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Abstract

Quantum Monte Carlo methods turn quantum many-body parti-
tion functions into statistical sums, but the resulting configuration
weights need not be non-negative. This article reviews how negative
and complex weights arise in stochastic-series-expansion, world-line,
and determinant formulations; how modulus and real-part reference
ensembles quantify their cancellations; and which structural principles
can remove or mitigate the obstruction. The average sign conventionally
decays exponentially as a free-energy difference, but special algebraic
cases have only polynomial sign-induced cost. The emphasis is on
representation dependence: the sign problem is not a property of the
spectrum alone, but of the basis, auxiliary-field channel, contour, or
resummation used to sample it. The article also summarizes complexity-
theoretic limits and scoped topological obstructions that show why no
universal classical cure should be expected.
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1 Introduction

Quantum Monte Carlo (QMC) is powerful when a quantum partition function
can be written as a sum or integral over configurations with non-negative
weights. The fermion sign problem is the failure of precisely that condition.
Its most useful formulation is not as a mysterious feature of fermions, but as
a statement about the chosen representation.

Central point.

The sign problem is a property of the representation, not of the physics.
Its severity is quantified by the average sign

(sgn) = e PN AN, (1)
where [ is the inverse temperature, N the system size, and Afy > 0
a representation-dependent finite-size free-energy-density difference. If
A fn approaches a positive constant, reweighting has an exponential
cost; if it vanishes as (log N)/(BN), the sign instead decays algebraically.
Positive representations are sometimes available by design; generic effi-
cient curing is hard, and specified local classes can be excluded by phase
invariants.

Equation (1) is the spine of the analysis below. When the thermodynamic
free-energy difference is nonzero, the number of Monte Carlo samples needed
at fixed relative accuracy grows exponentially in the space—time volume.
Much of modern algorithm design searches for a representation in which that
difference vanishes or is parametrically smaller.

Two organizing questions.

(Ql) Where do negative weights come from? (their microscopic origin:
fermionic exchange, frustration, discretization, contour choice).



(Q2) When — and how hard is it — to make them go away? (design
principles, symmetry criteria, and complexity-theoretic obstructions).

Representative settings. Two distinctions are useful but not exhaustive.
First, a real sign W € R requires only a Zy reweighting factor, whereas a
complex weight W = |W|ei9 has a continuous phase. Second, the sampled
degrees of freedom may be spins/bosons or fermions. This produces the
examples in Fig. 1: frustrated spin SSE and real determinant signs in the left
column; Berry /real-time phases and complex determinants in the right. Real
time occurs for bosons and fermions. Likewise, finite chemical potential does
not automatically imply a complex determinant: doped Hubbard DQMC
commonly has real signed weights, and special finite-density gauge theories
retain conjugation-based positivity. The classification belongs to the chosen
representation, not to the Hamiltonian alone. Pedagogical overviews of the
sign problem and many-body QMC are given by Pan and Meng [1], Xu
[2], Assaad and Evertz [3]; sign-free fermion design is reviewed by Li and
Yao [4]. Complex actions and phase-mitigation methods are surveyed by
Alexandru et al. [5], Berger et al. [6], Aarts and Sexty [7].
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Figure 1: Representative, representation-level sources of real and complex weights.
The boxes are examples rather than exclusive physical classes: real-time evolution
spans both rows, while finite density can land in either fermionic column depending
on its antiunitary and conjugation symmetries.

Notation and conventions

We work in natural units where i = kp = 1 throughout, so temperature is an
energy and 8 = 1/T'; the physical constants are restored only where a factor
is genuinely at stake. A Monte Carlo configuration C is a point in whatever
sampling space the chosen representation defines (an auxiliary-field history,
a world-line configuration, an operator string). The partition function is



written as a sum over configurations of a weight W(C), and the sign is
factored out as sgn(C) = sgn W (C). Table 1 collects the recurring symbols.

Symbol Meaning

Ié] inverse temperature, 5 = 1/T (with kg = 1)

N system size (number of sites / spatial volume)

AT imaginary-time (Trotter) step

L, =p/Ar number of imaginary-time (Trotter) slices

Z partition function, Z = Tr e #H#

W(C) weight of configuration C

sgn(C) = sgn W(C) sign of that weight

(sgn) average sign of the sampled ensemble

Ziw|> Z|ReW| positive references built from |W| and, when Z is real,
| Re W

Afn finite-size free-energy-density difference between Z

and the chosen positive reference

Table 1: Notation used throughout the article.

Section 2.3 derives reweighting and its statistical cost. Before doing
so, one distinction will prevent several common overstatements: finding
non-negative weights removes the sign-induced variance, but does not by
itself prove that a Markov chain mixes in polynomial time. We therefore
use sign-free representation for W(C) > 0 and reserve polynomial-time cure
for an estimator whose total cost, including autocorrelations and the cost of
constructing the representation, is polynomial. Mitigation means retaining a
residual sign/phase or accepting a controlled approximation.

2 Origin of the Sign Problem and the Stoquastic
Criterion

2.1 Stochastic series expansion and the birth of the sign

We now watch a sign problem appear ex nihilo, in the cleanest bosonic
setting available: the stochastic series expansion (SSE) representation of
a lattice spin Hamiltonian. SSE is a finite-temperature quantum Monte
Carlo method built directly on the high-temperature series of the partition
function, without any Trotter discretization [8, 9]. It is the ideal minimal



laboratory: the configuration weight is a bare product of Hamiltonian matrix
elements, so the positivity requirement is completely transparent, and the
sign problem, when it strikes, is impossible to hide behind formalism.

2.1.1 The Taylor expansion of the partition function

Start from the object every finite-T method must estimate,

- oo _Bn . 0 an .
z=men =y Cnm =3 Sonlen )

|
=0 n:

The last rewriting is deliberate: it is —H, not H, whose matrix elements will
play the role of Boltzmann weights, and the reader should already suspect
that the fate of the method hinges on the signs of the matrix elements of
—H.

To make (2) sampleable we do two things: decompose H into a sum of
elementary Hamiltonian bond operators, and insert resolutions of the identity
in a convenient local basis.

Bond decomposition. Write
H=Y H, 3)
b

where each Hp acts nontrivially only on the few sites belonging to a bond
(or plaquette) b. Expanding (—H)™ using this bond decomposition turns the
n-th term of (2) into a sum over ordered bond strings

Sn = (b1,b2,...,by), (4)

each string being a particular way of choosing which Hamiltonian bond term
Hy appears at each of the n propagation steps. The operator that appears
in the SSE weight is explicitly —

Complete sets of states. Choose a basis {|a)} of local product states
— for spins, the Ising basis |o) = |0{05 ---0%;). Inserting 1 = Y |o) (¢
between every pair of adjacent operators, and using the cyclic trace to close
the chain, we obtain

- Y (I el 1) ) b )

Sn {Oéo,...,ozn} p=1



The Kronecker delta d,,, o, is the fingerprint of the trace: the sequence of
propagated states

—Hy, —H,

—H,
o) lag) —= -

|an) = |ao) (6)
must be periodic. A full SSE configuration is thus the pair (S, {a}): an
operator string together with the state it propagates around the imaginary-
time loop.

2.1.2 The configuration weight

Collecting the prefactor from (2), each configuration carries the weight

W (S, {0}) = 5"12[ (1) )

so that Z =} g {a} W. Monte Carlo sampling requires that we interpret
W /Z as a probability distribution over configurations, and this is legitimate
only if W > 0 for every configuration. The combinatorial factor 5" /n! is
manifestly positive, so positivity of the weight is entirely controlled by the
product of matrix elements.

Two kinds of factors appear. A diagonal element («o|(—Hp)|a) can always
be made non-negative by subtracting a constant from H (equivalently, shifting
—H — —H + C and absorbing that constant into the bond operators), which
merely rescales Z by e€°C and never changes an expectation value. The
dangerous factors are the off-diagonal ones, (/|(—Hp)|a) with o' # a,
which flip the local state and cannot be shifted away. Their signs depend on
the chosen basis and decomposition, but not on a diagonal energy offset.

Termwise SSE positivity criterion. A simple sufficient condition for
every weight in (7) to be non-negative is that every off-diagonal matrix
element of each —H}, be non-negative,

(o/|[(—Hp)|a) >0  for all &' # (8)

equivalently, every off-diagonal matrix element of each Hj is non-positive.
This termwise stoquastic condition is stronger than necessary: selection
rules can force negative factors to occur in pairs, or several operator
strings can be regrouped into a positive contribution. It is neverthe-
less the standard local certificate because it makes positivity manifest
configuration by configuration.




Remark 2.1. The criterion is basis dependent. Marshall rotations search for
a better product basis; auxiliary-field, Majorana, and fermion-bag methods
change the configuration space more radically. Searching specified families
of local stoquastic bases can be NP-hard, but it is only one kind of cure.

2.1.3 Worked example: a single Heisenberg bond

Take the antiferromagnetic Heisenberg interaction on one bond (ij),
Hy=JS:-8; = J[SiS; +5(S7S; +8780)],  J>0, (9

with spin—% operators S = %o- (we keep the factor of % explicit; the ladder
operators satisfy S* = S% 4+45Y). In the local S* basis {{I1), 1), 1), 1)}
the only nonzero off-diagonal action is the spin exchange,

J J J
(NH ) = 5 (1SS ) =5, (Wt =5 (10)

For antiferromagnetic J > 0 this off-diagonal element is positive, hence
the corresponding element of —Hj is —J/2 < 0: the bond is not termwise
stoquastic as written. This does not mean that an isolated bond already has
a negative closed string—periodicity forces its exchange operator to occur an
even number of times. The issue is whether one basis choice fixes all bonds
simultaneously on an extended graph.

The Marshall/sublattice rotation. On a bipartite lattice (AU B, every
bond connecting A to B) we perform the Marshall sign transformation [10],
a m rotation about the z-axis of every spin on sublattice B,

;> =Sj, S/—>=S], =8 (j€B) (1)

which is the canonical (unitary) transformation U = [[;cp ¢"™J . Because
S+ = 8% 4+ {8Y, this sends Sf — —Sjj-[ for j € B, so the transverse term
acquires an overall minus sign,

%(S;FS; +5;78F) — —%(S;“Sj_ +5;757), (12)

while the diagonal 5757 is untouched. The rotated bond off-diagonal element
becomes

U =2 <0 = (B =+3 20 (13)



The “negative-of-a-positive” has become the positive we needed. Every bond
of a bipartite Heisenberg antiferromagnet is simultaneously curable by the
same global rotation, so SSE for the square-, cubic-, or honeycomb-lattice
Heisenberg model is rigorously sign-free — a positivity that underlies the
loop/operator-loop update [8, 11] and, more broadly, the “Marshall-positive”
family of SU(N) magnets that can be simulated with controlled statistics
[12, 13].

2.1.4 Contrast: the frustrated triangle

The cure above relied crucially on bipartiteness: the sublattice rotation exists
because the lattice two-colors. Take instead three antiferromagnetically
coupled spins on a triangle (the elementary plaquette of the triangular
lattice). Two-color the vertices however you like — say 1 € A, 2 € B;
then the third vertex is forced to be adjacent to a same-color neighbor no
matter how it is labeled. One of the three bonds always connects two spins
of the same sublattice, and the Marshall rotation that fixes the other two
bonds fails on it, leaving a residual positive off-diagonal element and hence
sign-indefinite operator strings (Fig. 2). This is the geometric origin of the
sign problem for frustrated quantum magnets in the site basis. It rules out
the Marshall two-coloring, not every possible reformulation. For a broad
family of frustrated S = % antiferromagnets one can trade the site basis
for the basis of spin eigenstates of small clusters, in which the competing
exchanges no longer generate positive off-diagonal elements and much of the
sign problem simply evaporates [14, 15]. Special meron constructions provide
another exact but model-dependent route [16]. The quantitative cost of a

residual sign is derived in Sec. 2.3.

Proposition 2.1 (Sufficient condition for SSE sign-freeness). If there exists
a local unitary U = [, u; (a product of on-site rotations, generally sublattice
dependent) such that every bond operator of the transformed Hamiltonian
H = UHUT satisfies (o/|Hy|a) < 0 for all o # « in the product basis, then
all SSE weights (7) are non-negative and the simulation is free of the sign
problem. For the nearest-neighbor Heisenberg antiferromagnet this U is the
Marshall rotation and exists precisely on bipartite lattices.

The triangle shows how a negative closed product arises in a chosen SSE
decomposition and why the Marshall gauge cannot repair it. It does not
establish that every local basis or regrouping fails; that stronger quantifier
belongs to the later complexity and intrinsic-obstruction discussions.



forced B-B

solid: (of|—Hyla) = +J/2  dashed: (o/|—Hp|o) = —J/2

Figure 2: The frustrated triangular plaquette of antiferromagnetically coupled
spins. A sublattice (Marshall) rotation with 1 € A, 2 € B renders the two A-B
bonds termwise stoquastic (solid), but the third bond is forced to join equal colors.
Tts positive off-diagonal element survives (dashed), showing that no Marshall Z
assignment works on an odd cycle. The figure does not rule out non-diagonal or
cluster-basis reformulations.

2.2 What stoquasticity does—and does not—guarantee

The SSE example motivates a representation-level definition that will be
used throughout the article.

Definition 2.1 (Stoquastic Hamiltonian). A Hamiltonian H is stoquastic in
a specified product basis {|a)} when

(a|H|a') € R, (a|H|a") <0 (a#d). (14)

A local decomposition is termwise stoquastic when every Hy has this property
in the same basis.

After shifting diagonal terms by constants, termwise stoquasticity makes
every factor in Eq. (7) non-negative. Stoquasticity of the full matrix H also
implies that C1 — H is entrywise non-negative for a large enough C'. Perron—
Frobenius then guarantees, within each irreducible block, a lowest-energy
state whose amplitudes can be chosen non-negative,

[Y0) =D cala),  ca>0. (15)



Disconnected blocks may remain degenerate. Thus positivity is compatible
with topological sectors: for example, the toric code is manifestly stoquastic
in the standard basis, while local operators do not connect its distinct
noncontractible-loop sectors [17].

Two limitations are essential. First, non-negative weights remove can-
cellation but do not guarantee rapid mixing; autocorrelation times or other
conditioning problems can still be exponential. Polynomial mixing has to
be established separately (it is known for some operator-loop algorithms
[18]). Second, stoquasticity is sufficient, not necessary. Regrouping operator
strings, changing the auxiliary-field algebra, or resumming fermions can pro-
duce positive weights even when the written Hamiltonian is not stoquastic.
Twisted quantum doubles, discussed in Sec. 3.7, provide a particularly sharp
example. Accordingly, finding a stoquastic basis is one route to a sign-free
representation, not its definition.

2.3 Reweighting, average signs, and cost

Let Z =3 W(C) > 0, as for the thermal partition function of a Hermitian
Hamiltonian. If W is real, the usual positive reference ensemble is

_ _ W@
Zw =Y WO, pw(C) = o (16)
c W]
Writing W = s|W/|, with s = sgn W, gives
Z
<Sgn> = <S>|W| = T? 0< <Sg1’l> S ]-7 (17)
Wi
and the exact reweighting identity
(O s)w
0)=—"—. (18)
< <3>|W|

Complex weights with real Z. The standard phase-quenched construc-
tion samples Zy| = > ¢ |W| and reweights by e = W/|W|. However, the
known reality of Z permits a better reference:

Z = ZReW(C),
c
Zpew| = D |ReW(C)| =3 [W(C)| | cos6(C)), (19)
C C
sr(C) =sgn(ReW(C)).
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Sampling pr = |ReW|/Zgew, gives the sign-quenched average Ar =
(srR)R = Z/Z|Rew)| [19]. By contrast, the phase-quenched average is Apq =
(ei‘9>|W| = (cos0)w| = Z/Zw; its imaginary part vanishes because Z is real.

Pointwise, | Re W| < |W|. Therefore
Z < Z‘ Re W] < Z\W\7 0< .qu <Ar <1, (20)
and, more explicitly,

Apq = Ag (| cos0)) (21)

Wi
Thus the conventional average phase is a lower bound on the real-part
average sign. Whenever the reality of Z can be exploited, | Re W| has
the larger reweighting signal.

Often the reality is manifest through a measure-preserving involution
C — C with W(C) = W(C)*; a conjugate pair then contributes 2Re W.
For a real, conjugation-even estimator, Eq. (18) holds with W — Re W,
s — sg, and the R ensemble. More generally one must pair the numerator
as 2 Re[WWO], rather than blindly replacing W by Re W in every observable.
The construction is unavailable for a genuinely complex target, and zeros
of Re W can create sampling barriers. A larger average sign also need not
imply better mixing or smaller variance for every observable.

Free-energy and cost scaling. Choose Zx = Zjy| or Zx = Z|Rew|, and
write Zy = e #N/x. Then

Z
AX = 7 =S e_'BNAfX’N, Af)(,]\f = f - fX Z 0. (22)
X

Equation (20) is equivalently 0 < Afpn < Afpgn. The free-energy
identity is exact, but exponential decay is only the conventional case:
Afxn = Afx >0 gives Ax ~ e PNAIX In special models,

alog N

Ax ~ N — Afxn~ AN

(23)

so the sign penalty is algebraic rather than exponential. Such behavior occurs
in projected extended-Hubbard and moiré-motivated models; sign-bound
theory also identifies conditions under which an algebraic lower bound is
possible [1, 20, 21].

11



For a unit-modulus sign or phase factor r, let A x =Nt vazsl r;. Inde-
pendent samples satisfy

1—A§('

Ellr— Ax]?] =1- A%,  E[JAx - Ax]?] = e

(24)

With correlated Markov-chain samples one replaces Ng by Neg ~ Ng/(27int)-

Hence
SAx eBNAfx N

AX N Neff

and fixed relative precision € requires

(Ax < 1), (25)

1 1
_ 762,8NAfX,N‘ (26)

eff T 512 2
A €

For the algebraic case Ay ~ N~%, this becomes Ngg > ¢ 2N2: polyno-
mial sign-induced cost, provided configuration evaluation and mixing are also
polynomial. The numerator of Eq. (18) is correlated with the denominator,
so the prefactor is observable dependent; barring a special cancellation, the
same inverse-Ax scaling remains. Slow mixing increases the raw number of
updates by the additional factor 27i,;. This separates two bottlenecks that
are often conflated: sign cancellations reduce Neg, while poor mixing reduces
how fast independent samples are produced.

Figure 3 displays the relation on logarithmic axes. The intersection

2
/ , occurs at r, = %log Nef, where

with the estimator’s standard error, N e_ﬂl
x=PBNAfxnN.

The free-energy difference depends on both the representation and its
positive reference. A basis change, auxiliary-field channel, analytic pairing,
resummation, or contour deformation can change A fx n, sometimes to zero.
Conversely, the measured sign can carry physical information: its finite-size
scaling may locate phase transitions or obey useful bounds relative to a
sign-free reference system [21, 22]. These uses do not remove the sampling
penalty, but they explain why the sign itself is sometimes a meaningful

observable rather than only a diagnostic.

2.4 The second face: fermion determinants

In the preceding SSE discussion, signs arose from products of Hamiltonian
matrix elements. For interacting fermions the same cancellations can be
resummed into determinants, moving the sign rather than eliminating it.

12



~ Ty = %log Negr
0 > v =BNAfx N
-2 log Ax = —a
—a44
log 1\(}[-1/2
64

Figure 3: The reweighting wall in representation-neutral variables. The per-
configuration sign or phase has order-one variance, but the standard error of its mean
is Ne_ffl/Q. Once Ax =e™® 5 Ne_ffl/z, the denominator is unresolved. Exponential
decay with system size is the conventional case z o SN; algebraic decay instead
has x ~ alog N. The horizontal line is an estimator error, not single-sample noise.

2.4.1 Why fermions are generically non-stoquastic

For fermions the obstruction is structural. Write any second-quantized
operator in an occupation-number basis |ning - - -) with a fixed site ordering.
A hopping term c;-rcj acting on such a state produces not merely a relabeled

occupation but a Jordan-Wigner string:
il mie g ) = (~1) 2k ™ | (1) .. (ny—1)..) . (27)

The prefactor (—1)Z”k is the parity accumulated by dragging the annihila-
tion operator past the fermions sitting between sites j and ¢. In the worldline
picture, a closed spacetime configuration in which particles have permuted
their identities carries a global factor (—1)¥, where P is the parity of that
permutation. Two worldlines that exchange contribute —1; this is Fermi
statistics made graphical.

Remark 2.2 (An open-chain exception). For the nearest-neighbor Hubbard
chain with open boundaries, order the modes consecutively within each
spin species. Every same-spin hop then joins adjacent modes, and same-
species worldlines can neither exchange nor wind around a boundary. The
occupation/worldline representation is therefore sign-free at any filling and
for either sign of U [3]. A ring, longer-range hopping, or a ladder removes this
no-exchange proof; it does not follow that every auxiliary-field determinant
representation of the open chain is configuration-wise positive.

13



A minimal fermionic loop. The obstruction already appears for two
spinless fermions on a three-site ring. In the ordered basis (|12),]13),]23)),
with [ij) = cjc;r- |0) for ¢ < j, uniform microscopic hopping —t induces

0 -1 +1
H=t|-1 0 -1]. (28)
+1 -1 0

The configuration-graph loop product is (—t)(—t)(+t) = +t3. It is invariant
under any diagonal rephasing because the three phases telescope, whereas
three strictly negative off-diagonal elements would have product —t3. Thus
no diagonal phase gauge makes this occupation-basis matrix stoquastic. This
compact example rules out that specific cure, not a non-diagonal basis or a
regrouped expansion.

In higher-dimensional and multiply connected hopping graphs, such
exchange loops are generic rather than exceptional. Fermionic Hamiltonians
are therefore generically non-stoquastic in occupation bases, although the
severity and even the existence of a sign problem remain representation
dependent [23, 24].

The standard escape is not to fight the permutation signs term by term
but to resum them. An antisymmetrized sum over single-particle labelings is
precisely a determinant,

Yo (DI TLk | ¥pm) = det[(dile))], (29)
PeSy k

the Leibniz formula for the determinant. Determinant QMC (DQMC) is
built on this identity: it trades an intractable, sign-alternating sum over V!
worldline permutations for a single N x N determinant that can be evaluated
in polynomial time. The signs have not vanished — they now live in the sign
of the determinant. That is the second face.

2.4.2 Auxiliary-field / determinant QMC in one pass
We illustrate on the Hubbard model,

H= —tz (c;racjg +h.c.) + UZ Nt (30)
with ¢ =1, and n;, = c;racw. Before decoupling, the quartic interaction
prevents the fermionic trace from being Gaussian. DQMC [25] Trotter-
factorizes the propagator, introduces an auxiliary field that makes the fermion

action bilinear, integrates out the fermions, and samples the remaining field.
The same construction underlies ground-state projector AFQMC [26, 27].

14



Trotter split. Write e #H = (e_ATH)LT with 8 = L, A7, and separate
hopping K from interaction V/,

e~ATH _ (~OTK[2,=ATV (~ATK/2 L O(A73), (31)

The symmetric factorization gives a global O(A7?) error at fixed 3; conver-
gence in A7 — 0 must still be checked.

Discrete Hubbard—Stratonovich (Hirsch). The interaction on each site
is decoupled by an Ising auxiliary field s; = £1 rather than a continuous field
[28]. Shifting to the particle-hole symmetric form U nyn, — U(np—3)(n,—3)
(plus a chemical-potential shift), the key exact identity for the repulsive case
is

e_ATU(nT_%)(nL_%) _ le—ATU/4 Z 6)\5 (”T_ni), cosh A = eATU/Q'
2 s==1
(32)

Since n, € {0, 1}, the identity follows by matching the empty/doubly oc-
cupied and singly occupied sectors. The field couples to the spin density
for repulsive U > 0; for attractive U < 0 a real density-channel decou-
pling couples it to ny +n| — 1. Choosing an exact HS channel is a change
of auxiliary-field representation, not a gauge transformation. It leaves Z
invariant while changing the configuration-wise sign structure [29].

For repulsive U > 0 there is also a density-channel decoupling, but it is
complex:

oAU (=) (ny—4) _ %€+ATU/4 T e (nrtni=) cosy = =AU/,
s==1

(33)
Before any particle-hole transformation, both spins couple identically to
the imaginary auxiliary potential iys, and the factor e™* is an imagi-
nary configuration-dependent constant. This complex density channel is
the cleanest way to see the half-filled bipartite conjugate-pair proof below.
These discrete HS formulas are exact operator identities: the four local
occupation states reduce to two sectors that can be matched directly. The
DQMC discretization error comes from the Trotter split, not from the HS
transformation.

Integrating out the fermions. After (32) the exponent is bilinear in ¢, ¢
for every fixed configuration {s;,} (site i, time slice £). Each spin species

15



propagates independently through a product of one-body matrices,

Bf[{s}] = e ATK/2 Vst AT K2 0 (s} =1+ Bf_Bf__, - BY.

(34)
The Gaussian (Grassmann) integral over the fermions yields a determinant
for each species, and the partition function becomes a classical sum over
Ising configurations [30, 31]:

Z =Y Wi{s},
{s} (35)
W{{s}] = det My[{s}] det M, [{s)].

The Monte Carlo weight is W. The sign problem is now sharp and concrete:
W can be negative, and the second face is nothing but det My det M| < 0.
For a systematic, modern account of this world-line/determinantal machinery
see Assaad and Evertz [3].

T

BA

+  + | - - M, =1+B§ - BY
el 24 }Bf(w) W (s) = det My det M,

+ — —

1 2 3 4
site ¢

Figure 4: DQMC auxiliary-field geometry. Every cell carries an Ising field s; , = £1;
one highlighted time slice determines the one-body propagator B7. The ordered
product over slices forms M, , and integrating out the two spin species gives the
sampled determinant weight.

2.4.3 Sign-free cases to memorize

Three benchmark cases organize single-band Hubbard DQMC. The first two
have configuration-wise positivity proofs; the third lacks that protection.

(i) Attractive U < 0, any filling, spin balanced. Decoupling in
the density (charge) channel makes the auxiliary field couple to ny +ny
identically for both spins. Provided the two species also have identical

16



one-body terms (in particular, a common chemical potential and no
Zeeman imbalance), M;[{s}] = M| [{s}]. Hence

W[{s}] = (det My[{s}])> > 0  for all {s}. (36)

No particle-hole symmetry is required: the spin-balanced attractive
Hubbard model is sign-free at arbitrary total density and temperature.
Spin-dependent chemical potentials destroy the square argument.

(ii) Repulsive U > 0, half filling, bipartite lattice. There are two
standard positivity arguments. First, a particle-hole transformation
on one spin species maps the half-filled repulsive Hamiltonian to an
attractive Hubbard Hamiltonian (up to harmless constants), so case (i)
applies. Second, start from the complex density-channel HS form (33).
The field initially couples identically to the two spins and carries the
imaginary constant e *7*; after the bipartite particle-hole transformation
on the down spin, n;) — 1 —n;, this constant cancels and the two spins
couple with opposite imaginary potentials, +iys and —ivys. Thus the
spin determinants are complex conjugates configuration by configuration:

det M, [{s}] = (det My[{s}])" = W =|det My|* > 0. (37)

(The general antiunitary pairing argument is given in Sec. 3.2.3.)

(iii) Repulsive U > 0, doped away from half filling. Neither
configuration-wise pairing argument applies. The conventional DQMC
representation is therefore generically sign-problematic (though special
parameters and finite systems can be exceptions). This is the regime
relevant to doped-Mott, pseudogap, and high-T, physics.

How the average sign degrades away from half filling depends strongly
on temperature, interaction, lattice geometry, and the chosen representation;
it is not a universal proxy for correlation strength [32].

2.4.4 One phenomenon, two representations

In an SSE/worldline representation the pathology is a negative closed product
of matrix elements; in a determinantal representation it is a negative or
complex determinant. By the Leibniz identity (29), a determinant is itself
a signed sum over permutation histories. The two descriptions are related
by resummation, although their configuration spaces and average signs need

not coincide.
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One phenomenon. SSE signs and negative or complex determinants
are different representations of one obstruction: W (C)/Z is not a non-
negative real probability measure. Consequently:

e A basis, HS channel, or resummation changes the configurations
and can change the sign problem even though it leaves physical
observables invariant.

e In any fized representation, its reweighting cost is governed by
that representation and reference’s A fx n in Eq. (22). There is no
representation-independent average sign: a successful reformulation
changes A fx y or makes it vanish.

Once a representation is fixed, the corresponding sign-, real-part-, or
phase-reweighting identity applies regardless of whether the obstruction came
from a permutation, a frustrated operator string, or a determinant. The
remaining sections ask how a better representation can avoid or reduce the
wall, and what limits such a search.

3 Design Principles and Fundamental Limits

The rest of the article separates three logically different tasks: constructing
an exact positive representation, mitigating a residual sign or phase, and
establishing limits on what any prescribed class of reformulations can achieve.
Keeping these tasks distinct is essential: failure to find a cure is not a no-go
theorem, and positivity alone is not a proof of polynomial runtime.

3.1 Taxonomy of responses

A cure need not be a local basis rotation. It may instead use determinant
pairing, a cluster cancellation, or an exact resummation. Conversely, a
method that stabilizes a calculation by imposing a trial-state constraint is
an approximation, not a cure. Table 2 records the distinctions used below.

The sections that follow first collect constructive positivity certificates,
then compare exact cancellations with controlled approximations and contour
methods, and finally state the complexity and phase-level no-go results with
their scopes.
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Response

Goal, examples, and limitation

Exact positive
representation

Mitigation /
approxima-
tion

Limits and
obstructions

Reexpress Z with W(C) > 0, using (for example)
Marshall rotations, determinant/Kramers pairing,
fermion bags, Majorana or split-orthogonal positivity,
or exact meron cancellation. This removes sign
cancellation; mixing and construction cost remain
separate.

Retain a residual phase or replace it by trial-state
bias. Reweighting, finite-flow or learned contours,
complex Langevin, fixed-node, constrained-path, and
phaseless methods belong here. Exponential variance
or systematic error may remain.

Establish worst-case hardness or exclude positive
representatives within a stated local class. NP-hard
signed instances, hard basis searches, and phase
invariants have different scopes; failure to find a cure
is not a certificate.

Table 2: Three distinct responses to a sign or phase problem.
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3.2 Design principles for sign-free models

We now collect structural certificates that make a chosen representation
positive configuration by configuration. They are sufficient, not necessary:
a model outside every class listed here may still admit a different positive
expansion.

3.2.1 Positivity versus reality: sign problem vs. phase problem

Before cataloguing principles it is worth making a distinction that is often
blurred in informal discussions. In determinant QMC the weight of an
auxiliary-field configuration ¢ is a product of fermion determinants, W (¢) =
det My (o) det M| (¢), up to a positive bosonic factor. Two qualitatively
different pathologies can occur:

o Sign problem: the weights are real but not sign-definite, W(¢) € R,
W(¢) = 0. One samples |IWW| and reweights by sgn W = +1.

e Phase problem: the weights are genuinely complex. For a complex
target one samples |WW| and retains the full U(1) phase. When the
target partition function is known to be real, conjugate symmetrization
instead permits the sign-quenched measure | Re W|. This converts the
continuous phase into a residual sign with the hierarchy in Eq. (20),
but does not by itself remove exponential cancellations.

The two are governed by different algebraic requirements, and it pays to
keep them separate:

Reality of a determinant follows from the weaker statement that the
spectrum of the relevant (generally non-Hermitian) fermion matrix is
invariant as a set under complex conjugation, A — \*, so that det M =
[L; Ai € R. This still permits real eigenvalues, which may be negative —
hence reality alone does not fix the sign. Positivity requires additional
structure, such as Kramers pairing, a Pfaffian square, or the connected-
component theorem for the split-orthogonal group. Reciprocal eigenvalue
pairing by itself is not enough: for example, (1 —2)(1 —1/2) < 0. Reality
removes a phase problem; positivity removes the residual sign problem.

Configuration-wise determinant reality is stronger than merely knowing that
the total Z is real. The latter permits the conjugate-pair regrouping of
Eq. (19), which can still leave both positive and negative real parts. We will
see the algebraic dichotomy concretely in §3.2.6: the split orthogonal group
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forces det M > 0 (kills the sign problem outright), whereas a pseudo-unitary
constraint only forces det M € R (kills the phase problem, leaving a possible
residual sign).

3.2.2 Marshall and Hubbard pairing

The Marshall rotation of Sec. 2.1 is the canonical bosonic certificate: on
a bipartite nearest-neighbor antiferromagnet it changes every transverse
matrix element from +J/2 to —J/2 in one common product basis. Its
SU(N) extensions support broad families of sign-free loop models [12]. Odd
cycles obstruct this diagonal two-coloring, but not necessarily cluster bases
or regrouped expansions.

For the single-band Hubbard model, the corresponding DQMC certificate
is configuration-wise determinant pairing. The two cases established above
are

Mi(s) = My(s) = W(s) = [det Mi(s)2 20,  (38)
det M| (s) = [det My(s)]* = W(s)=|det My(s)]*>0. (39)

The first applies to the spin-balanced attractive model at arbitrary filling;
the second follows at half filling for repulsive U on a bipartite lattice after
the appropriate particle-hole transformation. Both statements require the
relation to hold for every auxiliary-field configuration, not merely after
averaging.

Lieb’s spin-reflection positivity is historically related but should not be
used as the microscopic DQMC proof of these identities. It proves ground-
state spin and uniqueness results for Hubbard-type Hamiltonians [33, 34];
DQMC needs the stronger configuration-wise matrix relation displayed above.

3.2.3 Time-reversal / Kramers positivity (Wu—Zhang)

Let B(¢) = [[,e 2™%) and M(¢) = I + B(¢). Suppose the same an-
tiunitary operator 7" = Ur K satisfies, for every time slice and every fixed
auxiliary-field configuration,

Th(¢e)T~" = h(¢r),  T?=-L (40)

Then nonreal eigenvalues o of B occur with their conjugates, while real
eigenvalues have even algebraic multiplicity. Consequently

det M(6) =TT 11+ paf* > 0. (41)

a
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The proof is the Kramers argument in one-particle space. If Bv = pv, anti-
linearity and T'B = BT give B(Tv) = p*(Tv). For real p, the vectors v and
Tv are independent, since Tv = cv would imply T?%v = |¢|?v, contradicting
T? = —I. The same map pairs generalized eigenspaces, so the conclusion
also holds for a nondiagonalizable B. This is the Wu-Zhang condition [35].

The configuration-wise qualifier is crucial. A physical time-reversal
symmetry of the interacting Hamiltonian is useful only if the chosen HS
decomposition preserves it for each ¢. A common chemical potential is
time-reversal even and does not by itself spoil the criterion; Zeeman fields or
HS channels that distinguish a Kramers pair do. The construction underlies
sign-free metallic quantum-critical models [36-38] and does not require S*
conservation.

3.2.4 Fermion bags: resummation before sampling

The half-filled spinless ¢t~V model on a bipartite lattice has only one complex-
fermion species, so no spin determinant can square the weight:

H=—t>(clej +he) + VY (ni — $)(n; — ). (42)
(i) (i)
The fermion-bag construction instead performs a selected part of the fermionic

sum exactly before Monte Carlo sampling [39, 40]. In the continuous-time
expansion, a k-bond configuration produces a 2k x 2k matrix

S

G([s]) = Do([s]) + 4, (Do)gq = Eqaqq”

where s, = £1 labels particle/hole insertions and A contains off-diagonal
free propagators. Summing the 22* labels analytically gives

> " det[Do([s]) + A] = 4" det A. (43)
[s]

Those local diagonal blocks are the bags in this formulation.

Bipartiteness supplies the remaining sign. With qu/ = 0,044, Where
o; = +1 on the two sublattices, AT = —DAD. Hence AD is real antisym-
metric and

(~1)" det A = det(AD) = Pf(AD)* > 0. (44)

Together with the expansion coefficient, this makes every resummed weight
non-negative for V' > 0. The result enabled sign-free simulations of the
honeycomb spinless critical point [41].
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More generally a bag is any subset of Grassmann variables or worldline
segments summed exactly so that the remaining weights factorize positively;
it need not be a literal connected spatial region. This viewpoint reaches odd-
flavour and impurity models beyond ordinary determinant pairing [42—-44].

3.2.5 Majorana representation and Majorana positivity

The next viewpoint on the same spinless-fermion obstruction was to recast
the problem in Majorana rather than complex-fermion variables. Writing
cj = %(’yjl +i7?) with Hermitian Majoranas v* = 1, Li et al. [45] introduced
Majorana QMC and showed that the half-filled spinless -V family can also be
made sign-free by decoupling the interaction in a Majorana channel: the two
Majorana species play the role of conjugate partners, so the weight becomes
a non-negative square. This was historically after the fermion-bag solution,
but conceptually important because it turned the spinless/odd-species cure
into a determinant-style auxiliary-field principle.

The underlying algebra was then organized group-theoretically by Li
et al. [46] into the Majorana-time-reversal classes: within that symmetry
classification there are two fundamental sign-free classes — the Kramers
class, positive by the T2 = —1 degeneracy of §3.2.3, and a genuinely new
Magjorana class, positive by decoupling the Majorana bilinear into a time-
reversal-partner block pair B and B (needing neither charge conservation
nor a single 72 = —1), which reaches spin-orbit-coupled and some doped
models.

Wei et al. [47] sharpened this into the notion of Majorana positivity: a
sufficient condition on the coefficient matrices of the Majorana Hamiltonian
guaranteeing W (¢) > 0 that unifies essentially all previously known sign-free
auxiliary-field models (the authors note it does not exhaust all positive
decompositions). It supplies two distinct criteria — a Majorana reflection
positivity (a positive-semidefinite-kernel argument) and a Majorana Kramers
positivity (an antiunitary 7 = SC with T? = —1) — and carves out a
strictly larger sign-free territory than the complex-fermion principles alone.
For relativistic (Dirac) actions, the Majorana-positivity condition has also
been recast as a Pfaffian semi-positivity criterion and used to classify sign-
free cases such as QCD with chiral or isospin chemical potential [48]. The
algebraic backbone was later cast as a contraction semigroup of imaginary-
time propagators — a maximal unitary subgroup together with an invariant
positivity cone — which unifies the Kramers, Majorana, split-orthogonal,
and fermion-bag criteria as special cases [49].
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3.2.6 Group-theoretic guiding principles

The Majorana and semigroup viewpoints suggest a general strategy: identify
a Lie group G such that all imaginary-time propagators e 27"(%1) lie in G,
and let the representation theory of G dictate the analytic structure of det M.
Two such groups make the positivity /reality distinction of §3.2.1 razor-sharp.

Split orthogonal group — positivity. Let B(¢) denote the ordered
one-body propagator. If every real generator obeys nAn = —A”, with
n = diag(I,, —I,), then the product lies in the identity component O 4 (n,n).
The connected-component theorem gives

B(¢) € O44(n,n) = det[I + B(¢)] > 0. (45)

This is stronger than reciprocal eigenvalue pairing: the orientation of the
identity component controls negative-real-axis blocks even when the product
is not one exponential [50]. It explains the positivity of the half-filled spinless
t—V model without Kramers degeneracy.

Pseudo-unitary group — reality only. Ifinstead BfnB = nand det B =
1, as in a determinant-one pseudo-unitary group, then

det(T + B) = det (I + B') = det(I +nB~'n"")
= det(B~") det(I + B) = det(I + B). (46)
Thus det(I + B) € R, but it can be negative. Pseudo-unitarity removes a
phase problem; the O, (n,n) orientation theorem supplies the additional
positivity in the split-orthogonal case [51].
3.2.7 Summary of positivity principles

The principles above are best remembered as a dictionary from a structural
input (a symmetry or group constraint) to the analytic guarantee it buys,
together with the models where it is deployed.

Positivity toolbox.
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Structural input Guarantee and representative use

Stoquastic / Marshall (a|e=?H |a/) > 0; bipartite SU(N)

basis antiferromagnets.

Hubbard determinant M4y = M) or conjugate determinants; attractive
pairing and half-filled bipartite repulsive Hubbard models.
Kramers 7% = —1 det M > 0; Dirac and quantum-critical fermions

without requiring S* conservation.

Fermion bags / Positive resummed determinants or Pfaffian
Majorana positivity — squares; spinless and odd-flavour models, including
some spin—orbit-coupled cases.

Split orthogonal det M > 0; spinless t-V and group-designed
O44(n,n) models.

Pseudo-unitary det M € R only; removes a phase but can leave a
SU(m,n) sign, as in QED3 parent-state constructions.

3.2.8 Outlook: from sufficient conditions to bounds

All of the above are binary guarantees: a chosen formulation either satisfies
a positivity criterion or it does not. Sign bounds provide quantitative
information in between. For a determinant D averaged with a positive base
measure P, the Hermitian-system sign is

o <R6D>p
%= JRe D)p-
Because (|Re D|)p < (|D|)p,
<ReD>p . ZD
ok = (IDhp — Zp 47

This is the determinant version of Eq. (20): the |D| ratio is a lower bound
on the better | Re D| average sign. When Z|p, is the partition function of
a physical sign-free reference Hamiltonian, its low-temperature behavior is
controlled by

Zp 9o e~ BED—E|p))

Zip|  9p| ’

where E and g are ground-state energies and degeneracies [21]. An algebraic
lower bound excludes an exponentially small Sg; an exponentially small
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lower bound is inconclusive rather than evidence that the actual sign must
be exponential.

Positivity symmetries can also constrain the physics accessible to the sign-
free model. Antiunitary protection imposes correlation-function constraints
and can force a symmetry-distinguished operator to become critical at a
transition [52]. Within every presently known DQMC sign-free class, a stable
Fermi liquid in d > 2 is impossible unless the protecting antiunitary symmetry
is spontaneously broken [53]. These are constraints on specified positivity
structures, analogous in spirit to the scoped topological obstructions of
Sec. 3.7.

3.3 Exact cancellations and trial-state constraints

Meron clusters and constrained-path methods are often listed together be-
cause both stabilize signful simulations, but they have different logical status.
A meron construction analytically cancels signed partners and is exact when
its factorization conditions hold. Fixed-node, constrained-path, and phaseless
methods restrict the sampled paths using a trial state and therefore introduce
a systematic approximation.

3.3.1 The meron-cluster algorithm

Cluster algorithms decompose a configuration into independently flippable
loops or clusters [8, 11]. In a meron representation, choose a reference
orientation with sign sgn, and let f. = 0,1 record whether cluster c is flipped.
The sign factorizes as

sgn(C({fc}) =seng [[ols,  oc € {+1,-1}, (48)

where o, is the sign change under flipping cluster ¢ [54].

Definition 3.1 (Meron). A cluster ¢ whose flip reverses the sign of the
configuration, i.e. one that carries o, = —1 so that flipping it sends sgn(C) —
—sgn(C), is called a meron. A cluster whose flip leaves the sign invariant
(0. = +1) is a non-meron.

The useful cases have three additional properties: every cluster can be
flipped independently without changing |W|, a reference orientation has
non-negative weight, and the improved estimator is compatible with the
observable. The analytic flip average is

SSWED = W seno [[ 3 of = W sang [[(1+00).  (49)

{fe} c=1 f.=0,1 c=1
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Any meron supplies a factor 1 + o, = 0, so the entire flip orbit cancels from
the partition function.

When independent cluster flips preserve |IW|, the sign factorizes as in
Eq. (48), and the zero-meron reference weight is non-negative, every
nonzero-meron orbit cancels in the flip-averaged partition function. The
surviving zero-meron sector is then an exact positive representation.
Observable numerators may require additional sectors, commonly zero
and two merons, with their own improved estimators.

One simple physical example is the semi-frustrated quantum spin model
treated by Henelius and Sandvik [16]. In an S basis, take an XXZ-type
Hamiltonian

Jay(r)
2

H = Z JZ(T)SiZSiZ+r+ (SZ—’—SZ_-FT’ +SZ_SZ—:-T‘) )

J.(r) <0, Joy(r) = —Ju(r) > 0. (50)

The positive transverse matrix elements produce a sign problem in the usual
SSE /operator-loop formulation. The loop decomposition, however, makes
the sign flip under a loop update visible: a loop whose flip changes the
configuration sign is a meron. For the partition function and observables
such as the internal energy, all nonzero-meron sectors cancel by (49), so the
simulation can be restricted to the positive zero-meron sector. More general
observables may require sampling zero- and two-meron sectors; away from
the exact meron point, merons can still reduce the sign problem without
eliminating its exponential scaling [55].

The exponential gain is decisive: instead of averaging a signal (sgn) that
vanishes exponentially, one samples a positive measure directly. The price
is model specificity. The construction requires (i) a cluster representation
in which the sign factorizes as in (48), and (ii) that the meron cancellation
aligns with the observable of interest. This holds for particular lattice fermion
models and quantum spin systems — e.g. staggered fermions in a (3+1)D
chiral phase transition [56], certain -~V and quantum-antiferromagnet models
— but is not a universal cure. When it applies, however, it is exact: there
is no systematic bias. A related, also-exact and also-model-specific cure is
the fermion-bag resummation of §3.2.4, which localizes and cancels the sign
within compact space-time regions and solves sign problems for a class of
models unreachable by the traditional determinantal criteria [42].
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3.3.2 Constrained-path and fixed-node methods

When no sign-free representation is known, one may instead accept a sys-
tematic approximation. The oldest incarnation is the fized-node method
in continuum and lattice diffusion Monte Carlo, built on fermion nodes
[57]. The antisymmetric ground state Uo(R) changes sign across the nodal
surface {R : ¥o(R) = 0}. If that surface were known, projection within one
nodal pocket would be exact. In practice one imposes the nodes of a trial
wavefunction Wrp.

Theorem 3.1 (Fixed-node variational upper bound; ten Haaf et al.). Let
U7 be a trial state defining a nodal surface, and let Epx[Ur] be the energy
obtained by exact projection constrained to the nodal pockets of ¥7. Then

Epx[¥7| > Ey, (51)

with equality when Wy reproduces the exact ground-state amplitudes (Up =
Uy). The fixed-node energy is therefore a rigorous upper bound on the
ground-state energy [58]. On a lattice, unlike the continuum, matching only
the nodes (signs) of ¥y is not sufficient for exactness: both the sign and the
relative magnitudes of W across every sign-flipping pair of configurations
must be correct.

Remark 3.1. The mechanism is variational: the fixed-node procedure yields
the exact ground state of an auxiliary Hamiltonian Hgy that agrees with H
except for an infinite (or, on the lattice, a sign-flip-suppressing) barrier at the
imposed nodes. Since Hyy is a legitimate constraint restricting the variational
manifold, its ground-state energy cannot lie below that of H. Ten Haaf et al.
[58] proved this rigorously for lattice fermion Hamiltonians, extending the
continuum fixed-node method whose nodal-structure foundation (the tiling
theorem) is Ceperley [57].

The determinantal (auxiliary-field) analogue is the constrained-path Monte
Carlo (CPMC) of Zhang, Carlson, and Gubernatis [59, 60]. In auxiliary-field
QMC one propagates a population of Slater determinants |¢) in imaginary
time via a stochastic field {s}. The sign problem manifests as walkers whose
overlap with the trial state, (¥p|¢), changes sign along the random walk.
The constrained-path approximation discards any walker whose overlap turns
non-positive,

(Ur|¢) >0 (constraint retained), (Ur|p) <0 (walker killed), (52)

This is analogous to excluding a nodal pocket, but a determinant-overlap
boundary in auxiliary-field space is not the same object as a coordinate-space
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fixed node. In standard CPMC the mixed energy estimator is not generally
a rigorous variational upper bound; later analysis corrected that early claim
[61]. The method becomes exact for an exact trial state, while a generic
approximate Wp produces a systematic bias whose sign is not controlled.

For general Hamiltonians the auxiliary fields (and hence the weights and
overlaps) are compler rather than merely sign-changing — the Hubbard—
Stratonovich decoupling of a general two-body (or ab initio) interaction,
or a density-channel decoupling of the repulsive interaction away from the
half-filled bipartite protection of §3.2.2, produces e’ phases. At half filling
on a bipartite lattice those density-channel phases pair by the particle-hole
argument above; without that pairing one has a genuine phase problem.
(The plain repulsive Hubbard model with the discrete spin-channel Ising
field of Eq. (32) has real +1 fields, hence a real sign rather than a phase
problem.) Here the real-axis constraint (52) is insufficient, and one uses the
phaseless (phase-free) AFQMC of Zhang and Krakauer [62]. The idea is to
work with the importance-sampled weight referenced to ¥, and to project
the complex phase of the incremental overlap ratio onto the real axis via a
cosine (“phaseless”) projection,

/
w — w-max(0, cosAf), Af = argM (53)

(Trle)’
so that the walker density is confined near the real, positive region of the
overlap. This tames the complex-phase problem at the cost of a trial-state-
dependent phaseless bias. Its energy is not generally variational.

Constrained-path and phaseless AFQMC [59, 60, 62] stabilize the random
walk by imposing a Wp-defined overlap constraint. Both carry trial-
state-dependent bias, and neither has a general variational upper-bound
theorem. The rigorous upper bound in Theorem 3.1 belongs to the
fixed-node construction.

Honest accounting. Unlike an exact meron cancellation, these constraints
trade exponential instability for systematic error with no universal bound.
One should vary the trial state, treat back-propagated observables carefully,
and benchmark against exact or sign-free limits whenever possible.

3.4 Mitigation by reformulation

For a complex integral, changing the integration manifold can make phase can-
cellations occur analytically before sampling. The physical partition function

29



is unchanged, but the reference measure—and hence the representation-
dependent A fx n of Eq. (22)—can improve. Such methods generally leave a
Jacobian phase, cancellations between sectors, or convergence assumptions,
so they are mitigation rather than automatic cures.

3.4.1 Lefschetz thimbles

Consider a bosonic path integral (e.g. after a Hubbard—Stratonovich decou-
pling) written as an integral over real fields z € R",

Z=[ d'z e @), (54)
Rn

where the action S(x) is complex, so that Im .S oscillates violently along
R™. The central idea, borrowed from the theory of oscillatory integrals
and Picard—Lefschetz theory, is to complexify the fields, x — z € C™, and
to promote S to a holomorphic function S(z) [63, 64]. Because e~3() is
holomorphic and decays appropriately, Cauchy’s theorem lets us deform the
real domain R" into any homologous n-real-dimensional cycle in C™ without
changing Z.

The distinguished cycles are the Lefschetz thimbles. Let z, be a critical
point (saddle) of the action, 95/ Bz,‘ = 0. The thimble 7, attached to z,
is the union of all steepest-descent traJectones that flow into it (reaching it
as t — 400) under the holomorphic gradient flow

dt__<8zl>7 Z—l,...,n, (55)

where the bar denotes complex conjugation and ¢ is the flow (fictitious)
time. This flow has two defining properties. Writing S = Re.S +iIm S, one
computes along a trajectory

ds 0S8 dz; 9S8 [0S\
E_Zazz dt Zazz (822) B

which is real and non-positive. Separating real and imaginary parts,

Along the holomorphic gradient flow (55),
d(Im S) d(ReS)
B S/ P <.
dt 0 dt  — 0 (57)
Hence Im S is constant on each thimble (fixed to its saddle value
Im S(2,)), while Re S decreases monotonically along the flow, attaining
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its minimum at the saddle z, (equivalently, Re S grows away from the
saddle along J,). The oscillatory factor e*™5 therefore comes out of
the integral over J, as a single constant phase.

This is precisely the taming we wanted: on a thimble the integrand is
e~iImS(z0) o=ReS  and e~ReS ig positive and peaked at the saddle. The
wildly oscillating measure of (54) has been traded for a smooth, sign-definite
one along each descent manifold.

Morse-theory picture. The thimbles are the steepest-descent manifolds
attached to the saddles of the Morse function Re S(z) under the downward
flow (55): along J, the flow descends Re S to its minimum at z,. Each critical
point contributes one n-dimensional thimble 7, and one dual, steepest-ascent
cycle IC,. Picard—Lefschetz theory expresses the original contour as an integer
combination of thimbles,

Z=> mg eTimSGE) [ gy ReSE) me = (R", ko) € Z, (58)
= Jo

where the intersection numbers m, count how the real cycle threads the
ascending manifolds [63].

The residual sign. Two effects prevent this from being a complete cure.
First, parametrizing a thimble by real coordinates introduces a Jacobian
det J (from the tangent-space frame transported by the flow); det J is in
general complex, so a residual phase €**#9°tJ remains inside each thimble
integral. Second, when several thimbles contribute (m, # 0 for more than
one o), their constant phases e~1ImS(z0) differ and cancel against one another.
A dominant thimble often helps empirically, but there is no general bound
guaranteeing that its Jacobian phase is mild [5].

Practical manifolds. Flowing exactly onto a thimble is numerically stiff.
The first Monte Carlo simulations performed on a thimble demonstrated
that the geometric proposal can be turned into a working method [65].
A productive compromise is to flow only partway (t < oo), landing on a
manifold that is not a thimble but already has strongly suppressed phase
fluctuations [64]; the residual phase is then treated by reweighting. This
motivates sign-optimized manifolds, in which the deformation is parametrized
and its parameters tuned to maximize the average sign [66], together with the
closely related path-optimization method [67]; a tempered-flow variant uses
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the flow time itself as a tempering parameter to reach the doped Hubbard
model [68].

Im 2z
Re S | toward z, 2o
Im S = const 7
7 ~.77
Re z
/ RNK, R (origil\d{ontour)
Ko

Figure 5: One-thimble schematic for n = 1. Downward flow on 7, approaches
the saddle, keeping Im S constant while decreasing Re S. The dual cycle K, fixes
the intersection number m,. In general the real contour is homologous to a sum
> o MoJs, and a complex Jacobian can still supply a residual phase on each thimble.

3.4.2 Complex Langevin

A conceptually distinct route to the complexified configuration space is
complex Langevin (CL), based on stochastic quantization; its modern revival
as a sign-problem tool dates to Aarts [69], who showed on the relativistic
Bose gas at finite chemical potential — a theory with a genuine sign/Silver-
Blaze problem — that the complexified dynamics can reproduce the correct
thermodynamics where reweighting fails. For a real theory, expectation
values can be computed as long-time averages of a Langevin process

& = om0 (mi(T)m; (7)) = 26;56(7 — 1), (59)

whose stationary distribution is x e~°®). When S is complex the drift
—05/0x; is complex, so the trajectory leaves the real axis. The remedy is to
let the fields complexify, ©; — z; = x; + iy;, and evolve

—_— = ; 60
with real noise 7; (a complex-noise variant also exists). One then measures
holomorphic observables O(z) along the process. Unlike thimbles, CL requires
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no explicit knowledge of saddles or contours: the stochastic dynamics finds its
own equilibrium region in C", which makes it attractive for high-dimensional
lattice actions [6].

Remark 3.2 (Honest caveat). CL is powerful but correct convergence is not
guaranteed. The formal proof that the CL average reproduces the correct
expectation values relies on assumptions that can fail in practice. Two
well-documented failure modes are: (i) boundary terms — if the probability
distribution of the complexified fields does not decay fast enough at large
lyi|, integration by parts in the correctness proof picks up nonzero surface
contributions and CL converges to the wrong answer; and (ii) poles / singular
drift — when S contains logarithms of a fermion determinant, —05/0z has
poles wherever det = 0, and trajectories orbiting these singularities spoil
ergodicity and correctness [6]. Diagnostics (monitoring the decay of the
drift-magnitude distribution) and remedies (dynamical stabilization, gauge
cooling, kernel /regulator modifications) exist, but one must always verify
convergence against a known limit rather than assume it.

3.4.3 The current frontier: learned contour deformations

Learned manifolds are trainable contour deformations, not complex Langevin.
Write a holomorphic deformation as z = Fy(x), with z € R". Sampling in =
uses the effective action

e ) = S(Fya)) —logdet Jo(x),  Jo= DL (61)
The parameters can be trained to increase the average phase (or minimize a
phase-quenched loss), using normalizing flows or more general neural maps
[5, 70]. Training does not guarantee a global optimum: multimodal thimble
structure, expensive Jacobians, zeros of the fermion determinant, and residual
Jacobian phases can all remain. Learned contours are therefore adaptive
mitigation with diagnostics, not an automatic sign cure. For a broader review
of contour and Langevin methods see Aarts and Sexty [7].

3.5 Fundamental limit I: generic efficient curing is NP-hard

The Troyer—Wiese result concerns a polynomial-time simulation, not the mere
existence of non-negative weights [23]. This distinction is essential. A basis
change can move a sign problem into an NP-hard positive ensemble with
exponentially slow mixing; that has not solved the computational problem.

Following the original formulation, consider a signed QMC representation
whose absolute-value (bosonic) reference problem can already be simulated
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in polynomial time. A solution of its sign problem is an unbiased estimator
of the required thermal observable whose total cost for fixed relative accuracy
is polynomial in system size and inverse temperature. The total cost includes
autocorrelation time and the effort needed to construct the representation.

Theorem 3.2 (Troyer-Wiese, informal). The task of providing such a
polynomial-time solution for arbitrary signed QMC instances is NP-hard. A
generic deterministic solution would imply P = NP; a randomized solution
would place the corresponding NP-complete decision problem in bounded-
error randomized polynomial time.

3.5.1 The signed spin-glass construction

Start with the three-dimensional Ising spin-glass threshold problem

Hsg(s) = — Z JijSiSj, s; = *£1, Jij € {—I—J, —J}. (62)
(i)
Deciding whether some configuration has energy at most Ey;, is NP-complete
[71]. Encode the same spectrum in the quantum Hamiltonian

Hx =—> Jijoiof. (63)
(i)

The simultaneous o eigenstates reproduce Eq. (62), but QMC in the o prod-
uct basis sees off-diagonal matrix elements —J;; of both signs. Equivalently,
the SSE vertices of —Hx carry the random coefficients J;;, so frustrated
operator strings have signed weights.

Taking absolute values replaces every J;; by |Ji;| = J. The reference
Hamiltonian is therefore the unfrustrated ferromagnet

Het = _JZU;:'EU;‘C7 (64)
(ig)

for which efficient cluster algorithms are available. This is why the constructed
instance isolates the sign cancellation rather than hiding an already-hard
reference ensemble.

The spectrum of Eq. (62) has a fixed energy spacing of order J and at
most 2V states. Choosing f = O[(N + log(1/¢))/J] suppresses the total
excited-state contribution sufficiently that an estimate of the thermal energy
to fixed accuracy resolves the ground-state threshold. A hypothetical generic
polynomial-time cure for the signed representation of Hyx would therefore
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Figure 6: The Troyer-Wiese reduction. Random spin-glass couplings become
signed off-diagonal vertices in the z-basis QMC representation of Hx, while the
absolute-weight reference is an easy ferromagnet. A generic cure with polynomial
total sampling cost would estimate the low-temperature energy and solve the NP-
complete threshold problem.

decide the NP-complete spin-glass problem in polynomial time. The reduction
is summarized in Fig. 6.

A local Hadamard rotation maps H x to the diagonal classical Hamiltonian
—>_Jijojo;. This removes the matrix-element signs but leaves the NP-hard
glassy landscape. The example is a useful stress test for terminology: sign-free

and efficiently simulable are not synonyms.

Remark 3.3 (Worst-case scope). The theorem does not say that every sign
problem, or any particular material model, is NP-hard. It excludes a uniform
polynomial-time method for all signed instances. Symmetry-based determi-
nant pairing, meron cancellations, and other model-specific constructions
evade the reduction by restricting the input class.

3.6 Fundamental limit II: finding a stoquastic basis can be
hard

Representation dependence suggests an automated search: given a local
Hamiltonian, choose on-site unitaries U = @), u; so that UHU T is stoquastic.
The complexity of this question depends on the allowed transformations and
on whether stoquasticity is required term by term or only after summing
local terms. It is therefore not one undifferentiated decision problem.

Theorem 3.3 (Restricted curing is NP-complete). For constructed families
of local qubit Hamiltonians, deciding whether a cure exists is NP-complete
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when the allowed transformations are single-qubit Clifford operations or
single-qubit real orthogonal matrices [72].

This result encodes a global constraint-satisfaction problem: a rotation
that fixes one interaction can spoil another interaction sharing the same
qubit. It does not establish NP membership for every formulation involving
arbitrary continuous unitaries.

For exactly two-local qubit Hamiltonians, a sharper structural distinction
is known [73]:

e If the Hamiltonian contains only two-qubit terms and no one-
qubit fields, curability by single-qubit rotations can be decided
constructively using polynomially many arithmetic operations over
R.

e Once one-qubit terms are allowed, the task can be NP-hard.
Klassen et al. construct a restricted family for which curing is
equivalent to 3-SAT and hence NP-complete.

The fields pin local frames, allowing shared two-local constraints (with
auxiliary qubits in the reduction) to encode Boolean clauses. There is no
literal three-body X;X; X} clause in this two-local theorem. The source-
faithful conclusion is the complexity dichotomy above, not a generic claim
that every Hamiltonian with fields is hard.

Even optimizing a quantitative measure of positive off-diagonal weight
can be NP-complete for specified local basis families, by a reduction related
to MAXCuT [74]. Thus both perfect curing and systematic easing have
hard worst cases. These statements motivate the constructive certificates in
Sec. 3.2: they verify membership in a positive subclass without searching
the full space of local frames. As before, worst-case hardness neither rules
out a cure for a particular physical model nor proves that a model without a
known cure is intrinsically sign-problematic.

3.7 Fundamental limit III: intrinsic obstructions

Worst-case hardness asks whether one algorithm works on every input.
An intrinsic sign problem asks a different, phase-level question: can any
representative of a phase be made positive within a specified class of local
Hamiltonians and Monte Carlo reformulations? The qualifier is indispensable;
no cited theorem rules out literally every imaginable resummation.
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3.7.1 Three levels of obstruction

It is useful to separate three statements.

(S1) A chosen basis or auxiliary-field decomposition has negative or complex
weights.

(S2) A fixed Hamiltonian cannot be made stoquastic by a specified family
of transformations, such as on-site rotations.

(S3) A whole phase has no positive representative within a specified local
algorithmic class, certified by a phase invariant.

In standard usage, non-stoquastic describes a Hamiltonian in a specified
basis; it does not already include the quantifier in (S2). Moreover, (S1)
does not imply (S2), and failure to find a cure for (S2) does not prove (S3).
Figure 7 displays the correct logical workflow.

chosen representation has
signed or com-
plex weights (S1)

I

can an allowed
basis change,
regrouping, or
resummation
make it positive?

yes: sign-free

yes representation
(mixing is a sep-

arate question)

no known

Y
no cure found

not a no-go theorem

I

does a phase in-
no variant exclude yes
every representative in the
stated class?

yes: certified intrinsic
obstruction (S3)
within that class

no theorem: sta-
tus remains open

Figure 7: A sign in one formulation is only the start of the analysis. Non-stoquastic
Hamiltonians can possess positive regrouped expansions; twisted quantum doubles
are an example. Intrinsic status requires a theorem, with an explicitly stated class
of allowed representatives and transformations.

37



3.7.2 Restricted wavefunction and response obstructions

Perron—Frobenius implies that a stoquastic Hamiltonian has a non-negative
ground state in each connected block. The converse strategy is therefore to
show that a phase cannot support such a ground state under the allowed local
changes. Hastings proved a restricted result for commuting Hamiltonians
in the double-semion phase under the technical TQO-2 assumption [75]. It
excludes a non-negative commuting-projector representative in that setting;
it is not a theorem against every positive regrouped SSE representation.

Quantized gravitational response supplies a more physical obstruction.
For a two-dimensional gapped chiral phase,

w2k k3
T=c =BT
3h “Ton (65)

Kgy = C_

where c_ is the chiral central charge. Ringel and Kovrizhin showed that
quantized gravitational responses obstruct a class of local sign-free QMC
representations for bosonic systems [76]. The result has locality and repre-
sentation assumptions; it should not be paraphrased as an unconditional
theorem that every c_ # 0 phase defeats every possible algorithm.

A sharper chiral criterion combines ¢_ with the anyon topological spins
{0,}. Within the local-stoquastic and local sign-free-DQMC framework of
Golan, Smith, and Ringel,

e?mie-/21 ¢ 1.} = alocal positivity obstruction. (66)

The bosonic theorem excludes locally stoquastic representatives; its
fermionic counterpart excludes the local sign-free determinant classes consid-
ered in that work [77]. Nonzero c_ alone is a useful warning sign, not the
precise criterion in Eq. (66).

For broad classes of bosonic 2 + 1-dimensional topological field theories,
the anyon data provide another sufficient diagnostic: if the exchange statistics
cannot be arranged into the required complete sets of roots of unity, a local
stoquastic representative is obstructed [78]. This criterion is sharpest in
the gapped Abelian setting treated by the theorem; stronger simultaneous-
positivity tests and non-Abelian extensions have additional assumptions.
Recent higher-Gauss-sum diagnostics continue to refine the boundary of the
obstructed class [79].
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3.7.3 Why non-stoquasticity is not intrinsic

The 2026 construction of Shackleton is a decisive counterexample to an overly
broad identification of signs with intrinsic obstruction. The double-semion
model and, more generally, twisted quantum doubles for finite groups admit
local Hamiltonians whose standard matrix representation is non-stoquastic
but whose SSE weights become non-negative after the cocycle phases are
grouped around closed histories [80]. This does not contradict the restricted
commuting-projector /non-negative-wavefunction theorem above; it changes
the allowed positive representation.

The lesson is methodological. Statements about intrinsic signs must
specify at least

e whether the objects being classified are Hamiltonian matrix elements,
ground-state amplitudes, worldline weights, or determinants;

o which changes of basis, finite-depth circuits, auxiliary fields, and re-
groupings are allowed; and

e whether the conclusion concerns one Hamiltonian or every representa-
tive along a gapped path in a phase.

3.7.4 Open cases and the role of the sign

Known intrinsic examples form a restricted and incompletely classified set.
The sign problems that dominate practice are mostly not known to be
intrinsic: the doped two-dimensional Hubbard model, fermions at baryon
chemical potential, and real-time dynamics remain targets for new representa-
tions. Finite density itself is not synonymous with a phase problem—isospin
chemical potential and two-color gauge theories, for example, retain special
positivity—and doped Hubbard DQMC usually has real signed rather than
complex weights.

Within a fixed formulation, the average sign can still be informative. Its
finite-size scaling may sharpen near a phase transition, and rigorous bounds
can relate it to the spectrum of a chosen positive reference problem [21, 22, 81].
Because (sgn) changes under a reformulation, it is a representation-dependent
diagnostic, not a conventional basis-independent observable.

Quantum processors may bypass positive classical weights for selected real-
time evolutions and quantum-simulation tasks. They do not automatically
prepare low-temperature states, compute partition functions, or solve the
NP-hard instances used in Sec. 3.5. Quantum hardware is therefore a
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complementary route for particular observables, not a universal resolution of
the equilibrium sign problem.

4 Conclusion

The sign problem is best understood as a failure of a chosen classical sampling
representation. In SSE it appears in closed products of Hamiltonian matrix
elements; in worldline language it records permutation parity; in auxiliary-
field QMC it is compressed into a determinant. Reweighting is exact, and a
complex representation of a real partition function can be conjugate-paired
into the real weight Re W. The resulting | Re W| reference has an average
sign at least as large as the conventional average phase obtained from |W|.
When the relevant A fn approaches a positive constant, the sign-induced cost
grows as exp(28NAfx); when Afy ~ (log N)/(BN), it is only algebraic.

Exact progress comes from structure: Marshall rotations, determinant and
Kramers pairing, fermion-bag and meron resummations, Majorana positivity,
and split-orthogonal orientation theorems. Their common achievement is
positivity, not an automatic proof of rapid mixing. Approximate methods and
contour deformations can reach farther, but their residual phases, convergence
conditions, or trial-state biases must be reported explicitly.

The fundamental results have equally distinct scopes. Troyer—Wiese rules
out a generic efficient cure in the worst case; basis-search results make some
automated local cures hard; topological response and anyon data exclude
positive representatives only within stated local algorithmic classes. Keeping
these quantifiers visible turns a collection of apparent contradictions into a
coherent map of what is known, what is model-specific, and what remains
open.
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