Symmetry Theory of Magnetism
X F i 281k : Classification of Magnetic Orders

P
FE SR A 28 R FE X 4y ferromagnetism A antiferromagnetism :

FM: M, #£0, AFM: M, =0.

XIFFMARS A OO0 s XA . IR 73 BB magnetic structure %, B spin
point group. spin space group il magnetic space group, X5 HFREHIKHE T-REF . A .
symmetry-protected modes. allowed/forbidden responses Fl topology. H:F:£k &

magnetic order = spin point/space group = symmetry breaking

= representation theory = excitations / responses / topology

p
—HJE RS AR R E ST R S A AN, 22
which spin-space operation is tied to which real-space operation?

ERABRE RIS E BB 25 BB R Berry curvature 2R {KH . AHE 25 fLiF. magnon ¥
ROE T IRT, PARRETEFRNEET B

J

-

H
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Mt 24658 FM/AFM 5y R.AB

2 Spin space group W X

3 M Popin T FM/AFM

4 Spin translational group: AFM g4Ik

5 Altermagnetism: %z 2 i 1 ey

6 FM property I: AHE J: Berry curvature response
7 FM property 1I: spin-split AFM

8 MnTesy: noncoplanar spin-split AFM

9 Oriented spin space group 5 SOC tensor



1 At 2t:4 FM/AFM 5 % 1495 0

10 SOC ES#41k 5 spin—orbit magnetism 9
11 Allowed/forbidden responses: X FrPE(E Ak 10
12 Topology: M#FE/RiEF Berry curvature 10
13 et k% 11

1 Mttt FM/AFM 5p A

R4t E AT :
FM: M,#0, AFM: M,=0,

Hor
1

M, = / S(r) d>r.
V::ell cell ()

Néel SCBRAAHIEIRERAR: P4~ magnetic sublattices ffA22S5 4, (HRAMISTAT:

A: Sp=+48, B: Sg=-S.

XU AFM A H & “up-down arrows”, fij&&—> crystallographic equivalence statement: ZW& H fi€
T PAIG . PRAS T i A AL T A — i AR R
(B X IR, X PP 2 T0E B AR A B EOE S ). il

?

Bik) = By(k), Q) =0, o}

L =0.

XLEFEUA G T Ms 2 AT HENGE, M2 H magnetic symmetry P .
{54 magnetic space group AR R HIRE FARIBME, # g = (RIr) B FAE,
WEHAE N axial vector 284l
S(x) - 1, det(R)RS(g "),

Hr ng = +1 FORNIIEREE, ng = —1 FORNZEAES T A6, Bl E e m & e
which operations leave S(r) invariant?

HEA—EME— SRR AT R4

Magnetic group A&7E7r X5 FM/AFM HJEHA = ki

(i) B RACFERBXFRYE, ANidst order parameter fK/)N;

(i) BRI B2 allowed, {HABERIESLFRIES;

(iii) ‘B ERIA spin rotation 5 real-space rotation 4fifrE—iz,
NEETEEERIASS SOC R —Fpyasr k.

Bn—ANRERE ] DA feiF weak ferromagnetic canting,

Mgy # 0,



2 SPIN SPACE GROUP #47 3L 3

HSEFR AR AR AT Al TR B Mpn = 00 Sk, P20 AFM B854 T BESIA A £ 2540
AR ARBERE, (H— A D canting, 75— N80A . BRE SRR

Mgy allowed or forbidden,

A B 8RR
IMppm| =0 or  |[Mpy| # 0.

HERELE . AE5) SOC MRk, BEas E S SR ALABE . BRI A
SO(3)spin X Gcrystal

A S PRI, i magnetic group Jok R H X ANE5HY, LT 2 spin group . spin space

group.

2 Spin space group W X
TEJG SOC =55 SOC R, — N HIRAI X FREAES 1%,
[9s1l9+],
Hr gs 2 ATESAEAE, g = {RIT} RESAEAE. EAEMNTER M b
S(r) — gsS(g; '1).

LB R P (RIS S e e
9:8(g; 'r) = S(x).

JITA W R X S SR I B 45 VR A4 B spin space group:
Gssc = {l9sll9r] | 9s8(g, 'x) =S(r)}.
e i P2 —4> symmetry-breaking pattern:
SO(3)spin X Gerystal —> Gssa-

AT SO BT TR A S, DR IR 1 5 A A s 18] A A S XAk AU

AR AR

P
Spin space group [ KA 2 ordinary magnetic group #1452 fRiF
gs # R.

WYL, SEASIRIERS 2 A B e s (8] fiele 22 0 A AR . XA~ H IR 55 SOC #ETEMEL 4
| ZBOMEGE . MR DR R AR

J

EHAZh R kAL, BFREHEL magnon BIxH little group
Gk = {[QSHQT] € Gssa | gk =k+ G}

FIFREHE . WER G A R38R, WHZALREH B magnon mode #7538 §il 7] ANRAFHTER L
WEXFRYE, Hedn PT 8 T+, WA[FEHE I Kramers-like degeneracy. fFiF symmetry-protected mode,
SRR F R IR B9 . 2558 nodal line 38T magnon .



3 A Pypin 7% L FM/AFM 4

XA it oriented spin space group 43245 H— N NEL) FM/AFM & Y. BobAS 2 A5
PRa kA Mg K0, T2 spin point group &5 i ifil
1

M, = / S(r) d>r
° ‘/CBH cell ()

7 Puin f2 non-polar, (A BERALARBARIERS I

M; =0 enforced by symmetry.
WL 7280 AFM. 27 Popin 2 polar, SEVFRANTT [0 1 B e 1L :
M # 0 allowed,

MH A FM/ferrimagnet 2%

Pypin non-polar = Mg = 0 enforced = AFM,
Pypin polar = Mg # 0 allowed = FM /ferrimagnet.

XHER FM 2 symmetry category, fF5 ferrimagnetism; [K°A ferrimagnet WS EATFih
RN, BEFHINAHEE, e R e -

Sa+Sp 0.

X HEP AFM W &5 Néel AFM 5 58, 335 ordinary AFM., altermagnet . spiral AFM. noncoplanar
AFM. multiaxial AFM %,

4 Spin translational group: AFM FjggsrR

IULHIE Mg = 0 I8 . R 22 58 2 R[] [ BES5 F R W] DA JE 225 g 40, (510338 Néel AFM,
hE AFM, multi-¢ AFM. XI|ZIfiiE—25]| A spin translational group:

Tepin = {lgsl[17] € Gssa} -
EHARE: EEE T s, ARAZFEPER, MR A A s ERE g JFER:
S(r+ 1) = gsS(x).
X i propagation vector q T4, il B
S(r) ~ Sqe'd”

HARRIERATRMEG R, ARERILSE PR A2 BERAE” . Spin translational group H L%
ey il TSR
BFan—4E Néel AFM:

Sn+l — _Sn



5 ALTERMAGNETISM: &4 5455 #)-Six 8 G 7% 5 5

BRI R AR

TXSFRNE, EFA 5 AR A R e X FReE:

[UQHH ] spln
YRR T
S, = S(cosng,sinng,0)
T 2
Sn+1 = R.(q)Sn,
LA
[R=(q)||11]a] € Tepin-
Z 1: AFM [ spin translational group #4432
7'%73[] TSplIl /FI*/] ,‘.I:%IEIEH%
primary AFM HAT identity W55 M 2 A C 247 AE T magnetic

bicolour AFM

spiral AFM

multiaxial AFM

At spin translation

Spll’l XEIKJI@j(:‘F 2 E/J CyChC group

Tipin & dETEHS Abelian group

primary cell N#; FREAS B A4l
IEF L B AR

SRS 21 R S . B e I
FA R E T AR Néel order.
PR B GEE E H e e ik
helimagnet &}, spiral order,

ANTR) T3 T 68 P % A ] e 2l )
Jieks ;s & A IA multi-g 2 ZRAR:
T )T o

PR X i) 73 S 12 PT DA i

5 Altermagnetism: F{izME S sh Wi

FM/AFM by Papin,

AFM geometry by Typin.

Altermagnetism 7] PAfE]E & h

YRS

‘collinear compensated magnetic order + nonrelativistic momentum-dependent spin splitting.

BB AFM,

M, = 0.

HEXR FM, FHEH AT DAE R —A> k a3 A el 2 :

By (k) # B, (k).

e E A ) foe /MBI

Hpy (k) =

e(k)og + Ao,



6 FM PROPERTY I: AHE % BERRY CURVATURE RESPONSE 6
Pt
ET,lz(k) = €(k) + A
WAL AFM 274 PT 80 Tr %R, R
Er(k) = B, (k).

S Tr SRR . PT 2R AR S 1 5 | ARk T
X, HIRE$ spin degeneracy .

Altermagnet [ RERETET . SOPATRERE T A A2 i ] FR- RS Bl S i B R, T ph e . %
A SF S R R o DR X e o oK

Er(k) = Ey(gk),

MmAZ
Ey(k) = B, (k).

FFbA generic k S ALV A HESFEL.
— A N R
Ham(k) = e(k)og + Af(k)o.

Hor f(k) e S ORI, R SRR A
f(gk) = —f(k).
BN —HEr i ULEY d-wave spin splitting A5
fk) ~ k2 — k.
XA JE Rashba SOC. Rashba f#7k
Hp = al(kyoy — kz0y),

sk H SOC 5 iEmks; 1M altermagnetic splitting A PAYETS SOC #FERH L, ¥ H exchange field
5 A hEsE /AR 2 R A .

Altermagnetism BB IFZ S BRINITE AFM BEEE5EF FM [ spin-split band function-
ality, ‘BE¥A 5 stray field, #1A]PAF=E5E spin-polarized transport.

6 FM property I: AHE J& Berry curvature response

XZ ML) “FM property I: AHE” #5§ anomalous Hall effect., 3iH Hall effect 75354 M3 il
Lorentz force; [fij intrinsic AHE 3 H Bloch % pR%U) Berry curvature, (& MIEZN TR N

i 1 0en(k)

P A kX k), hk=—cE.

A 74 anomalous velocity :

. e
Fanom = 7B % O (k).



7 FM PROPERTY II: SPIN-SPLIT AFM 7

kz—_‘ﬁ\' AHE Conductivity \fj
O.A__72 E / if € Qk(k)
ij = (2 )3 nk Z]k n *

A Z I X T intrinsic AHE /) TAEIE 248 ferromagnets H ) AHE 5 occupied Bloch states
momentum-space Berry curvature Bt & H ¥ .

Berry curvature 7 [8] 5 {8 F1 S5 T i 2
T: Q) —Q(-k),
P: QK — Q(-k).
R REIAE PT, W A ok 5 20 B 6l
Q(k) = 0.

Kt AHE Z% i, AN EYE , Mgl magnetic symmetry P .
E X AHE axial vector:
1
UZA = 561']']60'3%{.
BB R, I AR R AR S . MRS R R B AR B, TGS 1 A B
A WL
o =0.

WRPEREAZE e, WRPAE Mg = 0, K422 compensated magnets 0] PAFH AHE. #f)iifin:

‘AHE is a symmetry-allowed Berry-curvature response, not a direct measure of net magnetization. ‘

7 FM property II: spin-split AFM
FM )5 — A2 fEE exchange spin splitting. A
Hyy = e(k)og + Ao,
T AB B i€ E 1Y Fermi surfaces AN :
FS; #£FS,.

X IFE & spin valve, GMR., TMR. spin-transfer torque 2¢ spintronics ZHEN)E: AL .
XY “spin-split AFM” Jg&: J:28 AFM 548

M =0,
{(ERTkZE]
Er(k) # By (K).
— R AL
H(k) = £(k)oo + d(k) - o,
HiesH

By (k) = e(k) + [d(k)]|.



8 MNTEs: NONCOPLANAR SPIN-SPLIT AFM 8

B AR A 5 Al

PRI DA spin splitting,
i

‘altermagnet C spin-split AFM. ‘

Altermagnet 42 collinear spin-split AFM; {H noncollinear 1 noncoplanar AFM 7] P4 spin split.

8 MnTe,: noncoplanar spin-split AFM

MnTe; XS S EZE T BEAR™ % altermagnet, KHHEARZ collinear AFM, i
J& noncoplanar antiferromagnet. {H'EJg spin-split AFM: YEZEEREFE R SAKIE S Serp, W RERT HY
i AFM order %5/ spin splitting,

SLIG A B ) 4% 02 plaid-like spin splitting: in-plane spin components F Brillouin zone &

XFFRFTH RO R . — AT BRI T U2
d(k) ~ (kyks, koks, koky).
Sfiid
By (k) = e(k) £ |d(k)|.

TEME k. # 0 Y1 E,
dy ~ ky, dy ~ k.
T Sy il by = 0285, Sy Bk ky =0 725 ghEasE] gt BUHEDIR . ARSUIRAY B etk i, RI
plaid-like spin texture,
ENEEREENALE T BEAEEE Rashba splitting, Rashba splitting £ H

Hg = a(kyo, — ky0y),

i 2 SOC MGG Sk ; i MnTey ) spin splitting FZORH AFM order <&, E#iH: H
LREESHBIR T ORI A — ksl E S I AR, AFM A A58 19 momentum-dependent spin

polarization.

MnTey [P I :

noncoplanar AFM = no degeneracy-protecting PT or 77 = d(k) # 0.

TR FRIE— e dk) WEEEE, T2E M plaid-like spin texture.,

9 Oriented spin space group 5 SOC tensor

SSG A28 SOC #FR, HH spin space Fil real space B AT/ . E3AHREH SOC £
8 B BRSO TR BE . b TR AN AR, XZII5| A oriented spin space group, OSSG:

Gssa — Gossa — Gumsa-



10 SOC # 5 ##te5 SPIN-ORBIT MAGNETISM 9

Hr Gossa WLABEfR N ZT SSG kAN T R AR AR EL ), AL spin group framework 15
ordinary magnetic space group framework % .

SOC m]PAE % tensor form:
HSOC = )\LTXO' = )\ZXZ‘]‘LZ'O']‘.
ij
X B x4; 105Kk real-space basis 5 spin-space basis [ XTE ] -
Xij =T Sj.
G0k B JiEas [ R SE s [a] S B, TRABK
Xij = 0Oij-

{EXE SSG/OSSG iEFH., x ABWHHEM— symmetry-breaking field.

AT (gsllg] &, WESEFEREN R, BIESHEMEEHR Ry, W SOC tensor {748 IE X 7]
=30

x — X' = det(R;) det(R;) R; ' x Rs.

XN E 2 SOC A— N IEWHEE, 12— spin space Fll real space 85 15K &%)
%

o

10 SOC ES L5 spin—orbit magnetism

A T SOC tensor J5, FJPAIE magnetization EJFH Ax BUZREL:
My[x] = wi? + )\ngz‘)szj + 2 Zwii')j,klxijxkl toeee
ij ijkl
XIFRIEZE BT R B S R 5, #7
w® = 0, w((llzj #0,

a

| magnetization J&—F SOC 755/
HBrigss ik, Hpr i, W

X5 | H spin—orbit magnetism, SOM:
SSG SR HEM, =0,  SOC MARXIFRHEIS MSG AuiFM # 0. |

WatdEi, 7E7 SOC MR T & & symmetry-enforced AFM; fT9F SOC J&, Hitbnl PAd SOC %S
Hok. XAEEHE FM, 12 AFM geometry il | SOC-induced magnetization.
[A]#f, orbital magnetization

M,

1 AHE vector

O'A

WA DA AR FR I B TT 434 . Fsefk Z f, spin magnetization FJHEM A? A HEL, Wi orbital
magnetization o, AHE A DA A HBL. X#RE T A4 5088 AFM 1944+ spin moment /)y, #IA]PA
AR orbital response A1 AHE,



11 ALLOWED/FORBIDDEN RESPONSES: } #1444 2352 N 10

11 Allowed /forbidden responses: XFrPE{ AdkHE el

— AP B RETRAAAE, AR B SR R M AERLE B spin group AR, BIANLE L AL

Pz' = Oéinj Mi = OzjiEj.
BERFEA PR RIFRMAL iy R — vy, W
Q5 = 0.

AHE. MOKE, ANE., spin Hall effect, nonreciprocal transport i1 [E#FE2 % .
PR AR L P 2 2N 2 KU
M;=0 or M;#0,
111 1] -
Does symmetry allow o7
Does symmetry force Ey(k) = E|(k)?
Does symmetry allow spin current generation?
Does symmetry protect magnon degeneracy?

Does symmetry allow Berry curvature and topology?

12 Topology: M#FE/RiEF] Berry curvature
WM R G — 2

Gspin = Gy representation = degeneracy/Berry curvature = topological invariant/response.

Hrp Gy 233 k AW little group. ‘B RIS E BEHT T . magnon degeneracy . nodal line, Weyl
point &2 15 32 FI LRI
Berry curvature #tF AHE F] Chern number:

1

Cn:/ QZ (k) d%k.
21 Jop Bz (k)

AT
Q(k) = ~Q(k),

I Berry curvature SN2 ; AR XTFRIYE FL VR HAHEY , 0] G877 4 Chern bands., Weyl points. topological
magnons il AHE,

Spin group WJEZMAET . BEAAELHH ordinary magnetic group FH A FHAISMN L IEXSFRIEEL
H =S (BRI AR T, AR RERITC SOC #idhgity. F1JF SOC J&, iXSLfRyrn] REMEIR . B
PR MSG G MY .



13 H/ELHEE 11

13 i AR
XA YR A 5132 4 T A 4 By

‘ S(r) = Gssa = Pepins Tspin = FM/AFM and AFM geometry = spin splitting, AHE, topology.

CIFE: S INE
SO(3)spin X Gerystal — Gspin,
Gepin — representation theory,
Glspin — allowed/forbidden response tensors,
Gspin — Berry curvature and topological bands.
gk 1A

Mg;=0 or M;#0.

HAL symmetry theory of magnetism .02
which spin-space operation relates the magnetic sublattices?

which translation carries which spin rotation?
which tensor response is symmetry-allowed?
which degeneracy or topology is symmetry-protected?

Xt EM Néel AFM % altermagnetism, spin-split AFM., anomalous-Hall AFM # spin—orbit mag-

netism [HHE—E=.
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