Stable Topology in Exactly Flat Bands
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Stable topology in exactly flat bands.

FE “UFRdRsNPar sy, /0N SR AN ESR . B—, B Damigiia, mAgE
[6] Landau level, 2% ., ‘BERIREH &4 T-1:

E,.(k) = Ey, Vk € BZ.

%=, EYH: Hamiltonian 252N, Hlf HA i 4Ba A FR7E/Z hopping:

H:Ztijc;rcj, tij:(] if |’L—j| > Ry.
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Chern insulator, fractional quantum anomalous Hall state, {Z J.fh tensor-network many-
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2 NO-GO THEOREM: #:A-1i344 &4 3

P PR ST AR R Bl RE . 24
WU

iF, A EAE %5 )51 form factor, Berry curvature, quantum metric, Wannier obstruction
W REE T F TR R . REIW TAESH B0 415 W = 0 H. hopping /598 4%
HIRFE, HEERAREREHIN?

2 No-go theorem: 34~ in] iR il

A5 H ) e statement g

Exactly flat bands with stable topology are impossible

in gapped finite-range hopping models.

AT ARSI AN BRI o

2.1 Exactly flat

Exactly flat N2 nearly flat, |2 ™%

¥/~ Brillouin zone W37, i# Chern-band B FCI i & & H Ik
W < A,

Har W 2 bandwidth, A J2& band gap. {H no-go theorem -JiEHE W = 0 1™ #5H PR .

2.2 Stable topology

Stable topology 3§ Chern number. strong Zs. mirror Chern number 252 E ¥ Ehr. B

n
C#0, vz, = 1.

EATRREE AN -1 IR AR i & . X HEZR fragile topology X/3JF: fragile topology
5 Wannier obstruction, {HJjI_—2¢ trivial bands J5 7] GE#EFE{k; stable topology Hififi,
2.3 Gapped

Gapped 5 H#5 flat band 5 HAWRETTTEREAS BZ _ARAHFE A FRAEM :

Eother(k) - Eﬂat ?é O, Vk.

RIS EBAEX B M85 gapped, 4 flat band 5 dispersive bands ZEfK37.
FURARE, AMASE critical topological flat band.,



3 CTFB: i #:A23ATahd640F+ A

2.4 Finite-range hopping
Finite-range hopping ZZ3K5: %5 [H] hopping HAFAE 2| A KREE 25 -
tij:O, ‘Z.—j’>R0.

% $E k25 Bloch Hamiltonian J& ¢, ¢, = {47 BT Laurent polynomial, 72 A THET-H
TLIR M R exact flat, {H Fourier [ 5255 fF il # A MK AR hopping, FILA X
AT

2.5 Models

X B model EEFEIEAH HAEA tight-binding band model, [fij A J&i%E%E Landau level,
ANEHEHPEY—A many-body trial wavefunction, & FHIE: G AELE— A% fartsl R T A%
Hamiltonian, {§id:&A7 GEFIESE4F, X HA stable topology?

2.6 SRR
B+ exact flat stable topology gapped finite range
Landau level v v v X
Flattened Chern band v v v X
Ordinary Haldane X v v v
model
Kagome/Lieb/dice FB v S x B singular A touching v
Kapit—Mueller model v v v X
Song CTFB v v X v
s ~
KRB 2 -
‘ﬁ'z‘,%’ exact flatness, finite range. stable topology; JF gapped.
i band touching, Wotkig P(k) BELEHAEA#ENT, MM topology 1548 R E o
\ J

3 CTFB: AU T
KNG AL O 2

CTFB = critical topological flat band.

EHEALEEE gapped flat band, 1 AJEE# singular flat band, 2% &

‘P(k:) continuous but non—analytic‘




4 BIPARTITE KERNEL CONSTRUCTION: F# %  ker ST 5]

AR T . R
P) = 3"l

neFB
5 %) flat-band §%3[A] Y projector.
3.1 2k flat band
d FB ingular FB CTEB
appe singular
8PP & P(k) continuous
P(k) smooth P(k) discontinuous )
non-analytic

trivial or fragile topology ill-defined

Gapped exact flat band 7£ finite-range model W7 ELAf#MT projector, NIANHER stable
topology. Singular flat band ] P(k) ¥£ touching point Ni#E2E, HHIMZERG AR E
Y. CTFB MW T —F 2Z 8): B 14 gapless touching, {HELSR projector FAAR IR 5 [ T6 3%,
1t topology RIPARE X5 SRS, ARMEHTIE 8GR T no-go theorem.

CTFB MAH X pREL—em il Bilan — 46+,
C(r) ~ r.

BrbA CTFB J2 critical 1, HIFAFETIIMARE L.

4 Bipartite kernel construction: EHiH ker ST

KL exact flat band 3R T H 2 bipartite Hamiltonian:

(0 Sk
H(k)_<ST(kz) _M>’

LRI T, LRR/NOTH: S(k) ik =% 2 [ hopping. #
Il

At ZEfE flat band H3lH

Z/ﬁl\l':HO

Exact flatness gt #1551, M EH rectangular matrix ST(k) ) kernel [H Zh{#iF
(. R L L L THE ¢ MEBE, HH ST Bk, N@EHESE ¢ 260 fat
bands.,




5 REPRESENTATION RING 847 X £ 6

4.1 Dirac-like operator 45 index B
XAGE ] PAZEH Dirac operator ff) 2545 u) 4 -
D) =0 — ST(k)u(k) = 0.
1E Landau level H1, £%fik Landau level ] PAF A Dirac 5] 04 B 451 kernel ; ZEBIH
S R o R AR AIR B b Al i A s ST (k) R IRAEREE I, ker ST(K)
B k 28— kernel bundle,

TR S, XAZEIEN ] Atiyah-Singer index theorem. Atiyah—Singer 4b¥ )25
23 ()T b AR Bl A A A -

ind(D) = dimker Dy — dimker D_.
KZIHX B § 1% /2 finite-dimensional . momentum-space. space-group equivariant fj index con-

struction:
ST(I{?) Ly — Ek.

s ST Rk, ker ST 25 flat band; #F touching point &b ST 268k, {8 11 ¥R kernel /cokernel

mismatch.,

5 Representation ring PR 2
REIE
CTFB' = B, B B;

B E e ST
B+ AB= BR, B BR;

AEREREANIE, TMi42 representation ring H{TE A -

BRp, #l BR; j2 M Wi/NF4& Rl iE 1755 ) band representations. ] H B irreps £
@it S(k) hybridize $; HAE L P2 tHRIGIEERL irreps 7EZAE flat band; H7E L di&ih
Ky EEL irreps MR touching point P I RE AT 4) o

LSS B e
p®p Bp =p.
‘B UL Hilbert space HEATA FAIMES, 12 H BRI FRFRMEZ R A .

51 —A-HhigpiT
TERAFXFRRL Ko, Rk

BRL(K()) =2p& o, BRz(Ko) =o0.

BRy(Ko) B BR; (Ko) = 2p.



6 SYMMETRY INDICATOR 5 AB 7

WS RE: o EWADTAETHEA counterpart, AIPA#E S hybridize H# % 6eg; FN 2p BT
flat band H.

LUESSE Y e
2pBoao,

U R AN S R RR S & IE AR A B . s R 2 — 4 fAREaY, /&3 /R7E touching point
g, L AEFE—ANTCVETE L vpse Ut et 3 rs | bEmllmﬁ%ﬁﬂlE’\H&/ﬁZ~o

6 Symmetry indicator 5 AB
W HRHFNEATRY symmetry data J&
B = (irreps at I', K, M, .. .).
g, 105% band FE&AN X RSN B UM /M irreps. Symmetry indicator J&—/~M

symmetry data |3 FMERABL
B+ SI(B).

Ea
SI(B) # 0,

RN B B stable topology, {441 Chern number, strong Zs index m{ crystalline topological

invariant,

6.1 Ml 2% AB

# B AR5 stable topology,, BANAE L #1E gapped finite-range exact flat model H
SCHL, RZIMG| A zero-band correction
AB
2
rank(AB) = 0, SI(AB) = —SI(B).

TR
SI(B + AB) = 0.

XFE B + AB 1] PAE B band representations [z Z

B+ AB = BRH BR;.

B i3t Hhr#hdh; AB 115t5] A touching point; B+AB 71 5¢4% i 7] fy bipartite finite-range
Hamiltonian SZIAFEREHE




7 %._/,\1@]% r?%’ 7y &My FLAT BAND ;

6.2 AB MEHES
AB A2 R HE coboundary , (HE SR —Amlk counterterm, FEMfHLYL, &

J& representation ring mf equivariant K-theory H1f zero-rank virtual representation.

M index WIFAER,
ST(k) L — Ek

B ERTPAZ L
[ker $1] — [cokerST] = [L] — [L].

[ESH B &, cokerST R {BAE touching point, ST ek, H¥JSIE, kernel/cokernel mis-
match, XARIHEAE symmetry data JZ 1 52

AB.

AB HEEHBHIN. BERERHZE topology obstruction #6f£%| critical touching point .,
WaiEvi, CTFB A2 FEN, 12 global topology 5 local singular index defect ¥~
15 S IR 42

T BT W 2o $hi flat band

KEZIE P2 — 4 time-reversal-protected Zo CTFB. #iZ[{) bipartite Hamilto-

nian
0= )
X L PR 6 NG, LR 4 ANHE. e IR LR
dimker ST =6 — 4 = 2.

XA P ERE flat bands, R %] Kramers ]3¢ /) T .

7.1 Symmetry data %5 Fu—Kane ik
HAR-F-7 () symmetry data A[5{F
B = (I's; Kg; MsMs).
Ho K A time-reversal invariant momentum, HUAEH B A 4 Z; Fu-Kane parity for-

mula, HIEZY5 Zy W&
T,  3M.

Fu Kane 2345 H

0 =np +3n,;, mod 2.

TEEXABF A
U's JEFHR, M5 Mg Jarix.



8 A1 4 GAPLESS TOUCHING 43236 4) 2 9

A it
60=0+3x1=1 mod 2.

XU AR flat band BAEFE Z2 #Hith.

7.2 A AB
N T EILA CTFB, ARENTA
AB = (I's BT9;0;0).

i
B+ AB = (QFS HTg; Kg; M5M6).

XH D Ml T 4EBOHIR, FrPA AB J2& zerorank; (HZFRXARIEMEBUARIE, FrA AB alDAYE
W B MIP symmetry-indicator TTHR .

Pl b, T iy 20s 2 F R IE RS, Ty BHodEi—M=on . —F LT
T T ST critical touching.,

8 Mfl4 gapless touching ANBeHifhth ?

KHEIEUER] projector P(k) 7E touching point %2, KEITE I' KT E KA & -p B

0 k. 0 Aok
st(k) = n P L O, ke = ky £ ik,
Tkt 0 ke 0

Kiw
ST(k)u(k) = 0.

Yk — 0B, Wi kernel basis # 0] 40 &
ur = (72,0, =71,0)",  uz = (0,72,0,—m)".
DA [ AR ke BRAS 7 i 00 Rk
b

JIHJEk, projector H#EEE,

- N
XA
exact flatness K H6 — 4 = 2,
Zy = 1 ¥ H Fu-Kane parity indicator,
P(k) #2EK HE - p kernel ) 1] I6 FAR PR -
\ b,

XIFE CTFB 5 singular flat band fJ4#%.(>X 5], Singular flat band H', kernel basis B{
projector TE touching point i # F#a T 77 o) BkAL ; T X HLE SR ARMENT, (EMRR 2 ELE .



9 —EAMEH K 10

9 —HELk
SR 3 T DA A

B — B+ AB — BR;,BBR; — S(k) — ker ST(k) — CTFB.

1. ¥ H PR symmetry data:

B = (irreps at high-symmetry momenta).

2. BOR
SI(B) # 0,
B H ¥y B stable topology .
3. 33 zero-band correction:
rank(AB) =0, SI(AB) = —SI(B).

4. fiifs
B+ AB = BR; B BR;.

[ 0 S(k)
f“k)_'(suk) —AI>'

5. 41 bipartite Hamiltonian:

6. ik touching point Ab

P(k) continuous but non-analytic.

10 ESEAIFRERE X

1& touching point ko 5
k= ko + p.

WEREMIG M fy irrep p, BERHH—MAGHT irep 0. KAEJRIFH
ST(p) ~ ZAupu-
m
it p T/ FIRUR BRR ve R ARVFILER GECH
L = <1ap®0—;{ ®’U>.

PESEVERIEIE P9 ] DAMBRSS

dim o;

<1,p®03®v>=610di7mp-

XH g, =18 2, APRABREAAAER L IEXFRPEFE co-irrep £5# .
WIS WPRREE DL SR, (A3 AR IFEUT touching point i, ker ST (A
TS XIER Pk) SR LEEHE .



11 ROBUSTNESS: CTFB 5 SINGULAR FLAT BAND #4 X 3| 11

11 Robustness: CTFB 4 singular flat band X i

KEMicsiH CTFB MfE . CTFB [ touching point HXFRES AB KFlrikit. HJ
SEAAPRFRXFRIERY gap-opening perturbation, fZA5EIK) symmetry data 35852 [F—1> B,
A}t Chern number 8% Z5 index /2%,

11.1 CTFB /) intrinsic topology

X+ CTFB:

P(k) continuous.

Al gapless INTLZE AT LATR topology . 5 iE—2 FIXIFRILENFTIT gap, HEIMFHFMETR AR
AT . ATDARSG

A'>0, AN=0, A'<0 = C or Zy invariant unchanged.

11.2 Singular flat band [J perturbation-dependent topology

T Kagome/Lieb/dice 5 Wang Yao singular flat band, projector ¥£ touching point A~
B2, Jilh flat band BTN RE L. MAUMEZJG, Chern number 7] §E LI5S E -

d>0=C=1, dP<0=0C=-1, ® =0 = C not defined.

frPA singular flat band ¥ topology A 4& intrinsic ¥, M4 perturbation-dependent ],

CTFB 5 singular flat band AR X A “HGEA touching”, M :

CTFB: touching Ji5P(k) #%E; singular FB: touching J5P(k) RiEZE.

12 Singular Wannier gauge 5 Chern number

L AR, IDAMEE] L 7 Y472 Hamiltonian :

S(k)St (k)
S

551 bipartite Hamiltonian A #H[A A2 fE flat band, [KH " #F /) flat band #H

Hi (k) =

ker ST(k)

L
B ] DA K
U(k) = S(k)[ST(k)S(k)] /2.

MR STS ababAEAr R, 4 Uk) 24— BIFH Wannier gauge. #AMM7E CTFB 1, STS
1E touching point &R, XA gauge &2

singular Wannier gauge.



13 TENSOR-NETWORK REPRESENTATION k3% %X B4 7% 5L 12

12.1 Chern number 1] winding 23,

Chern number A]PA5E4:H S(k) F£ touching point P winding 25 H :

C QW;éDidk Tr[(S S)~1519,5] .

XH D; 2R @ 4> touching point (IETF/MAEE. XA G FiFhA R A BB O
ik H S (k) FEA7 8 A58
BIaFE—4> C =1 CTFB fl5+, {KhgHEA

ST (p) = ((ps +1ipy), V2(pe +ipy))-
5]
Pz + ipy = peie
28)5 5 —B k15 27 phase winding, FrPAZ:H

C=1.

13 Tensor-network representation 55 IR Y

Hij CTFB J515319 many-body state EIRIE critical 1), {HA3SK obey area law. HELfR;
FAH S R EICRT DA PR ek, o
C(r) ~r~4

XFPRAORE P(k) £ touching point KA BRI

F3—Jit, B2 S(k) K H finite-range hopping, SEZS[E]H1 Siq, 50 2 Rk AE [ . 3435 CTFB
A A I

o) =] (Z ¢ka52n(k)> |F).

k,n

Fourier [n]5E23[a)5 , X RIERREAA RREGHE, Il DASCS BURHRA PR 4R 5K 5 0 2%

P
JDN o

p
RENH TAEE =B USRI AR K ARSI Rk -
stable topology + exact flatness + exact finite-BD TNS.

Rtz

criticality and power-law correlations.
\ J

X5 p+ip TNS / chiral PEPS [ JJ; s ¥ SR 83 . 7E chiral PEPS H1, topology 5 exact
finite-bond-dimension TNS W[ PAILAE, (HAEAEAAITH criticality 4. REMX BE4GH T
—A~ band-theory | ffEEE A i CTFB, {8 exact flat topological band 5 exact TNS 4k
MR F K o




14 5 ZMZE %) p-ORBITAL FLAT BAND 4% % 13

14 H5RMEFERI p-orbital flat band )&

RMNEZIN pe, py honeycomb flat band 3k H orbital directional hopping Fl destructive
interference. p FLENTHE T R ZIAE G, H4b plaquette wavefunction ] DA AH {55 [n] Sh%
&, MIMIER, compact localized states. XA PAPRAEMSHEAP kernel flat band:

destructive-interference constraint <= ST(k)u(k) = 0.

R, S0 p-orbital flat band 5RBITHESLE “Firk B kernel” jX— i FARH#EIT.
{EN=$:H] %T%ﬁe%ﬂii)(?ﬂ’] CTFB. JEHA =

F—, BiAEKAES symmetry indicator iXif stable topology. ., BEXA 5| AL
ftl AB El’\J zero-rank virtual representation 4% touching point. %=, projector P(k) ¥£
touching point AMEUEW; 2 CTFB frEEfY continuous but non-analytic 514,

RN R A

conventional exact flat band or singular flat band,
AR ZIT STk 2 X F exact flat band [ kernel JEAE T2 0

stable topological exact flat band.

ZM% p-orbital flat band KiEik CTFB

AL orbital directional hopping 5 ker ST(k)

destructive interference
flatness exact exact
hopping range finite range finite range
topology 1 A2 stable topology stable topology by SI
touching 1 touching W critical touching
projector AFAUEE S continuous but non-analytic
IR X flat-band ferromagnetism/or- CTFB/TNS/FCI iz 5

bital order

15  yiipel (R as
AL T 1 325 T DA — % A A

topological symmetry data B = AB = B+ AB = BR;, H BR;
= ST(k) = ker ST(k) = CTFB.

)
B

B %7 Hbr stable topology,

AB 1 topology obstruction Ji{%| touching point,



16 =T VAR R 2 )T 64 9] A4 14

BR; B BR; fRUEA Rk bipartite SCBY,
ker ST(k) f44IF exact flatness,

P(k) ELHAEMAT  {RIE topology well-defined H. no-go #{fIA1.

( N

RO P -

bipartite kernel 71 7¢°F, symmetry indicator M35H#F],

AB 113 touching, non-analytic P(k) 3¢ 48/ no-go.

16 wl LA )8

B+ AB= BR, B BR;

AT DARRAR N ST(k) 1Y equivariant index? FEXANEE X, CTFB 74— kernel

bundle F{J family-index construction?

2. AB BT A HAHLE X touching point [ local index defect? 25 ker ST il coker ST
1) JRi 2R B 75 A BN 7

3. CTFB HJ criticality X} fractional Chern insulator J&#5 B 20 IR TR X 530 EH 7T
MEAEHGE Z BIAT AKX R?

4. CTFB i) quantum geometry 5 ideal Landau level geometry #HH.UMn[? & & AF7EZEL)
ideal isotropic FCI condition f)¥]4?

5. ¥ destructive-interference flat band, 5 Kagome, Lieb. dice 1{ p-orbital honeycomb
flat band, 2GR PARGHHE S INA G1E AB 1 symmetry constraints J12% i, CTFB?
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