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Can topology exist without crystals?

HXAN A GG GFLHEEEEL. D toric code A intrinsic topological order, {HE A
42 Hall phase; moiré fractional Chern insulator 7] PASZH FQH-like fractionalization, {HEABIAMK
#fi moiré superlattice 1 Bloch Chern band; quasicrystal 7] DAEIHINAAZE, HIFZ B E#ERT
single-particle topology. SPT 8 topological pump, A& EIEY intrinsic fractional quantum Hall
topological order,

S L AR ) 11 e B 7 1 B AR 14 [ -

‘Can a non-crystalline or amorphous system realize a genuine FQH-type phase?‘

’ Can such a phase naturally produce fractonic mobility constraints? ‘

XATEAMWZES L. —, REERA RN, A& k, %A Brillouin zone, ik
HEE LA REH Y Berry curvature integral :

_ b 2
C_QW/BZQ(k)d k. (1)
%, BMEECA Bloch band, 7243 E FQH BZ.OHFE: bulk gap. & 11k Hall response.
FAEH AL BT S EG T RRFME I . Hem)ig i, s ihe A — M B “TosR g

¥N, M4 non-crystalline fractional quantum Hall topological order.



2 KANE COUPLED-WIRE CONSTRUCTION: #Ht# 24— WIRE TvAE ik, FQH ? 3

[crystalline FQH/ FCI} E toric code } [quasicrystal topology}

AHENT AN
{HA 2 Hall/chiral BRI FQH order

H(k), Chern band

Y

non-crystalline fractonic FQH }

H#r: Hall response + fractionalization

non-crystalline geometry + restricted mobility

B 1 RS EARAS 2R s, TR AR FQH BUMIRINT, k=4
fractonic mobility constraint,
2 Kane coupled-wire construction: HIfl2—HE wire n] 2SRk
FQH ?

2.1 Kane Wzl

Kane-Mukhopadhyay-Lubensky [ 2002 4E 3 # Fractional Quantum Hall Effect in an Array
of Quantum Wires %02 fl—4E Luttinger liquids 1 bosonization #)3E — 4k FQH., BA
UL ESE FQH WAL R Z R SR, M8 4 M8 s iUl 12 w45 1) —4E N AE R A

TE Landau gauge F, 4 HAL Landau level 37 pRECH PAS R @ J7 1a] 1T 3¢ DA
Hr y Iy 1) SRy e -

U(x,y) ~ e fy — klp). (2)

X H k [EERIC © 2 v )5 guiding center:
yo = kl%. (3)
i, Landau gauge CL4&ME /R T—F “—4EliE" K% : AP guiding centers B—HEWT = 77

[ FEf§1fY channels, Kane [f] wire array Bi2fiX 26 channels BHL :

yj = ja. (4)

g
Kane 14 1& i) B /2

‘:?’E Landau-level [l — 4% —4E guiding-center channels

L SR)G AN HAE AN inter-wire tunneling 2 bulk gap #, B TFFHIEARS.

2.2 WS Fermi points

FIEVFZ MUY © Jrmy wires, w52k j, AHAFMEIEEN o, FEHBIIH B, B Landau gauge 5,
FMR wire A BAI/ES) Fermi points & 4 B WK 144 -



2 KANE COUPLED-WIRE CONSTRUCTION: #4+ 4 —33 WIRE T vA % i, FQH ? 4

krj = +kr + jb, kr; = —kr + jb, b= —. (5)

— 4 filling factor W] PAE

V= —. (6)

XA ARPYBE RS 2k EEMR wire —4EM T, T b BEBIATEAHLS wires [i]™
A ) momentum mismatch., commensurability Z5{4:5tE T WLE inter-wire processes FEKHE APt

R .

R; L,
j=4 > < A
7 =3 > <
j=2 > < ’
j=1 > <
-

—HEWE « FAEY quantum wires

K 2: Kane coupled-wire construction f)5E%5[0] K% . BR wire &—4>—4E Luttinger liquid,

L R L R L R L

} } } } } } }
T T T T T T T

f=t——j=2  j=3
shift
Eéﬁiﬁ?ﬁﬁ[ﬁl wires [ Fermi points £k {48

\
x>
8

B>

.

K 3: #Wi347E Landau gauge WP -HFHAE wires 1) Fermi momentum shift .

2.3 v =1: B J tunneling gap i bulk

JeF integer quantum Hall ff) coupled-wire 8. PAHL T tunneling i n] PA S K,

RILjs +hec. (7)

EER R PLE A2k B Fermi points:

e~ ikrtib)z Ji(—kp+(+1)b)z _ Ji(b—2kp)z (8)

R A 4



3 v =1/3 LAUGHLIN STATE # COUPLED-WIRE 3% 5

b= 2kp (9)

i, XA tunneling APk . i (6) ATAI, XiEg

v=1. (10)

XA wires 1) S ) f FE AR S T BC X -

Ry < Lo, Ry + Lg, R3 < Ly, (11)

bulk Hii counter-propagating modes R gap i, HF NN Ly FEAHE Ry . iX
phAE integer QH A% G544 -

‘bulk gapped + unpaired chiral edge modes = quantum Hall phase

edge edge
L1 Ry Lo Rs L; Rs Ly R4

wire 1 wire 2 wire 3 wire 4

bulk S [ gap, AT AR

K 4: v =1 [{{] inter-wire gapping pattern,

3 v =1/3 Laughlin state [ coupled-wire {3

3.1 Ptufede
R wire RRBEHR T35 WA SR ZE B3

Uj(z) = PPt R (1) 4 &/ TRPHIOT L (), (12)

KW bosonization convention:

Rj ~ €03t L ~ =93, (13)

XH ¢; 55 density fluctuation £, 6; 3B HBEHUL,

1
pj ~ ;(%%’- (14)
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3.2 Mfla v=1/3 FHE TR
v =1/3 1, X (6) %

b = 6kp. (15)

BT hopping RI L1 KM

ei(b72kp):v — ei4k}:‘$7 (16)

PICAEARRE KR BR T 24, Wgi@dl, BT tunneling ABEE EFTJT Laughlin bulk
gapo
KEETHEAER T2 T, X v =1/3, HEEN AR

0; = (RiLje) (RIL;) (B, Lye) +he (17)
XA AR AT AT -
one inter-wire tunneling + two intra-wire backscatterings. (18)
AT PR EEAT LA TR
ei(b72kp)x67i2kpxefi2kpx — ei(b76kp):r' (19)

PHIAE b= 6kp, 02 v=1/3 i, XN=HTEARARE, SOVRRESRVFI.

3.3 HETIEMYS K =3 A%
X (17) Bettl, PTRAIEHIE AR S A—> cosine pinning term. FIARGFAEY)

‘ER,j = 9j + 3¢, &ij = 93' — 3¢j. (20)

N v = 1/3 Laughlin gapping interaction 7] 5 i,

Hgop = — Zgj cos (Prj+1 — PRj) - (21)
J

KPS j i wire WA ZHE GBI Or,y 55 7+ 1 R wire A28 E A1 @1 41 B pin 7E
—if. A bulk modes FRYIXFEPH gap 45, A HIMUBA edge modes BT .
hMTFEEFMEAFHHIESE 3, #1A theory & K = 3 |9 chiral Luttinger liquid., [K I

e? . €

Opy = %, e = - Ostat = - (22)

3’ 3
[ v =1/3 AR Z EH, T hopping, TMii interaction-generated multi-electron tunneling., 48

)

PR TR EA N K =3 E G TR, M3 Laughlin fractionalization.




4 HALDANE NULL-VECTOR CRITERION: #fst EDGE T vAt#% GLUE % 7

4 Haldane null-vector criterion: W2 edge nJU#% glue ?

4.1 X F Haldane 1997 /)30

W45 HE3] “Haldane 19977 B}, F52/N0r. X} gluing Abelian quantum Hall edges fx4%/(>H
SCHkE 2 Haldane 1995 4E [ S Stability of Chiral Luttinger Liquids and Abelian Quantum Hall
States, XfmXFE4H T Abelian QH edge B A BEEHWAH HAFNEEE gap Y, ok ERHR
> Haldane null-vector criterion.,

MR PR SL UL 2 1997 4F, FRETR S E GBI A XN G2 TAE: (HXFT ARG P iy
“ANJF 1/m Laughlin edge @] glue”, EIEEAEHH)Z Haldane [ null-vector gapping idea,

4.2 K-matrix edge theory

Abelian FQH edge RJPAE Y, K-matrix JE=;:

1 1
L= IKIJat(blax(bJ — —V170:010:0. (23)
T 47

JRISAR A — PR A

Hie =~ 3 gucos(16). (24)

X2 cosine JiREF A pin [ BIRAY . # P cosine [ arguments AXf5, P24 pin fE—
AL Ak S —AS, ToiEER 5 /ME. Haldane null-vector criterion 3K

(TK=1e, = 0. (25)

XA S R AR B TR SR L H A bosonic, B BT mutual
statistics - M. XFEXFN [ cosine pinning terms 7 RE[RIHTIF gap.

null-vector condition (I K14, =0

PRAUEAR[A] cosine pinning terms f% ILAEZS, KL DUEIE gap $74 0

5 #$8A4H Laughlin fractions glue fE—#&

5.1 M uniform Kane array #| non-uniform gluing

I Kane construction H1, &F4~ link %fR []—> Laughlin fraction, flaN%&F— B

V=g (26)

ARG O ARVFAESE quasiwires 1Y strips B A A fractionalization:



2R E LAUGHLIN FRACTIONS GLUE & —#2 8

v = —. (27)

W2, REHEK—F AR Laughlin strips:

1 1 1

_ i I S 2
mi ’ meo ’ ms ’ ( 8)
IR I M R B FHAEAHAR strips [ counter-propagating edge modes glue 7E—j.
gapped interfaces
> > >
3 3 3
1/my S 1/my |$S 1/m3g |$S 1/my
S S 3
S S S
NIF] Laughlin strips i#i#J null-vector cosine terms #% glue
5: N[ 1/m; Laughlin strips ) gluing E%.
5.2 Wi~ Laughlin states 1] interface
2 TP AH AR X I -
1 1
VG =—, Vg — —. (29)
mi ma
BN _ A — RS %M —5% A 8hih %, P interface theory W] PAE A,
0
K= . (30)
0 —1my
2% [E—~ candidate gluing term:
Hglue =g COS(‘Wl + 5902) (31)

X R P R )

)

X BAA cosine T &, null condition FE3R

e’ ()

2 b2
-~ -~ =0 (33)

mi mo
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P

S,

™ (Z>2 (35)

Xt se Al Laughlin fractions REA# 1R B glue [1°F-J5 HL %A

Wi Laughlin states 1/mq 5 1/mq GE#—~ B null-vector term 524 glue )44

mo .
—- = a rational square |
m1

Biltn 1/3 5 1/12 7]PA glue, FHH

12
==

161/3 15 1/5 AR MR REELE: glue, [ 5/3 AR ANTEECT S .

4 =122 (36)

5.3 gluing ML T-BERMERE

3 (31) MBSO - e PSR — N AR T XN AR A KT quasipar-
ticles FI45 A IXIHF T quasiparticles 4. null condition fRUEXANE G ASETHFIL, HEAT
PAYE-N bosonic condensate H}IUFE J53s, Hamiltonian .

—HREXMNEAREER, A gap 45, FINPIMAER TRAEGERS . X MHAIARIEE
(1), T2 AL a, b [E5E . IERXFREVCECIN, IR~ R S BUS TR restricted mobility .

6 fractonic mobility #faf {18 ?

6.1 %l Laughlin anyon 5iE¥j%) gluing 2251

W94 Laughlin FQH . 4 quasiparticle 7 DhfE 4t F B, S RIZEFF
AR A8 — > kink 5 vertex operator, H % bulk ffFf gap, (LR TR LA,
H =47 %b braid phase,

{BXEIE 2] glued system Hr, A[A] quasiwires Z [A][1) gluing FLWA[R] . —4> elementary quasi-
particle FHEE T HEAS interface, WA JE 1% interface [REEXVCHD 4514, W B> quasiparticle Ay
SR, FrPAEAREREERS wire 3.

T2, FEARTYEN BR FQH anyon #iffsr =Kk .



6 FRACTONIC MOBILITY “4efT &30, ¢ 10

6.2 lineon

lineon & fx E AW kink 5§ elementary quasiparticle, ‘B G yEH quasiwire 5{H-4~ glued strip
HIINREER b B AT wire J7 [n)#3) :

x-direction: allowed. (37)

{H2EARE S A4S wires:

y-direction: forbidden for a single lineon. (38)

A EAE5E4: immobile fracton, & HEEVT—4Z1z3M1) subdimensional excitation:

‘lineon = single kink with one-dimensional mobility ‘ (39)

6.3 spread lineon 5{ s-lineon

WA lineons ZH A —~ composite, ‘TR REW L 5—HH4P interface fVCHEC S, MIMHT
PAXEW S5 HHSE quasiwires 2 [8] 3K [0] spread. iXFEITE & Y spread lineon, fAjFK s-lineon.,
‘Bt single lineon B R]Zf], (HANARGETERAN 4RGP H ). ERzaliu B 2E{l:

1 1
| — — — |+ — 40
J=3 it (40)

Wl nl PABS 1 — 2% wire, (HRBETCIRH I By wires.

6.4 C-anyon

C-anyon &% K composite anyon., ‘B EIE L elementary kinks, {158 [&] % 2 TE
local gluing constraints, e W ATERE N —4E RS0 H Bf53):

‘ C-anyon = fully mobile composite anyon ‘ (41)

C-anyon A §ef% 38 FQH anyon ARFESEAT 4k braid. lineon 5 s-lineon WG FAIRLELE
HEMWZs=ZR, Hi braiding #:4/F# % 752581 mobile C-anyon S BT RAR .

(" N

‘lineon —  s-lineon — C—anyon‘

IBHRE I AR IGIR . single kink HEBWT wire 3f); B KEY composite 7] DA RIFRAHE; JEAEKIT)
L composite A VK —4E H hizd).




7 STRUCTURAL DISORDER 5 AMORPHOUS TOPOLOGY 11

J+3
Jj+2 ° T
R
jt+ 1l —<—eo— = < >
lineon s-lineon C-amyon
J

N AHEFEXRT AN [R5z sh 4k
& 6: lineon, s-lineon 5 C-anyon WJizzhEE 1178 .

6.5 Ol 2 XA T fracton £3¢ 7

WZ fracton KM S 2T IHEL subsystem symmetry %, B 01SEK AL MLER AN
T8, MIMPEABAAGEH hfgsh. (HiX BrZ AR . fid ) restricted mobility k& H =5 mi-
croscopic HJF5L: Hi—, W THEAFUAE RN %, 2B Laughlin edges ) gluing LA /£
Haldane null-vector condition; 5=, ANEIZER) m; AlE], AR interfaces BERA[A] [ #EEL T
Be st

I, fractonic behavior AZ4MINA, 1M non-uniform FQH gluing H H sl E i3k :

local electron operators + null-vector gluing 4+ non-uniform m; == restricted anyon mobility.
(42)

7 structural disorder 5 amorphous topology

R A451A$E 2 onsite disorder, bond disorder 5 structural disorder X 5. XANXK HIREZL, H
> non-crystalline FQH AN 2318 Anderson disorder [F]#,
—f% tight-binding Hamlltoman EIEE3%

H= Z eicjcl- + Ztijc;rcj + h.c. (43)

onsite disorder 38112

€ = €0 + wy, (44)

WA SO E R R, H2BA site FRYRERADL.
bond disorder #5112

tij =19+ 57517', (45)

Wb S AR E w5 [, {H454% bond [ hopping strength Ffi#/L.
structural disorder ¥{%, BESZASH B B HIEREAR E



8 HIPREY T RIEN 12

r; = I’EO) + dr;, (46)

% nearest-neighbor graph WA BEIAS . XAF ti; B2 2 T LANBELEL, 12 H SEhriE &

JRyIsSE (SO R LA 75 5 R -

tij = t(|ri —x;)). (47)

‘onsite disorder : ¢; random, geometry ﬁxed‘

‘bond disorder : ¢;; random, graph often ﬁxed‘

‘ structural disorder : r; and/or connectivity itself random‘
N J

TE fractonic FQH 41 7, JE¥J 4] wire positions BZF T AHAR wires fY) effective commensurability
1 gluing pattern ., iX B 43T structural disorder, A2 ] BLF) onsite randomness. 1F [ 4 real-space
geometry ARG HEA T m; Fll gluing constraints, anyon mobility A 28 JLAZ5 #4455

8 g R
BUTE T AR A5 e A A — A

Kane coupled wires = FQH from bosonized 1D channels, (48)
Haldane null vectors = which interfaces can be gapped, (49)
non-uniform 1/m; gluing = position-dependent anyon matching rules, (50)
locality constraints = lineons, s-lineons, C-anyons. (51)

HY A, Kane IEF] 7 FQH 7] PAM —4E Luttinger liquids il 138435 5 80% momentum mis-
match FIA EAEH 75317 cosine pinning ZH%¢ 15k . Haldane [ null-vector criterion HiffF{HFLE
edge couplings W[PAELIE gap #5tHI. fractonic FQH HHT TAREXLE T A TAEH 2 U], B4
Laughlin fractions 1/m; glue 7E—j{L . HT A~ quasiparticle 5 FEIFDAZH /2 Jay s B A VEBe 2514,
1H 4k n] 3 FQH anyon #7324 mi 52 Rz 3 lineon. spread lineon 154781 C-anyon.,

—) Ik R

’ Fractonic FQH = non-uniform Kane wire construction + Haldane gluing + restricted anyon mobi

lity |.

J

9 Questions I should ask after the talk

1. Is the restricted mobility stable against generic local perturbations, or is it protected only within

the exactly solvable coupled-wire limit?
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. What is the precise role of charge conservation in gluing different Laughlin fractions? Does

the construction require a superconducting substrate, external charge reservoir, or composite

charged objects?

. Should the resulting phase be viewed as an intrinsic two-dimensional fractonic topological order,

or rather as a subsystem-symmetry-enriched /non-crystalline Hall phase?

. Can one define a robust real-space topological invariant for this non-crystalline FQH phase,

analogous to a many-body Chern number or a topological response coefficient?

. In an experimental platform, what would distinguish a lineon from an ordinary localized anyon

pinned by disorder?

10 — /AR

N T W RS SR Rk, ATATCE LA A3

B
krj = +kp + jb, kpj = —kp + jb, b= % (52)
2k
v="25 (53)
b
v =1/3 H=r Tabfe:
0; = (RiLj) (RILs) (B, Lye) +he (54)
EETAE:
@R,j = Hj -+ 3¢j, QZLJ = 9]' — 3¢j. (55)
Laughlin gapping term:
Hgap = — Y gjc08 (PLj1 — PRj) - (56)
J
Haldane null-vector condition:
(TK=1, = 0. (57)

AlA] Laughlin fractions [ gluing £5{4::

% - <Z>2 (58)

fractonic hierarchy:

lineon — slineon —  C-anyon. (59)
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