice ~ « Rotate the the layer pseudospin to the
local frame of skyrmion field:

Ut (r)[A(r) - olU(r) = |[A(r)]o.

U(r) =(x (). x"7 (r)),

X(‘I‘) (T') :E’i)i_l_(:r) [CDH 19(‘?) ? E’i-ti)(‘r‘] <in 19(‘]") ]T,

2 2

‘ ‘ )
x{_) (T’) :E’L)n_(‘l"') [E—’tﬁb(‘?‘) s1n @1 — COSs 1 (21“) ]T

n(r) = A(r)/|A(M)|

15



Effective Magnetic Field
* |n the local frame, there Is an effective non-Abelian gauge field:

Hg :UT(‘I‘)HlU(T)

o h? h(k + Au)gh E%lz + Ak
2m* kAzl + Aglk (k + AQQ)Z

A = iU (r)\VU(r)

+ [A(r)|o: + [Ao(r) — D(r)]oo,

6 =2.9° By(T)
0

h 1n
Bl =EVXA11 — +Egn (axnxayn)

h
f d‘l‘Bl=——
uC €

N. Morales-Duran, N. Wei, J. Shi & A. H. MacDonald, PRL (2024)
J. Shi, N. Morales-Duran, E. Khalaf & A. H. MacDonald, PRB(2024) 16




Landau Level Representation

Bloch WF Dressed Landau Level WF
1.0
(©) ) "
S
QDmk(r) — Z Z mnk (r) 0.8 1 T
0.7 The weight of the first moiré band
(+) ' on the lowest Landau level
YR = Upg@x W @) zoe
_ (+) = 05
l/) (1‘) Up(T) k(M) 5
j \ 0.3 R
Landau Level WF (5. Y
Landau Level Weight: 011
2
0.0 : . .
W) = Nz ,Sf)nk 25 3.0 3.5 1.0 15

0 (degree)
B.Li & F. Wu, PRB 111, 125122 (2025)
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Variational Mapping

« We generalize ‘Pé? (1) to O, (r) to maximize the weight

_ 1.0
(g,J;c) (r) = Up(1) ‘P(g,k) (1) o
@ 0.8
O (1) = NkUO(r)B(r)LIJé;() (r), 0.7
= 0.6
e Variational maximize the weight E 0-5
=04
1 0.3
W= Nz [l Cre = (@1 | Ok) 0.2
k 0.1

0.0 . .

2.5 3.0 3.5

0 (degree)

B. L1 & F. Wu, PRB 111, 125122 (2025)

1.0

4.5
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Variational Mapping

B(r)|

3

(r)|/{IB(r)])
| & 2.5

2.0

19



Quantum Geometry

Quantum geometry of original WF

(a) (b)

|54 [ e
—

m— B —

— . . P —
08 15 25 35 4575505715 25 35 4575

Variational WF
(ideal quantum geometry)

(c)

|“+P§k
. e —
oqd 15 25 35745 55

Trg'k = ﬁk

20



Ideal vs. Nonideal Quantum Geometry

+ Deviation from ideal quantum geometry ¢ Trace inequality: T = 0
1 2 o
= 27 f a”kTr gr C * Ideal band Oy (1) = Ny B(r)W¥, (r) hasT = 0
[J. Wang, et al., PRL (2021)]

- J
4 )
* In general, the quantum geometry 1s T #0

Is there still a mapping between Chern bands and Landau levels?

Can physics of FOHI still be applied to understand FCI?

21



Quantum Geometry

\

— i

— U

3.0

3.0

4.0

0 (degree)

4.5

Deviation from 1deal quantum geometry

T =5 [d*kTrgr —C

Trace mmequality: T = 0

Ideal band O (r) has T = 0
[J. Wang, et al., PRL (2021)]

For the moir¢ band in tMoTe,,
T reaches a minimum at 6,,, ~ 2.9°,
where the weight W reaches a maximum.

22



Generalized Laughlin States

* Bloch states of 04 (7) enable construction of generalized Laughlin states:
op =W | [ voGBED
i

v W, represents the Fractional quantum Hall states in the lowest Landau level.

Fractional quantum Hall Insulators N

0 Fractional Chern Insulators

P. J. Ledwith et al., PR Research (2020)
J. Wang, et al., PRL (2021).

23



Fractional Chern Insulators: Exact-Diagonalization

(a) 0=37,um=2/3 (l)) 0 =371 =3/5

L el O el O
o | w' _ | wppwy e
— T T T ~ 101
QO — a =
L | et 2% -
56 5 A

a - E-F & - E-F
{]-fll}lff |||||||||||| .l |£r|.||_|-|£||]| I {]-
0 5 10 15 20 25
k1 + Niko

95 30 35 40 45 25 30 35 40 45
0 (degree) 6 (degree)

Quantitative agreement between variational WF and original WF.

B. Li & F. Wu, PRB 111, 125122 (2025)
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Fractional Chern Insulators: Evolution from Laughlin States

A =0.0 rI[2/B2 Ap = 0.5 r)|2/ B2 Ap=1.0 r)[2/B2
(a) F SR (1) F BOPE (o) F 5ORE(g)
1 1
-3.9 -3.9
= =
So 26 S0 L2.6
= =
1.3 -1.3
—1 -1
. : == Loo A0
a x/an
B (e)
©e e 00 0 @ Bl B ot e atkasasstol 6.
1077 0% 00 © o0%0%s%%0 % 109 W
%“ 0® © o0 etete o %" 082e%s = u:o:n:o:u“u -
<] ”
g % °® ¢ ¢ ° z 'g 5 |50 0e"s sopsgasegee” ve < 4-
- = e o0 g W B % )
o0 57 051 o e @ 5 ° =
[45] 48] 5] e @
3 5 = S, ]
H
0{e® }x3 08 0-e
TTTTTTTTTTTTTTTT TT TTTTTTTITT TrTTr T T IrTrrrrrrrrrrrrrrTTrrT rorTT TTTTTTTTTTTTTTTTTTTTTTITITTITT O T T T
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25 0.00 025 050 075 1.00
k1 + Niks k1 + Niko ky + Niks AR
B(r,\p)|? =B3(1+ \ F,e'am)
y NF 0 F g
g70
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Fractionalized Quasiparticles and Fractional Statistics

(b)
P 0.6

5] - f
4 4
33 il 6
=9 0.2" =~
1 0.1 -
) 0.0 24

o i“

>3

51 i
“:544_ 2
£ o
=9

| AN N o ) W 0L
0l e

- 0 1 2 3 4 5 6 7 8 9 10

T/éo
!
D ZNLHB(Tt)lI!Lu
3 —4—;}?2.& |zi|2 1
R \ICED |
1<i<j<N (I)L,h = NL,h H(ZE — ’UJ)B(Tz)lIJL

7. Liu, B. Li, Y. Shi, F. Wu, Phys. Rev. B 112, 245104 (2025) -
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Generalized tMoTe2 Model
amiltonian:

Ay (k) Ar(k,r)
Al(k,r)  HY(k)+ Ak, ,,,,)) Uy (r)

generalized Moir
MoTe>—Full

M-~
+ L

H. = Uy(r) (

* kinetic-energy terms

~ h? Y

0 . 4 (My,My)

Hy (k) = Z 9, (Affl,Mz)fi;,
My, My <11

* potential terms

Energy (meV)

Ay(k,r)= Y vt gtz eiar
My, My.g
Ar(k,r) =

(My,M2) p(My,M2) —ig-r | _i(Roxq)-r p(Ma,My)
Z Wy [fié e +e f‘i;3 ]

"Mf—l 11?"42 »q

Y. Zhang, H. P1, J. Liu, W. Miao, Z. Q1, N. Regnault, H. Weng, X. Dai, B. A. Bernevig, Q. Wu, J. Yu, arXiv:2411.08108
28



Chern Bands < Landau levels

i 5 L0 = 2.45°
R
~—— | |
> 01 i i E
S A%
=207 /AN
K, D) K- Ky K

g C =1,K = 1.1, ~ zeroth Landau level

~ C =1,K = 3.5, ~ first Landau level

Chern number: C = %f dk Q,
Quantum weight: K = %f dk Tr gy

29



Nearly “Ideal” band in tMoTe,

Topological Moiré Bands

i f = 2.45°

R NS S
el s

N T~

= 0 ' ' '

(ab)]

g

)

_20_

AN

/ /
Ky 8 R— Ky Ky

Nearly flat band, bandwidth < 5 meV

/ Berry Curvature

o4 [* Qe | [*Tr(ge]

Trace of Quantum I\/Ietric\

— ——— ———m

T T T T T T
QS 2.03 254 3.04 3.55 4.05 4.56 1.59 214 2.68 3.23 3.78 4.33 4.88 /

Nearly Ideal Quantum Geometry, Tr g, =

30



Ideal Quantum Geometry = Fractional Chern Insulators

* A Chern band and the zeroth Landau level can have an correspondence
when the quantum geometry is [Jie Wang et al., PRL 127, 246403 (2021)]

Trge=Q 2> 0p(r) =N B(r)¥,(r)
A Chern band of 0,(r) can host FCI states [P. J. Ledwith et al., PRR(2020)]

Cp =Y 1_[ B(r;)

Y represents the in the lowest Landau level.

31



Ideal vs. Nonideal Quantum Geometry

+ Deviation from ideal quantum geometry ¢ Trace inequality: T = 0

T = 5 [d®kTrgr —IC| + Ideal band 04 (r) = N B()W, () has T = 0
[J. Wang, et al., PRL (2021)]

- J

4 )
* In general, the quantum geometry 1s nonideal T # 0

Is there still a mapping between Chern bands and Landau levels?

Can physics of FOHI still be applied to understand FCI?

32



Generalized Landau Level

« Generalized nLL wave function [Zhao Liu... Jie Wang, PRX 15, 031019 (2025)]

el (r) = B (r) ) (r)

n,

NoxBO W (r) n=0

(s)
0, 1 (r) = 1
" Nn,k

n—1
BOMYR® - > (05 1) @f,i?k(r)] n>1,

m=0

!

Integrated form of trace condition K = (2n + 1)|C| =2n +1

\
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Generalized Landau Level

« Generalized nLL wave function [Zhao Liu... Jie Wang, PRX 2025]

( NoxBE @WE) (1) n=0
o (3) (s) (s) (s) n-l
r BYY (r)U r 0 = <
uk(r) = BE ()W, (r) B 0300 = Nose[BO@PRE) = ) (057 1 efa) 00| n=1
L m=0

* Generalized LL decomposition

w—|—mk ijcmnk )

n s=-=+

» Variational mapping approach of maximizing angz)

(qﬂ)
[17 ()II m,n
TT(IS‘I?I, - N z ‘(6(5) | l/)+mk> -

13550)(71) __}lggsn)(?“) + ¢ ——
oB; T (r)
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quantum geometry
—t

15t Moiré Band ~ Generalized OLL

Quantum Geometry * Generalized Landau Level weights
(a)1.0 ——— (b)o.10
0.8 1 0.08 -
« - —_— - e W)
x . ox x X 5067 Wi{% 5 0.069 ___ Wi(’il’)
{0 00 O O O o L () 2 )
5 oa] — M 5 o01] "7 M
. a7 wb) Eihe w3 -
C=— [ dkQ )
bandl 2 I W1,4
c 1 0-2
: . Kzﬂ/dk:Tr[gk]
' - - 0.0+ B—tra e o ——a 00-
2.0 2.5 3.0 3.5 4.0 2.0 2.5 3.0 3.9 4.0 2.0 2.5 3.0 3.9 4.0
6(degree) 6(degree) 6(degree)

The 1%* moiré band has nearly ideal quantum geometry, Tr g, = Q= K = C

It 1s dominated by the generalized Oth Landau level.

B. Li, Y. Ouyang, F. Wu, Phys. Rev. B 113, 195129 (2026) [Editors’ Suggestion]
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Generalized LL Decomposition

Decomposition Coefficients Modulation Function B(r)
(a) l((ﬁ))(ch
= 92450  1BY@)I/(BD )
0 =245 L5
1.4
: l 1.3
)
o - 1.1
S -1.0
69
0.8
—
E
T T 1 0-6
-1 0 1
x/an

Ut m ke (T T s: Cﬁ?n,k@f,)k(r)

n s=-+
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Abelian Fractionalized States in the 15t Moiré Band
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0 =3.15°% v, =4/7
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Abelian Fractionalized States in the 15t Moiré Band
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Transport Measurement

j
P (k) c=%3% o,k

k
; " 50 50,
| B
5 25 r 3h/2e?
= ; L - hle?
D & ol 0 '
q ° !
B -25 ,
0 _50 L A 1 A \
5 1.0 0.5 . .
Vi

p (k)

1

 FQAH effects at 2/3, 3/5, 4/7 fillings down to zero B field.

* FCI state at 5/9 stabilized by a finite B field.
* Twist angle ~ 3.83°

F. Xu, ..., T. L1, arXiv:2504.06972
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Optical Signatures

c e 2 2 4 4

3 3
(C.v) = (‘3,‘3)("3,—3) (“7,‘7) (—g,“g)

1.10 1.1 1.12

Energy (eV)
d
Y
4 fl s
0 \ L 1.109
5 3t : 3'
: | :
Ko)
T 2 | - ¥ 1105
z x &
A 9
0 1 0 {
1.100 1.105 1.110 -0.70 -0.65 -0.60 -0.55 -0.50 -0.45 -0.40 -0.35 -0.30
Energy (eV) 4

* Optical signatures of FClIs at Jain sequences: 2/3, 3/5, 4/7, 4/9, 3/7, 2/5

* Twist angle ~

3.3°
W. Li, ..., X. Xu, Nature 651, 48 (2026)
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1.1
Photon Energy (eV)

1.13

Optical Signature of FCI at 1/3 filling

PL (x10*ounts)
1 2

v=-1 -2/3 -1/3

& -2
=
(&)
S 3
<

4

-5

1.1 1.12 N

Photon Energy (eV) 0 350 700

PL (counts)

Twist angle ~ 3.5°

H. Pan, ... , W. Gao, Phys. Rev. Lett. 136, 056601 (2026)

41



quantum geometry

214 Moiré Band ~ Generalized 1LL

Quantum Geometry

For the second moir¢ band, K = 3 C near 2° twist angle.

0 band?2
o C
x K o o o
20 25 30 35 40
0(degree)

* Generalized Landau Level weights

(a) o

0.8 -

<
o
1

LLweight
-
e

<
DO

0.0 -
2.0

0(degree)

It 1s dominated by the generalized 1% Landau level.

3.0

4.0

(b)o.10
Wiy
0.08 - Wy,
=~ Wy, .
@0.06' ng) e
g W e
— i ’
= 0.04 e’
/;’ Lo———"
002 '::{,’—.‘
-
0.00 _gl;.:-_-,..‘_.__.q...._._.-_
2.0 2.5 3.0 3.5 4.0
0 (degree)

B. L1, Y. Ouyang, F. Wu, Phys. Rev. B 113, 195129 (2026) [Editors’ Suggestion]
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2"d Moiré Band (corrected by Hartree-Fock) ~ Generalized 1LL

Single-Particle Band

£ (meV)

HF Corrected Band at vy, = 2

60 - T+ E ie:z%°
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 After the HF correction at vj, = 2, the 2"¢ band becomes flatter and more close to the generalized 15 LL.
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Non-Abelian Fractionalized States at v, = 5/2
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Non-Abelian Fractionalized States at v, = 5/2
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45



Competitor: Charge Density Wave State
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Summary

The 1st moiré band in tMoTe2 closely resembles the generalized zeroth LL
P_ and 252
2p+1 2p+1

=>» Abelian FCI in the Jain sequences vy, =

The 2nd moiré band in tMoTe2 closely resembles the generalized 1st LL near 8 = 2.45

=» non-Abelian FCl at v, = g

Quantum Geometry + Topology + Interaction =» Exotic Physics
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