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Complex numbers and quaternions form special cases of lower-dimensional
Clifford algebras, their even subalgebras and their ideals

C~Cly ~ Clt ~ Céajg,
H~Clyo ~ ClF ~ Cfg’?, ~ %(1 + e123)Cl 3.

In this chapter, we explore another generalization of C and H, a non-associative
real algebra, the Cayley algebra of octonions, @. Like complex numbers and
quaternions, octonions form a real division algebra, of the highest possible
dimension, 8. As an extreme case, QO makes its presence felt in classifications,
for instance, in conjunction with exceptional cases of simple Lie algebras.

Like C and H, O has a geometric interpretation. The automorphism group of
H is SO(3), the rotation group of R? in H = R®R3. The automorphism group
of O = R@® R7 is not all of SO(7), but only a subgroup, the exceptional Lie
group G5. The subgroup Gs fixes a 3-vector, in /\3 R7, whose choice determines
the product rule of O.

The Cayley algebra O is a tool to handle an esoteric phenomenon in di-
mension 8, namely triality, an automorphism of the universal covering group
Spin(8) of the rotation group SO(8) of the Euclidean space R®. In general, all
automorphisms of SO(n) are either inner or similarities by orthogonal matrices
in O(n), and all automorphisms of Spin(n) are restrictions of linear transfor-
mations C¢,, — C/,,, and project down to automorphisms of SO(n). The only
exception is the triality automorphism of Spin(8), which cannot be linear while
it permutes cyclically the three non-identity elements —1, e;5.. g, —€12.. g in the
center of Spin(8).
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We shall see that triality is a restriction of a polynomial mapping Clg — C/lsg,
of degree 2. We will learn how to compose trialities, when they correspond to
different octonion products. We shall explore triality in terms of classical linear
algebra by observing how eigenplanes of rotations transform under triality.

1. Division Algebras

An algebra A over R is a linear (that is a vector) space A over R together with
a bilinear map A x A — A, (a,b) — ab, the algebra product. Bilinearity means
distributivity (a +b)c = ac+be, a(b+ ¢) = ab+ ac and (Aa)b = a(Ab) = A\(ab)
for all a,b,c € A and A € R. An algebra is without zero-divisors if ab = 0
implies a = 0 or b = 0. In a division algebra D the equations ax = b and
ya = b have unique solutions z,y for all non-zero a € D. A division algebra is
without zero-divisors, and conversely, every finite-dimensional algebra without
zero-divisors is a division algebra. If a division algebra is associative, then it
has unity 1 and each non-zero element has a unique inverse (on both sides).

An algebra with a unity is said to admit inverses if each non-zero element
admits an inverse (not necessarily unique). An algebra is alternative if a(ab) =
a®b and (ab)b = ab?, and flezible if a(ba) = (ab)a. An alternative algebra is
flexible. An alternative division algebra has unity and admits inverses, which
are unique. The only alternative division algebras over R are R, C, H and Q.

An algebra A with a positive-definite quadratic form N: A — R, is said to
preserve norm, or admit composition, if for all a,b € A, N(ab) = N(a)N(b).
The dimension of a norm-preserving division algebra D over R is 1, 2, 4 or &;
if furthermore D has unity, then it is R, C, H or Q.

Examples. 1. Define in C a new product aob by aob = ab. Then C becomes a
non-commutative and non-alternative division algebra over R, without unity.
2. Consider a 3-dimensional algebra over R with basis {1,4,;} such that 1 is

the unity and i2 = j2 = —1 but ij = ji = 0. The algebra is commutative and
flexible, but non-alternative. It admits inverses, but inverses of the elements of
1+ Jy

the form xi + yj are not unique, (zi +yj)~* = Myi — zj) —
x

A € R. It has zero-divisors, by definition, and cannot be a division algebra,
although all non-zero elements are invertible.

3. Consider a 3-dimensional algebra over Q with basis {1,4,4%}, unity 1 and
multiplication table
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The algebra is commutative and flexible, but non-alternative. Each non-zero
element has a unique inverse. Multiplication by z + iy + i2z has determinant
23 + 3y® — 1823, which has no non-zero rational roots (Euler 1862). Thus, the
algebra is a division algebra, 3D over Q. 1

2. The Cayley—Dickson Doubling Process

Complex numbers can be considered as pairs of real numbers with component-
wise addition and with the product

(1, y1)(22,y2) = (z122 — Y1Y2, T1Y2 + Y122).

Quaternions can be defined as pairs of complex numbers, but this time the
product involves complex conjugation

(21, w1) (22, w2) = (2122 — W12, 21W2 + W1 Z2).

Octonions can be defined as pairs of quaternions, but this time order of mul-
tiplication matters

(p1,q1) © (P2, q2) = (P1P2 — G241, G2p1 + q1D2).

This doubling process, of Cayley-Dickson, can be repeated, but the next al-
gebras are not division algebras, although they still are simple and flexible
(Schafer 1954). Every element in such a Cayley-Dickson algebra satisfies a
quadratic equation with real coefficients.

Example. The quaternion ¢ = w+ix+ jy—+ kz satisfies the quadratic equation

¢* — 2wq + [q* = 0. 1
The Cayley-Dickson doubling process
C=Ro®R;
H=CeaCj
O=He¢H/
provides a new imaginary unit ¢, 2 = —1, which anticommutes with 1, j, k.

The basis {1,4,j,k} of H is complemented to a basis {1,1,],k,¢, i, jl, ké}
of O = H & H{. Thus, O is spanned by 1 € R and the 7 imaginary units
i,7,k,0,il, 50, kl, each with square —1, so that O = R ® R7. Among subsets of
3 imaginary units, there are 7 triplets, which associate and span the imaginary
part of a quaternionic subalgebra. The remaining 28 triplets anti-associate.
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The multiplication table of the unit octonions can be summarized by the
Fano plane, the smallest projective plane, consisting of 7 points and 7 lines,
with orientations. The 7 oriented lines correspond to the 7 quaternionic/as-
sociative triplets.

3. Multiplication Table of O

Denote the product of a,b € Q by aob. Let 1,e1,es,...,e7 be a basis of Q.
Define the product in terms of the basis by

e;oe;=—1, ande;oe;=—ejoe; fori#j,
and by the table

€1 0€2 = €y, €20€4 =€, €40€e =€y,
€2 0e3 = €5, €3 oe; = €, €;0€ez = e3,

eroe; = e3, € o0e3 = ey, e3oer =e€;.
The table can be condensed into the form
€;0€;11 = €43

where the indices are permuted cyclically and translated modulo 7.

If e; 0o e; = *ey, then e;, e;, e, generate a subalgebra isomorphic to H.
The sign in e; o e; = e can be memorized by rotating the triangle in the
following picture by an integral multiple of 27 /7 :

Example. The product e; o e5 = —e3 corresponds to a triangle obtained
by rotating the picture by 27 /7. ]

In the Clifford algebra Cfy 7 of R%7, octonions can be identified with par-
avectors, O = R @ R%7, and the octonion product may be expressed in terms
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of the Clifford product as
aob=(ab(l—v))o1,

3
where v = €124 + €235 + €346 + €457 + €561 + €672 + €713 € A°R%7. In Clo 7,
the octonion product can be also written as

aob=(ab(l+w)(l—eq2.7))o1 fora,beRa® RO7

where 1(1 4+ w)3(1 — ez 7) is an idempotent, w = vey, , € A*R®7 and
el 7 =e. 7.

In the Clifford algebra Cls of R8, we represent octonions by vectors, @ = RS,
As the identity of octonions we choose the unit vector eg in R®. The octonion
product is then expressed in terms of the Clifford product as

aob = (aesb(1+w)(l — e g)); fora,beR®

where (1 +w)3(1 — ez, s) is an idempotent, w = vey, , € N'RE e} =

38
—eq2. 7 and vV = €124 + €235 + €346 + €457 + €561 + €672 + €713 € \° RS,

4. The Octonion Product and the Cross Product in R”

A product of two vectors is linear in both factors. A vector-valued product of
two vectors is called a cross product, if the vector is orthogonal to the two
factors and has length equal to the area of the parallelogram formed by the
two vectors. A cross product of two vectors exists only in 3D and 7D.
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The cross product of two vectors in R” can be constructed in terms of an
orthonormal basis e;, ey, ..., e; by antisymmetry, e; x e; = —e; x e;, and

€1 X €y =€y, €2 X €4 = €1, €4 X e} = €,
€y X €3 = €5, €3 X €5 = €2, €5 X ey = €3,

er Xep =e3, e Xez3 =ey7, €3 X ey =e;.
The above table can be condensed into the form
€ X €41 = €43

where the indices are permuted cyclically and translated modulo 7.
This cross product of vectors in R7 satisfies the usual properties, that is,

(axb)-a=0, (axb)-b=0  orthogonality
l]a x b|? = |a|?|b|> — (a- b)? Pythagorean theorem

where the second rule can also be written as |a x b| = |a||b|sin <((a, b). Unlike
the 3-dimensional cross product, the 7-dimensional cross product does not
satisfy the Jacobi identity, (a x b) x ¢+ (b x ¢) X a+ (¢ x a) x b # 0, and
so it does not form a Lie algebra. However, the 7-dimensional cross product
satisfies the Malcev identity, a generalization of Jacobi, see Ebbinghaus et al.
1991 p. 279.

In R3, the direction of a x b is unique, up to two alternatives for the
orientation, but in R7 the direction of a x b depends on a 3-vector defining the
cross product; to wit,

axb=—(aAnb)dv [#—(aADb)V]

depends on v = eja4 + €235 + €346 + €457 + €561 + €672 + en1z € AR7. In
the 3-dimensional space a x b = ¢ x d implies that a,b,c,d are in the same
plane, but for the cross product a x b in R7 there are also other planes than
the linear span of a and b giving the same direction as a x b.

The 3-dimensional cross product is invariant under all rotations of SO(3),
while the 7-dimensional cross product is not invariant under all of SO(7), but
only under the exceptional Lie group Ga, a subgroup of SO(7). When we let
a and b run through all of R7, the image set of the simple bivectors a A b is a
manifold of dimension 2.7-3 = 11 > 7in A*R7, dim(A*R7) = 17(7—1) = 21,
while the image set of a x b is just R”. So the mapping

aAb—axb=—-(aAb)dv
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is not a one-to-one correspondence, but only a method of associating a vector
to a bivector.

The 3-dimensional cross product is the vector part of the quaternion prod-
uct of two pure quaternions, that is,

axb=1Im(ab) fora,bcR*cCH.

In terms of the Clifford algebra Cf3 ~ Mat(2, C) of the Euclidean space R? the
cross product could also be expressed as

axb= —(abe123>1 for a,b S R3 C Cls.

In terms of the Clifford algebra C¢y 3 ~ H x H of the negative definite quadratic
space R%3 the cross product can be expressed not only as

axb=—(abejss); forabecR" cCCls

but also as!

axb=(ab(l—ej3)); forabeR" CCl;.

Similarly, the 7-dimensional cross product is the vector part of the octonion
product of two pure octonions, that is, a X b = {(a o b);. The octonion algebra
O is a norm-preserving algebra with unity 1, whence the vector part R” in
O = R@® R is an algebra with cross product, that is, a x b = %(ao b—boa)
for a,b € R” ¢ O = R @ R". The octonion product in turn is given by

aob=af+ab+af—a-b+axb

fora =a+aand b= 8+ b in R @ R". If we replace the Euclidean space R”
by the negative definite quadratic space R%7, then not only

aob=af+ab+af+a-b+axb
for a,b € R@®R%7, but also
aob=(ab(l—v))o1
where v = €124 + €235 + €346 + €457 + €561 + €672 + €713 € /\3 RO7.
L This expression is also valid for a,b € R® C Cf3, but the element 1 — ej23

does not pick up an ideal of C¢3. Recall that C¢3 is simple, that is, it has no proper
two-sided ideals.
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5. Definition of Triality

Let n > 3. All automorphisms of SO(n) are of the form U — SUS™! where
S € O(n). All automorphisms of Spin(n), n # 8, are of the form u — sus™!
where s € Pin(n). The group Spin(8) has exceptional automorphisms, which
permute the non-identity elements —1, 1o, g, —€12..s in the center of Spin(8) :

—1-—ej. 3

NS p(£ers. g) = —1.

—€12...8

Such an automorphism of Spin(8), of order 3, is said to be a triality automor-
phism, denoted by trial(u) for u € Spin(8).

Regard Spin(8) as a subset of Clg. In Clg, triality sends the lines through
1, —e12.. s and —1,e15.. s, which are parallel, to the lines through 1,—1 and
€12..8, —€12...8, which intersect each other. Thus, a triality automorphism of
Spin(8) cannot be a restriction of a linear mapping Cls — C/ls.

A non-linear automorphism of Spin(8) might also interchange —1 with
either of +eja. g. Such an automorphism of Spin(8), of order 2, is said to be
a swap automorphism, denoted by swap(u) for u € Spin(8).

On the Lie algebra level, triality acts on the space of bivectors /\2 R8, of
dimension 28. Triality stabilizes point-wise the Lie algebra Gs of G5, which is
the automorphism group of @. The dimension of Gs is 14. In the orthogonal
complement Gy of G, triality is an isoclinic rotation, turning each bivector
by the angle 120°. A swap stabilizes point-wise not only G, but also a 7-
dimensional subspace of G3-, and reflects the rest of the Lie algebra so(8) ~ Dy,
that is, another 7-dimensional subspace of G3-. For a bivector F & /\2 R8, we
denote triality by Trial(F) and swap by Swap(F).

On the level of representation spaces, triality could be viewed as permuting
the vector space R® and the two even spinor spaces, that is, the minimal
left ideals Cﬁg'%(l + W)%(l + ej2..g), which are sitting in the two-sided ideals
Clyi(1+eia. 5) ~ Mat(8,R) of Cl ~2Mat(8,R). This means a 120° rotation
of the Coxeter—Dynkin diagram of the Lie algebra Dy :

Rather than permuting the representation spaces, triality permutes ele-
ments of Spin(8), or their actions on the vector space and the two spinor
spaces.

Because of its relation to octonions, it is convenient to view triality in terms
of the Clifford algebra Clq 7 ~2Mat(8, R), the paravector space $R® = RORO7,
having an octonion product, the spin group

$pin(8) = {u € Cly7 | ui = 1; for all z € $R® also uxt~' € $R®},
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the minimal left ideals C&mé(l + W)%(l F e 7) of Cly 7 ~2Mat(8,R), and
the primitive idempotents

Fo 0w —enn), f= 1w den. o).

For u € $pin(8), define two linear transformations Uy, Uy of $R® by

Ur(z) = 16(uzflo,1, Ua2(x) = 16<U95f>0,1-

The action of u on the left ideal C€077§(1 + w) of Cly 7 results in the matrix
representation 2 3

$pin(8) > u ~ ([{)1 ((]) ) where Uy, Us € $O(8).
2

For U € SO(8), * define the companion U by

U(z)=U(z) forall e $RS.

2 Choose the bases (e1f,eaf,...,erf, f) for Clo7f and (elf, exf,....erf, f) for
Clo.7f, where f = 114+ w)i(1 —es2.7) and f= (14 w)i(1+ e12...7). Then the
matrices of Uy and Us are the same as in the basis (e1, e2,...,e7,1) of $RS. Denoting
fi=eif,i=1,2...,7 and fs = f, (U1)i; = 16(fiuf;)o, and denoting g; = e;f,
1=1,2,...,7, and gs = f, (Ug)ij = 16<§iugj>04 o o

3 If we had chosen the bases (f1, f2, ..., fr, f) for Clorf and (f1, fa,..., fz, f) for
Cfojf, where f; = e; f and fz = —eif fori=1,2,...,7, then we would have obtained
the following matrix representation

where Ui (z) = 16{uz f)o,1 as before but Us(z) = 16{@x f)o,1. This representation is
used by Porteous 1995.
4 Or, for U € Mat(8,R).
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5

The companion @ of v € $pin(8) is just its main involution, & = 4, ° and

corresponds to the matrix
3 Uy 0

For a paravector a € $R®, define the linear transformation A of $R® by ©

A(z) = 16(axf)o,1, thatis, A(z)=aouz,

making $R® the Cayley algebra Q. Since AT () = 16{axf)o1, we have the
correspondence

a~ (13 ;—r) , abbreviated as a ~ A.

Computing the matrix product

oo (U 0ON[(A 0\(U;" o0
Ula) = uai <0 U2>(0 AT>< o o)

we find the correspondence U(a) ~ Uy AU; !, Denote Uy = U, and let Up(a)
operate on = € $R%, to get

Uo(a) 0w = (U1 AU ') (z) = Ur(ao Uy ' ().

The ordered triple (Up, Uy, Us) in SO(8) is called a triality triplet with respect
to the octonion product of Q.

® Recall that for z € $R®* = R&R%", U(z) = uzd ™", and so U(z) = adu™".
% The matrix of A can be computed as A;; = 16{fiaf;)o. The paravector a =
ao +aier + - -- + arer has the matrix

ao —a4 —ary az —ae as as ail

a4 ao —as5 —ai as —ar aeg az

ar as ao —ae —a2 (€2} —aip as

A= —a2 ai ae ao —ar —as as a4
ag —as az ar ao —air —a4 as

—as ar —aq as ai ao —a2 Qg

—as —ae ai —as a4 a2 ao ar

—ay —a2 —a3 —a4 —as —ag —ar ao
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) va(UOJ U1, Us) is a triality triplet, then also (Ui, Us, Up), (Us, Uy, Ur) and
(Us, Uy, Up) are a triality triplets. This results in

Up(zoy) =Ui(x) oUs(y) forall zye Q=3RS

referred to as Cartan’s principle of triality. Conversely, for a fixed Uy € $0(8),
the identity Up(z o y) = Uy(x) o Us(y) has two solutions Uy, Us in $O(8),
resulting in the triality triplet (Up, Uy, Usz) and its opposite (Uy, —Ur, —Us).
Thus, Uy corresponds to two triality triplets (U, U, Us) and (Up, —Uy, —Us),
while —Uy, corresponds to (—Uy, —Uy,Us) and (—Uy, Uy, —Us).

The rotations Uy, Us € $0(8) are represented by tuq, us € $pin(8). We
choose the signs so that

(U 0N (e 0N . (U 0
Up = 0 U2 ; 1 —= 0 UO ; 2 — 0 Ul )

where ug = @ and Uy = U. Using the notion of triality triplets,
ug =~ (Uo, U1, Us), wuy =~ (Uy,Us, Up), ug = (Us, Uy, Uy).

The rotation Uy in $O(8) corresponds to ug ~ (Up, Uy, Us) and its opposite
—ug =~ (Up, —Uy, —Us) in $pin(8), and the opposite rotation —U; corresponds
to €12..7up = (—Uo,—Ul,UQ) and —€j12. . 7Up = (—Uo,Ul,—UQ). ’I‘riality is
defined as the mapping

trial : $pin(8) — $pin(8), uy ~ (({)O (92) Uz = (UO1 g@) ’

Triality is an automorphism of $pin(8); it is of order 3 and permutes the non-
identity elements —1,e15. 7, —€12.. 7 in the center of $pin(8).

Example. Take a unit paravector a € $R® = R @ R%7, |a| = 1. The action
x — axa~! is a simple rotation of $R®. 7 Thus, a € $pin(8). Denote ay = a,
ay = trial(ag) and ay = trial(a;) so that 16(a1xf)o1 = azway ', 16(ax o1 =

ayza;'. Then

1 1

aoxr =aixra; and zoa=asrds,
120y 2

represent isoclinic rotations of $R8. Left and right multiplications by a € S7 C
O are positive and negative isoclinic rotations of $R® = Q. ® The Moufang

7 Note that aoxoa = azra, a = a'andaozoa ! = srs™! where s = a1a2_1 IS
$pin (7).

8 Any four mutually orthogonal invariant planes of an isoclinic rotation of $R®
induce the same orientation on $R%.
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identity

ao(zoy)oa=(aoz)o(yoa)

results in a special case of Cartan’s principle of triality °
. -1 _ A1 A1
ao(zoylag = (amrza; ) o (azyay ).

In this special case, ag,a1,as commute, as = a1 (= d;l) and agaijas = 1
1

implying a = a1as = aldl_l = a2y . 1

Triality sends a simple rotation to a positive isoclinic rotation and a positive
isoclinic rotation to a negative isoclinic rotation. The isoclinic rotations can
be represented by octonion multiplication having neutral axis in the rotation
plane of the simple rotation:

positive isoclinic rotation
simple rotation l

negative isoclinic rotation

6. Spin(7)

Let ug € Spin(7) C Cls, and uy; = trial(ug), ug = trial(uq). Then us = 4,
that is, trial(trial(ug)) = egtrial(ug)eg'. ' Thus, uyi; " = 1 and ujuy ' =
uleguflegl € R @ R7eg, being a product of two vectors, represents a simple

rotation. ' 2 Since UO = Uy, Us = Uy,

(U0 w (Vo 0 won (U2 0
*=\o ,y)0 "t~ \o uy)0 P00 U/

Comparing matrix entries of wjug Yy, we find Uy Lug € Spin(7) and so
UUy tUy € SO(7).

9 To prove Cartan’s principle of triality, in the general case, iterate the Moufang
identity, like boao (xoy)oaob = (bo(aox))o ((yoa)ob). Observe the nesting
bo(aox)=szd ', where s = trial(b)trial(a) = trial(l;&).

10 Note that trial(trial(u1)) # estrial(ui)eg ', trial(trial(uz2)) # estrial(uz)eg .
1 Clo,7, u2 = U1, and so ulﬂgl =1, but u1u2_1 cRp RO,
12 Recall that for u € Spin(8), u™! = @, and for u € $pin(8), u™* = 4.
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Let the rotation angles of Uy € SO(7) be ag, o, Yo so that ag > By > vo > 0.
Then the rotation angles of U; € SO(8) are

o1 = 3(a0 + Bo + )
p1 = 3(a0 + Bo —70)
Y1 = 2(a0 — Bo +70)
61 = 3(a0 — Bo — 7).

Since eigenvalues change in Uy — Uy, triality cannot be a similarity, U; #
SUsS~1. Represent the rotation planes of Uy € SO(7) C SO(8) by unit bivec-
tors Ao, By, Co, and choose the orientation of Dy = ueg, u € R7, [u| = 1 so
that Ag ABg A Cy ADg = eq2..g. The rotation planes of U; can be expressed
as unit bivectors 13

A1 = %Trlal(A() + BO + C() — Do)
B1 = %Trial(Ao + Bo — Co + Do)
Cl == %Tl‘lal(Ao - BO + CO + Do)
Dl = %TI‘]&I(AO — B() — Co — Do)

The rotation angles and planes of Us are

az =ai, fo =031, 2=, 02 =01
A;=A,, B,=B;, C;=C;, D, =-D;.

The rotation planes of Uy, Uy, Us induce the same orientation on R®, that is,
AgABogANCoADy=A; AB; AC; ADy = Ay ABa A Ca ADa.
For ug € Spin(7), u1,us € Spin(8), so that
ug = exp(5 (Ao + foBo +70Co))

1
up = GXP(%(Oqu + 61B1 +711C1 +6:Dy))
ug = exp(5(a1As + 81B2 +71Co — 6:D3)).

7. The Exceptional Lie Group G-
A rotation U € SO(T7) such that
Uxoy)=U(x)oU(y) forall x,yecO

13 Trial : /\2 R® — /\2 R® sends negative isoclinic bivectors to simple bivectors.
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is an automorphism of the Cayley algebra 0. The automorphisms form a group
G5 with Lie algebra Gs C /\2 R8 dim G, = 14. A bivector U € G, acts on the
octonion product as a derivation

UL (xoy) = (ULx)oy+x0(ULy) forall x,ycO=RS

The double cover of Go C SO(7) in Spin(7) consists of two components, Gg
and —Gg. The groups Gz and Gy = p(Gg) are isomorphic, Gy ~ Go. 14

A rotation Uy € Go C SO(7) has only one preimage in Go C Spin(7), say
ug, p(ug) = Up. Since trial(ug) = ug, u; = trial(ug) equals ug, and Uy = p(uq)
equals Uy. The rotation angles ag, 8y, 79 of Uy, such that ag > By > 79 > 0,
satisfy the identities

o1 = (g + Bo + 70) = ao
B1 = 3(a0 + Bo—0) = Bo
Y1 =4(co— Bo+7) =
61 =3(ao—PBo—"0) =0

each of which implies
ao = Bo + 7o-

This can also be expressed by saying that the signed rotation angles «, 3,y of
U € G4 satisty
a+pB+~v=0.

Represent the rotation planes of U by unit bivectors A,B,C and choose
orientations so that u = exp(3(aA + B + 7C)), when U = p(u). Then
A 1w = B + C. Conversely, for an arbitrary rotation U € SO(7) to be in
(5 it is sufficient that

Alw=B+C and a+8+~v=0.

In order to construct a bivector U € Gy, pick up a unit bivector A € /\2 R7,
A2 = —1, decompose the bivector Alw into a sum of two simple unit bivectors
B+ C (this decomposition is not unique), choose «, 3,7 € R so that a+ G+~ =
0, and write U = aA + B +~C.

For u € Go, trial(u) = u, and for U € G,, Trial(U) = U, in other words,
triality stabilizes point-wise Gy and Go. Multiplication by v € Gg stabilizes
the idempotent £ (1+w), ug(1+w) = 1(1+w)u = £(1+w), while a bivector

14 Note that —I ¢ G2 because —I & SO(7) and —1 € G2 because triality stabilizes
point-wise G2 but sends —1 to ej2. 5.
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U € G, annihilates £(14+w), Us(1+w) = £(1+w)U =0, and thus UZ(7 —
w) = £(7 — w)U = U. Conversely, a rotation U € SO(7) is in Gy if it fixes
the 3-vector

V = €124 1+ €235 1+ €346 1+ €457 + €561 + €672 + €713

: -1
for which w = vey; , = e1236 — €1257 — €1345 + €1467 + €2347 — €2456 — €3567-
. 2 )
A bivector F € A“R8, dim(/\"R®) = 28, can be decomposed as

1
F=G+H where G€G, and Hzng(wAF)eg;.

Under triality, F goes to Trial(F) = G + Trial(H), Trial(H) € G5, where the
angle between H and Trial(H) is 120°. In particular, triality is an isoclinic
rotation when restricted to Gy, dim(Gs-) = 14.

A bivector F € /\2 R7 can be decomposed as F = G + H, where G € G,

2 2
He gy n AR, dim(Gy n AR")=7.

For a vector a € R7, vLa € G- N /\2 R”. The mapping a — vl a is one-to-one,
since a = $vL (vLa). The element u = exp(vla) € Spin(7) induces a rotation
of R7, which has a as its axis and is isoclinic in a* = {x € R | x-a =0}. A
miracle happens when |a| = 27/3. Then the rotation angles of U = p(u) are
47 /3, which is the same as 47/3—27 = —27/3 in the opposite sense of rotation.
For the signed rotation angles we can choose o = 47/3, 8 = v = —2m/3 which
satisfy o« + 8 + v = 0. Since also A1lw = B + C, it follows that u € Go.

Therefore, u = exp(vL a), where a € R” and |a| = 27/3, belongs to

2
exp(G2) Nexp(Gy N /\]R7) ~ S  where exp(Gs) = Go.

Note that a4+ = 0in Go whileaa = 8 = v in exp(giﬁ/\2 R7). An element
u € Gy Nexp(GE NA’R7) can be also constructed by choosing a unit bivector
A e /\2 R”, A2 = —1, decomposing AJw = B 4 C, constructing bivectors

2
2 2
%(QA—B—C):GEQQ and %(—A—B_C):Heg;m/\ﬂaa7

and exponentiating
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The elements u are extreme elements in G in the sense that (u)o = —&, while
for all other g € Gg, (g)o > —%.
The elements u = exp(v L a), where a € R%" and |a] = 27/3, satisfy

u? = 1, and they are the only non-identity solutions of u®> = 1 in Gs. The
octonion a = e° (= e?) satisfies a®°® = 1 and a®" ! oz 0a = uzu~?! for all
xz € $R® = R @ R%7. Conversely, the only unit octonions a € S” ¢ O = $R?
satisfying

a®to(zoy)oa=(a"toxoa)o(a® toyoa) forall mzyec$R®

are solutions of a®® = +1.

8. Components of the Automorphism Group of Spin(8)

In general, the only exterior automorphisms of Spin(n), n # 8, are of type
u — sus~t, where s € Pin(n)\ Spin(n). Thus, Aut(Spin(n))/Int(Spin(n)) ~
Zo, when n # 8. However, in the case n = 8, the following sequence is exact

1 — Int(Spin(8)) — Aut(Spin(8)) — Ss,

that is, Aut(Spin(8))/Int(Spin(8)) ~ S5, a non-commutative group of order
6.

For u € Spin(8), denote swap, (u) = egtrial(u)eg ' = trial(trial(esueg *))
and swap, (u) = egtrial(trial(u))eg ! = trial(egueg'). Then trial, swap,, swap,
generate Ss :

trial o trial o trial = swap; o swap; = swap, o swap, = identity
swap; o swap, = trial and swap, oswap; = trial o trial.

The automorphism group of Spin(8) contains 6 components, represented by
the identity, trial, trial o trial, swap;, swap, and the companion. % In the
component of trial, all automorphisms of order 3 are trialities for some octonion
product.

15 The subgroup of linear automorphisms contains 2 components, represented by
the identity and the companion, u — eguegl.
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9. Triality is Quadratic

Triality of u € Spin(8) C C/g is a restriction a polynomial mapping Cls — C/ls,
of degree 2,

trial(u) = trial (u)trials(u)

triah (U) = %(1 —+ e12,__8)[<u(1 —+ W)(l — 612...8»0,6 A eg]egl

+3(1—e12.8)

trialy(u) = (W — 3)[(u(1 + ej2..5)) A egleg " (w — 3) L.
The first factor is affine linear and the second factor is linear. To verify that
trial is a triality, it is sufficient to show that it is an automorphism of order 3

sending —1 to ejs. s.

In the Lie algebra level, the triality automorphism of a bivector F & /\2 RS
is
Trial(F) = es(F — 3F(1 4+ w)(1 + e12..5),e5 "

= %eg(F —Flw—(FAw) e12,,,8)e§1.

The triality automorphism of a para-bivector F € R%" @ /\2 R%7 is

Trial(F) = (F — $F(1+ w)(1 — e12..7))15

= 5(F = (F)adw + (F Aw)ders 1),

For u € $pin(8), triality is
trial(u) = trial; (u)trials(u)
trialy (u) = %(1 —epo. 7){u(l+w)(1+ei2.7))os
+i(1+e.7)
trialy(u) = (W — 3) even (u(1l —eja. 7)) (w —3)~%

10. Triality in Terms of Eigenvalues and Invariant Planes

Triality can also be viewed classically, without Clifford algebras, by inspection
of changes in eigenvalues and invariant planes of rotations. Consider Uy €
SO(8) and a triality triplet (Uy, U1, Us). Let the rotation angles g, B9, Yo, do
of Uy be such that ag > By > 79 > dp > 0. Represent the rotation planes of
Up by the unit bivectors Ag, By, Cy,Dg. Then the rotation angles of U; and
Usy are

(o4 Bo +70 +9)

o1 = 3(a0 + Bo + 70 — ) az =3

Br = (a0 + Bo— 0 +0) and B2 = 3(ao + fo — Y0 — 0)
71 = 3(ao— Bo+70 +9) Yo = 2(a0 — Bo + 0 — 0)
61 = 5(a0 — o — 0 — 0) 2 = 5(—a0 + Bo + 70 — 9)
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and the rotation planes are

A1 = %Trial(Ao + Bo + CO — Do)
B1 = %T‘I‘lal(Ao + BO - C() + Do)
Cl = %Trial(Ao - Bo + Co + DO)
D1 = %Trlal(AO - Bo - C() - Do)

and
A, = %Trial Trial(Ag + By + Co + Dy))

(
B, = LTrial(Trial(A¢ + By — Co — Dy))
Cy = LTrial(Trial(Ag — By + Co — Dy))
D, = 1Trial(Trial(—Ag + By + Co — Dy)).

11. Trialities with Respect to Different Octonion Products

An arbitrary 4-vector w € /\4 R, for which £(1+w) is an idempotent in C/g
is called a calibration. 6 The calibration w fixes excatly one line of vectors,
namely {n € R® | wn = nw}. This line, together with a chosen orientation,
is called the neutral axis of the calibration. A calibration together with its
neutral axis can be used to introduce an octonion product on R® and a triality
of Spin(8).

Let w1, wsy be calibrations, with neutral axes n;,n, € R8. Denote the
octonion products by

X Ow, o, ¥ = (xmyy(14+wi)(1 — e 8))1,
X Owym, ¥ = (Xn2y(1 4+ wa)(1 —e12.8))1

and the trialities by trialw, n,(u), trialw, n,(v). Denote the opposite of the
composition of the trialities by trialw,, n,, (%) so that

trialwlz,nlz (triale,HH (u)) = trialwl 11 (trialwz ,112 (u))

Then 1 1
Wiy = ?(Wl +wa) + 5(—W1 +wa)ers. 8
= E(1 —e12..8)W1 + %(1 +e12..8)Wa
and
nyy = % for a non —zero y =x— jwipL (wiplx), where xeR®
y

16 Note that w satisfies w? = 7 + 6w.
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12. Factorization of u € Spin(8)

| o

Take v € Spin(8) \ Spin(7). Denote s = (u A eg)eg ', and uy = Then

Is|”
uy € Spin(7), and u = uguy = uru}, where ug,uy € R ® R7eg. 17 These
factorizations are unique, up to a sign (—1 is a square root of 1 in Spin(7)) :

=W

u = uguy = (—ug)(—u7) = urug = (—uz)(—ug).
The following factorizations are unique, up to a cube root of 1 in Gy :

ur = hogo = h1g1 = haga = gohy = g1 = g2hs,

where
hi = ugtrial(u7) ~tugtrial (trial(ur))
hi' = trial(ur) ~turtrial (trial (ur)) ~'ur,

and
hi = hog, ha = hog®, h} = g'hy, hy = g"hy,
g:exp(%’“vL“}:—g‘), g :exp(%ﬂvl.lﬁ—é;'),
hy = (Ho AHo AHp)ea. 7, h{ = (H{AH{AHf)es. 7,
ho = eo,  hl = eHo,

In this factorization, go, g1, g2 € Gz and ho, hy, ha, hy, b}, bl € exp(Gy ﬁ/\2 R7)
and g, 9’ € GaNexp(Gs- N /\2 R7) ~ S%. These factorizations are unique, up to
a factor g, g’ € Go, > = g2 =1.18

Appendix: Comparison of Formalisms in R® and R ¢ R%7
We use the 3-vector
V = €124 + €235 + €346 + €457 + €561 + €672 1+ €713
in A’R® or A*R%7 and the 4-vector w = vey; - in A*R® or A RO7,
W = €1236 — €1257 — €1345 + €1467 1 €2347 + €2456 — €3467-

Note that e}, ; = —eja 7 in Clg while e . =ej2_ 7 in Cly 7.

17 Note that us = u(eguegl)*1 and ug = (egues_l)*lu.
'8 Recall that —1 ¢ Go.
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We use the octonion product

xoy = (xegy(l + w)(1 —eja. g))1 for vectors x,y € R®,
zoy={(xy(l+w)(l —es2.7))o1 for paravectors xz,y € R® RO-7.

Note that in Cly 7, also x oy = (zy(1 —v))o,1-

The bivector F = A + B € A’ R®, with B € A’R” and A = aeg, a € R,
corresponds to the para-bivector F = a—B € R*7T®A*R%7, with a = Aeg ! €
R%7. Let u = uy + u_eg € Spin(8), where us € Cfr. Then u € Spin(8)
corresponds to

(ur +u_) = (uf +u_)"" € $pin(8).

The companion @ of u is

i = egueg ' for u in Spin(8) or Clg ( or Cls),
=1 for w in $pin(8) or Cly, 7.

For wg, u; = trial(ug), ue = trial(uy), Cartan’s principle of triality says

= (uyxu; ) o (ugyuy ') in  Spin(8),

to(z oy)ug ' = (urzayh) o (ugytiy ) in  $pin(8).
In the Lie algebra level, Freudenthal’s principle of triality says '°

(xoy)JdFy = (xJF1)oy +xo(yJFy) in A’RS,
((zoy)IFo)or = (@l F)onoy+zo(ytFos in RO AROT.

The non-identity central elements of the Lie groups are permuted as follows

trial(—1) = ej2. g, trial(eja. g) = —e12..s in Spin(8),
trial(—l) = —ej2..7, trial(—e12_4,7) =e19.7 in $pZ’I’L(8)
Exercises
Show that

1.For U€ G, Ulw=-U,Uw=-U, UlU=—|U]? [UAU|=|U>.
2. For Uy € A*R8, U; = Trial(Uy), Uy = Trial(Uy), Uy + Uy + U, € Go,
2Uy — U; — Uy GQQJ'

19 Note that xJF corresponds to (zdF)o 1.
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3.InCly7, 1+ w)(1 —eia.7) = (1 —e21)(1 — e235)(1 — €346)(1 — €s57),
(1 =+ W)(1 — 812_“7) = (1 — V)(l — 812“.7).
4. w? =7 + 6w.

6. For z € R, f(aw) = f(—2)4(7—w) + f(72)3(1 + w). Hint: the minimal
polynomial of w, 22 = 7 + 6z, has roots z = —1, x = 7.

7.For G €@y, :(1+w)Gi(1+w) =0, :(7T-w)G:(7T—w) =G,
G =1(T-w)eCL(T-w)+ :(1+w).

8. vZ=—7—6win Clg, v =7+ 6w in Cly 7.

9. For v € /\‘3 R7, e™ = —1. Hint: v* + 50v2 + 49 = 0, and
2% + 5022 + 49 = 0 has roots +i, £7i.

10. For v € A’ R%7, cos(rv) = —1, sin(wv) = 0. Hint: v* — 50v2 + 49 = 0,
and 2% — 5022 4 49 = 0 has roots +7, £1.

11.Fr FE N’RSE, F=G+H, GeG, He G : H=lwl(wAF).

12. For H € G5, H= twL (wLH).

13. For ug € $pin(8), uy = trial(ug), ug = trial(uy) : ugty ‘ug € $pin(7). Hint:
a=uy'iy € RGROT and so a = tm)trial(a)‘l.

14. For the opposite product xey = yox of x,y € O = R8,
io(x @ y)ig ' = (upxuy ') e (uryuy ).

15. ug(x o y)ug ' = (tgxiiy ') o (i yiy *).

16. <fb0$(1 + W)(l — 612,“7)>0’1 = ulxﬁfl,
(Gox(1+w)(1+e12..7))o1 = Un iy '

17 <’&01‘y(1 —+ W)(l — 612_“7»071 = U1 (I‘ [¢] y)ﬂl_l,
(Gozy(1 +w) (1 + ez 7))o1 = ua(y o )iy .

18. For B € /\2 R® N Spin(8), (trial(B))o = 1. For C € /\4 R® N Spin(8),
(trial(C))o = 0. For D € A\° R® N Spin(8), (trial(D))y = -1

19. For C € A" R® N Spin(8), trial(C) € A" RE.

20. For u € Spin(8), inducing a simple rotation U = p(u) : (trial(u))se1s. s)0
and (trial(trial(u))>8e12m8<().

21. (Ga) > — ¢, (trial(Spin(7)))o > —1.

22. Gy Nexp(GE N A>R7) is homeomorphic but not isometric to S°.

23. diam (G3) = 2, diam (trial(Spin(7))) = /2.

27 2
24. Triality does not extend to an automorphism of Pin(8).
25. [2(w—3)? =1
Determine
26. The matrix of %(w — 3) in the basis (f1, f2, ..., fs) of Clg f, where f; =

5w — %(7"—1)—1—1—|—%(7n—1)w7 n even,
’ Sl g(™H1) 14+ 5(T+ 1w, nodd.
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eesf,i=1,2,...,8 and f = é(l + W)%(l + elgmg).

Solutions
13 ug Mg = 7 tugty uy so 1= ugdy tug(Uy turdy ) = uoty us(touy Hig) Tt
—_—

which implies uoﬁfluQ = aouflﬁg = (an;1u2).
24. Triality sends —1 € Cen (Pin(8)) to ej2..s ¢ Cen (Pin(8)).
26.

10 0 0 0 0 0 0

O -1 0 0 0 0 0 0

O 0 -1 0 0 0 0 0

. O 0 0 -1 0 0 0 0
W6(fisw=3)fio=| 09 o 0o 0 -1 0 0 o
O 0 0 0 0 -1 0 0

O 0 0 0 0 0 -1 0

o 0 0 0 0 0 0 1
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