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1 Topological Invariant in 241 Dimensions and Dimen-
sional Reduction

1.1 Hall Conductance, the First Chern Number and Topological
Response Function

In general the tight binding Hamiltonian of a band insulator in 241 dimensions can be
written as

H= > ¢ 0 c (1.1)

m,n;a,,@

where m and n denote the lattice sites and a and [ indicate the band indices. We should
also notice that h®? enjoys translation symmetry, i.e.

hoB = hoP(r, — 1) (1.2)

By Fourier-transformation

1 .
Chn = — N gk 1.3
ko = 5 € (13)

We can see that

H=Y Cl.h% Cps

ma''mn~'nB
mna,B

=2 Ze""’" “Clahime ™™ 1Cys

mnao ,8

55 L iy,

mnaf kq

_ Z Z 1rm khaﬂ ) irn-(k—q)cv’iacvqﬁ

mna k:q

D) DO NN

naf kq

=" Chali"Crs (1.4)
koS

where in the fourth line we used the translation symmetry of h%’ and replaced r,, — r,, with
7., and in the fifth line we summed over r,, and that

=™ Fht(r,,) (1.5)

When the system is coupled to EM fields, in accordance with the minimal coupling principle,
we introduce Peierls substitution in the lattice Hamiltonian:

hod —y ped oy, Av- (1.6)
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where A is the vector potential and the integration path is taken to be the straight line
connecting the two lattice sites. We then use an approximation that would be valid if the
vector potential did not vary much over the integration path.

Tm + 7Ty

/’” A(s,1)-ds & (ry, — 1) ;(A(rm, 0+ Alra,t)) = (1 — 1) - ;A (2, t> (1.7)
Hence

H = Z Llah?nl[il frn Cnﬁ ~ Z ;rnoahgrgm ( + 1/ " A(l) ' dl) Cnp = HO + Hext
m,n,a, m,n,q,3 T'n
(1.8)

Similarly we carry out the Fourier transformation of the annihilation and creation operators
n Hext

Hext = Z Cjnahg’ﬁrlcnﬁl /Tm All

mna3
= Ze”m"“c*ahszi TGl | AL -l
mnaﬁ Tn
_ Z Z i(rm—rn) kha,B iry-(k—q) C Cqﬂi/ mA(l)
mnaf3 kq T'n
. Tn+rm
= Y ) 0l Oy [ A -
mnaf3 kq T'n
. 1
s Z Z eirm: khaﬂ )elrn'(k_q)cliacqﬁi/rm A (’rn + ’Fm) (1.9)
mnaS kq 2
Introduce the Fourier transformation of A(r)
=) e 1A, (1.10)
q

Hence

) 1
Hext = Z Z 17’m khaﬁ ) lrn‘(k_q)cliaoq/girm ' A (Tn + 'r'm)

mnaf3 kq 2
— Z Z 17"m khaﬁ ) irn‘(k_q)cliac’qﬁiZe_ip'(rn+%T77L)rm . Ap
mnaf3 kq P
S IE T T R e Ry
mnaf3 kqp
=Y Yt B )5k — q — p)CL,Cosiry - Ay (1.11)
maf kqp

then we can replace k — %p by k

ik-r «Q 1 :
He = Z Zek ™ (1,,)0 (k —q— p) C’,L%p’vaBlrm - Ap

maf kqp 2
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= 2 2 ) O, O st Ay

maf kp

= 3y O st ) - A,

maf kp
Here we should notice that since

h:ﬁ _ Zeirm-khaﬂ(,rm)

we can see that

oy’ .
8;:: = ;irme”’m'kh“ﬁ(rm)
Hence 3
Ohy,
Hexy = Z k+2p, Ck—%pﬁ ok Ap
kpaS
Next, we will prove the following claim
ohy’

ext ZJQ A*q Z Ck+q/2aCk a/2,87 7. Ok 'A*q

k.q,c.8

First, we must obtain the current operator j,. Start from the continuity equation

p('l“m) +V 'j(rm) =0

The Fourier transformation of p(r,,) reads
Z eldmm OT

\/_ zk: e—i(—at+k— D) rmoT Cpa
mkp

\/— Zék q— kaana

\/—Z +qa

We then insert

o) =5 S pla), ) = e T ()

back into the continuity equation
plg) —ig-j(q) =0

Hence

~iq-j(q) = —p(q) =ilp, H =i > [CliqCho, Cluh’Cy

p.k,a,53,0

i

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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> (Cli-i-q,HCItaCkGCpﬂ - CztaCqu,eCpﬁCke)

p.k,a,B,0
Z th (5k,p59,aClz+qﬁCpﬁ - 5p,k+q50,BC;aCk9)
pk,,B,0
= iz (haﬁ hgﬁq) CIZJrq,aCkB
kap
— ap ap
- IZ (hk q/2 hk+q/2) Cli+q/2,a0k*Q/2ﬂ (1-21)
kag
In the g — 0 limit:
iqg-j(q)=1id . q- ’“ CT+q/2aCk a/2.8 (1.22)
kap
Hence
ilg) =) e C hta/2.0Ck—a/2.8 (1.23)
kag

Also since A(r,,) is real valued, in its Fourier transformation A(q) must satisfy

A(q) = A(—q) (1.24)
Hence 5
Ohs,

Hexy = Z Cli+p/2a0k p/2,8 ak A p = Zﬂq A_q (1.25)

kpaf

Next we will calculate the conductance by using Kubo’s formula.

Hij(q7 T) = _é— <TT]zT(qv T)jj(qv 0)> s

: P iwn T . . 2nm
IL;(q, iw,) = /o dre“"11;;(q,T) Fourier transformation; w,, = 5 )
i i
oij(q,v) = ~Mij(q,w) = — lim 11j(g,iwn) (1.26)

where V' is the volume of the system and j; is the ith component of the current operator j.
Hence if we want to obtain the conductivity o;; we must first compute I1,;(q, 7) first. Insert
the following into the expression of II;;

: ohg’
J(q) - Z ok C +q/2aCk q/2,8 (127>

koS

Hence

1 Oho (k) Oh(p)

Hij(an) - _V% 8[6, an <
0h*P (k) Oh™°(p) / 4 f

= _V kz;: ok; 8(]2 <Ck—q/2,ﬁ(T)CP—Q/279> <Ok+Q/2=Oé(T)Cp+q/2,'y> (128)

T Ck q/2, /3( )Ck+q/27a(7')O;T;+q/2,70p—Q/279>




1 Topological Invariant in 241 Dimensions and Dimensional Reduction 6

To make things easier, we can diagonalize the Hamiltonian

e1(k)
Ulh* (k)U,, = (1.29)
em(k)
Define
Vk—q/2.0 = (UDaﬁ Cr-gr28:  Vhraa = Chiqos(Uk)sa (1.30)
Hence
e e (ke a7 — i Oza(k)
- k,a'’k kg — Z Z’Ykﬂga( )’yk:,om ]Z(q7 7—) - ZZVkJrq/Z,a(T) ak ”Yk—q/2,a(7')
k,« k « k « %
(1.31)
Then
Oea(k) Oes(p)
Hz] q,7)= —1; Z ak aq <T7,yli—q/2,,8(7-)’7P*Q/279> <T77k+q/2,a(7)’7;+q/2,7> (132)
Since

q
= Vh-g/205 ("’ - 2) (1.33)
we can see that
Fyk—q/Q,aeiTH = P)/Ii—q/2,a675a(kiq/2) (134)
Hence
¢ <k ) < h-g/20 (T Vo-a/2, B>

9( ) Tea(k—q/2) <7k—q/2,a7k*q/2’a> 5k,q5a,ﬁ
— 9(_7-)€T€a(k*q/2) <r}/k q/2 OCVIZ q/2 a> 5k,q5a,ﬂ

_ eTEa(k?*Q/Q) |: ( < )) 7'):| 5k,q5a,57
q
2

q . LN 1
k- aiw,) = [ dresn (k: , ): Stgde
G( 2a1w> | dre G o, T ion +ea(k—q/2) k,q0a,3
Similarly we can obtain

G’ (k: + g, Q, 7'> = <T77k+q/2,a(r)7;+q/w> — eTaa(k'f‘Q/Q)(;k’qéa”B [9(7) —np (€a <k: + g))} ,

s 1
G/<k a ‘m>—/d ‘“’””G’<k—q )—— S1oab 1.36
Tyl o 1€ S iw— co(k + q/2) 10" (1.36)

(1.35)
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Hence

g .
IL;;(q,ivy) :/0 dr ™"

2 2

k,o akl 8k] m,n 6 B
B .
- _1/0 dr lrmenemr 37 aga(k) agﬂ(?)G (kz — g, a, iwn) G (k: + g, a, iwm)

m,n,o,k 2

1 Oealk) Oz5(p) (_ )( q .. )
= an%k ok, Ok, Gk cayiw, | Gk + = a,i(vy — w,y)

q
2
1 0za(k) 0z4(p) ( g ) / ( . )
- 6‘/ n,a,k akl akj G 2 T G|k + 2 ) & I(V)\ + Wm)
BV Ok i(vn +wn) — ea(k + q/2) iw, — ok — q/2) Ok;

(1.37)

n,a,k

Since we are only interested in the DC response, we should set ¢ — 0 and then let w — 0.
In the following, we set g — 0.

, 1 Oeq (k) 1 Oeq (k) 1
I1;;(aq, = . .
(@) = 5 nza:k Ok i(vx +wn) —ca(k) Ok; iwn — cal(k)
1 Os(k . Oe(k ,
= EG %Tr { ag{;i)GO(k, i(vy + wy)) 85{:]-)G0(k’lw”)} (1.38)
where
e1(k)
e(k) = - (1.39)
em(k)
and 1
iw, —e1(k)
Golk,iw,) = - (1.40)
B
iw, — em(k)
Define a matrix hy = (hg)ap and another matrix D(k,iw,) = Diag(iw, — e1(k),- - ,iw, —

em(k)). According to the diagonalization of the Hamiltonian:
UlheUy = (k) (1.41)

We can see that
Ul (iwy, — hi)Ur, = D(k, iwy,) (1.42)

Hence

Golk, iwn) = [D(k, )] = [Uk(wn — h)Ux] = Uf iwn — b " U (1.43)

—‘1/ Z Oza(k) 925(p) Z le‘i“””G (k: — g, Q, iwn> le‘i“’mTG’ (k + g, a, iwpn,

)
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Define
Gk, iwn) = [iwn — hy] (1.44)

We can see that
Go(k,iwy) = UGk, iwy) Uy (1.45)

Insert the result back to the II;;(q, ivy):

oh oh
ITij(q, ivs) = ZT {U* ok, URURG (B (o + 1) ULUL 2 U UGk wmm}
8hk Ohy,
ZTF{@]{: (k,i(wm +v2))=— o *G(k, 1wm)}
—V S T {Ji(k)G(k, i(wy, + 1)) J; (k)G (K, iwy) } (1.46)
k.n

where J;(k) = Ohy/0k;. Hence by analytic continuation, the DC conductance is

where
Qs ivm) = T () = 519 kz Tr {Ji (k)G (K, i(wm + 1) T (R) G (K, i)} (1.48)

Here we replaced V' by 2 which represents the area of the system in 2+1 Dimensions. Con-
sider a band insulator with M filled bands, the Hall conductivity o,, can also take the

following form.
Oy dk, /dk v 1.49
v h o / fou (1.49)

where

fxy(k?) _ agif) . acgiyk)’ — Z <

acoce

ak> ., i=ux,y (1.50)

We won'’t provide a proof of this, since I found an excellent reference that has already
provided a detailed proof [1]. My labor here would not make a difference. From above we
can define the first Chern number

1
Cr = /dkw/dky fuy(k) € Z (1.51)
The Hall response is then
Ji = o€ B (1.52)
where oy = C;/(27). We can also obtain the charge density from the continuity equation
dp 0B

ot ot
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The charge density is
p(B) —po(B=0)=o0yB (1.54)
Hence o
. 1 pvr
Ju= 504 (1.55)
Consider the effective theory
Cl 2 vT
S = —/d m/thue“ 0,4, (1.56)
AT
We can see that
55 = / d2z / dt 64,670, 4, — 1 / d2z / dt 9, A, 5 A,
AT 4dm
C
- / 42 / dt 54,670, A, (1.57)
2
Hence 59 o
= = 9, A 1.58
1.2 Example: A Two Band Model
Consider the following two band model:
3
h(k) = dao(k)o® + e(k)I (1.59)
a=1
Its eigenvalue can be found by solving
dl + ZdQE — (8 — dg)
(1.59)
Hence
(E—e)y=di+d5+d; =d° (1.61)
The eigenvalues are
Ei=c¢+d (1.62)
where d = />, d?(k). We then define two projection operators
1 R 1 .
P. = 5(11%0“) = 5(1:ta~0) (1.63)
Before moving forward, we introduce some basix facts about pauli matrices:
(@ -3)b-3)=(a-b) +i(@xb)-& (1.64)
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Also

tr(o,) =0
tr(o,0p) = 20,
(a0b) = 20ap (1.65)
tr(o,000c) = 2i€ape
tI'(O'aCTbO'CO'd> - 2(5ab50d - 5a05bd + 5ad6bc)
We can see that
1 5 - A 1 .
1 5 5 - 1 .
PP = 1(1 —2d-0+ (d-d)(d- 7)) = 5(1 —d-d)=P_ (1.66)
1 A A 1 A R
P P, = 1(1 —(d-d)(d-5)=0 P, P_ = Z(l —(d-d)(d-5)=0 (1.60)
It also quite evident that
We can express G(k, iw,) = (iw, — H(k))™! in terms of the above defined projection matrices.
Claim P P
G(k,iw,) = a - 1.68
(esiwn) = 20— F 00 T i = B () (1.68)
Proof Consider the following quantity
, P, P
A= (iw, — Hk
(iton — H (k)) (mn "B i — E_(k))
. - Py P_
= —€e—dd- o 1.
(“"n ¢ U) (an — E, (k) o = E_(k)> (1.69)
(i —e)5(1+d-7) - §(1+d-3) . (iwn, —€)i(1—d- &)+ 4(1—d- )
w, —€—d w, —€+d
1 A 1,
= (1 5) + —(1d - &
2( +d J)+2( d-d)
=1
Hence
Quy (i) = o S tr(L(K)G (K, i(wn + vim))Jy(K)G(K, iwy,))
k.n
1 tr(J, (k) P;(k)J, (k)P (k
_ 1 (Jo (k) Py (k) J, (k) Py (k)) (1.70)

(k) P (K).J, () Py (k)

Q
ivy
Y s % W — E,(k) + Ey(k)

(n4(k) —ns(k))

Where in the last line, we have used the following identity

; 56O (p, ipn) GOk, ipy + i) = 1 Cp) = 1) (1.71)

Z.Wm +€p - Sk
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Then the Hall conductivity is

oy = iy~ Qo+ i) =~ 30 3 AP 1 <) (172)

w=0 st:l:k

Consider the zero termperature case. The above equation can be further simplified to

(m=—§k4&WM$ﬁMM%®P(»—m ()P (101, (K) P, (K)]
- 50 2T { (agl(cli) - 822@0 ) (85 Iz k, )0“> (1+ daaa)}
16;29 ijTr{ aael(cli) + &c’l)?(f) ) dacr®) a(;;({;l; ) ) (2 daaa)}
~ s (G ) (- (G4 5 %a) )
(o) (5 ) 0o (i;;“ ,0))
(B S ) (2454 ) e

(1.73)
From the trace properties of pauli matrices, we can see that the traces of products of 1 or 2
or 4 pauli matrices are real. Hence from above, we learn that the only nonvanishing terms
are the products of three pauli matrices. Hence

1 od, ~ 0d, ad, Ody 4
%ie abc 2 abc d h.c
16d2Q Z { l Ok, 8k Ok, Ok, ] }
o od, Ody, 5 1 (174)
1 . _ab a b 3
- " abc 7d -
1602 2}; <8“ Ok, Ok, cd2>
We should notice that ) )
od, 0d,1 01 _
ok ok d ok (1.75)
However, the second term would be cancled by the antismmetric symbol. Hence
1 od, (k) Ody(k
Opy = — = { ( ) b( )dceabc}
20 Ok, Ok, (1.76)
_ L &k, 0d 0d '
20 4An?T Ok, = Ok,
Hence . .
d*k~ od od
=9 —d- _
=25 | = o o, w7)

1 . ad  od
_M/dkx/dk:yd-%xaky
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1.3 Dimensional Reduction

Consider the following Hamiltonian

o, — 10 o, — 10
n

5 Y enra —|—H.C.:| +mY o, (1.78)
In this model, we endow the y direction with a periodic boundary condition and z direction
with an open boundary condition. Hence k, is still a good quantum number. Define the
partial Fourier transformation as

1 ikyy
Chya(T) = \/TT/ Zy:ca(x, y)e (1.79)

The Hamiltonian can be written as

1 t X i, Oy — 10 : 0, — 10 ,
. i(ky—k z T T i(ky—k! z y —ik!
H=— E [cky’me( Y y)yic%,z% + cky’xe( v y)yick/wze v+ H.C}
Ly, oo ! 2 2
I b y
]_ T . /
i(ky—k
+ I m E cky’ze( v y)yazckfyz
Yo nkyk,
0, — 10y —ik t
———Cp, 2 Y+ He| +m E Chy w0 =Chy

_ f 0z 10g f
- |:Cky,:l? 2 cky,z—‘,—ﬁ: + Ck}y,fc‘ 2

x,ky x,ky

= [cky (az)@cky (x+1)+ H.c.] +> c,ty (z)[sin kyo, + (m + cosky)o.]cy, (x)
kyx kyx

(1.80)
Consider a constant electric field in the y direction. The external gauge field should be

A, =—-Ejt, A, =0 (1.81)
The response of the system is thus the sum of responses of its 1D chains:

o= Ju(ky) (1.82)

Let ¢ evolve from 0 to 27 /(L,E,). The pumped charge is

AQ = / MUY L(ky) = Y AP (k) (1.83)
0 ey ey
where AP (K
To(k,) = de ) (1.84)

Here from ¢t = 0 to t = At = 2n/(L,E,), the change of the charge polarization is (in the
L, — oo limit)

27 21 OP, (k)
)= P,(k,) = ———"Y
L ) (Fy) L, Ok,

Y

APx(ky) = Px(ky - (1'85)
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Hence

OP,(k,)
ok,

For a generic (2 4+ 1)-dimensional Hamiltonian, we can define the corresponding (1 + 1)-
dimensional system by replacing k, by a field parameter 6:

AQ=- | 7k, (1.86)

HlD ch ]{?z,e Ckx (187)
Hence the response function is
de
J.(0) = G(0)— (1.88)
dt
where
G(0) = }E}n wQ(w +1i6;6)
Oh(k,,0 ) Oh(k,; 6 1
Q(iw,; 0 kz%;mt ( T )GlD(k?x,Z(l/m + wp); 0) - %Q)Gw(kx,wm,@)> .7
(1.89)
Likewise the coefficient can be expressed by Berry phase gauge vectors:
dk,, dk, (0Oa,  Oag
= — —_— = C
G(0) 5 Juo (K, 0) 7{ = ( 5 ak) (1.90)
where
/G(e)de —CeZ (1.91)
The expression of G(#) can be further simplified if ay is single valued. In that case
0 dk, __OP(#
G(0) = 20 ( 5 (k$,0)> =25 (1.92)
where
- 7{ dk,a, /27 (1.93)
From the continuity equation we can obtain the charge density
@ _ _8Jm I(‘?P( )do 6P(9) (1.94)
ot ox 00 dt — Oxdt
Hence the density is (disregarding the background charge):
P(0)
= — 1.95
p % (1.95)

We thus obtian the following equation

. OP[0(x,1)]
Ju = _GWT (1.96)
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If the field parameter # has a smooth spatial and temporal dependence, the Hamiltonian is
thus h(k,0) = h(k,0(x,t)), which means now the eigenstates are also spatial and temporal
dependent. We can thus redefine the Berry phase gauge vector and curvature as

. 0
Ay = —ZZ <oz;qA EP a;qA> (1.97)
a A

Fap = 04Ap — 0pAa

where the phase space coordinate is g4 = (¢, z, k). Define the phase current as

) 1
Jh = _ZGABCFBC (1.98)
/I

Consider the following integral
, dk ,, 1
/dkjjj - —/%e" Foy = /dk%e“ (DA, — 3, A)

= —€e"0, (/ dkak) = —e“”gp = ju
T,

(1.99)

1.4 Z, Classification of Particle-hole Symmetric Insulators in (1+1)
dimensions

Consider the tight binding Hamiltonian
H = Z ch b8 s (1.100)

The particle hole transformation is defined as

Cma — CPcl (1.101)
where the transformation matrix satisfies the following properties:

c'C=1=cC*C (1.102)

Hence we can see that C7 = C. Next we consider the transformation on ¢! . Since we
expect that two particle-hole transformations will restore the system,

cho = D¥epg — DYCHC =l (1.103)
Hence
DYPCP = 5 (1.104)
Hence D = C'. Then the Hamiltonian under particle hole transformation is
H = ZC 0 CT aﬁhaﬂoﬂv T
= Zc o(CT)*nol Cvef
1.105
= Z cmnC T hmn O, (1.105)

— S CMh(—k)Ccf, = Zc CTh(k)Cc!
k
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If we require the Hamiltonian to be particle-hole symmetric, the Hamiltonian should satisfy
H=Y cih(k)ey = c 4 CTh(k)Ccl, = 3 e, Ch(—k)Cc} (1.106)
k k k

Set the chemical potential to be zero. In this way h**(k) would vanish at o = 3. The
constraint of the particle-hole symmetry is

H=Yclhk)er = = cigh®(k)ch, = S cu(—=hT(k))ek = " e CTh(=K)Cel,  (1.107)

Hence the particle-hole symmetry constraint is
CTh(=k)C = —hT (k) (1.108)

Consider an interpolation between two particle-hole-symmetric (14 1)-dimensional insulators
hi(k) and he(k). The interpolation should satisfy

h(k,0) = hy(k), h(k, ) = ha(k) (1.109)
h(k,0) = —[C h(—k, 27 — 0)C]"
(1.61)

Hence the interpolation is a (2+ 1)-dimensional particle hole symmetric Hamiltonian. Claim
The Chern number of the interpolation can be well defined as

PO) = § &S i)k 0 alulk B50) (1110)
2T B {H<o
Then for any two interpolations
Clh(k,0)] — ClW (k,0)] = 2n,n € Z (1.111)

Consider an eigenstate |k, 6, ) of the Hamiltonian h(k, 6):
—hT(=k, 27 — 0)C'[k,0,a] = CTh(k)[k,0,a] = E.(k)C'[k, 0, ] (1.112)

Since h(k, ) is a Hamiltonian, it should be Hermitian, which means h" = h. Hence hT = h*.
From this we can see that
h*(—k, 21 — 0)CT[k,0, 0] = —E4(k)CT[k, 0, o] =
h(—k,2m — 0)CT (|k,0,0)" = —E,(k)CT(|k,0,a)* = (1.113)
h(=k,2m — 0)C(|k,0,a)" = —E.(k)C(|k, 0, a)"
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Hence Clk,0;a)* = | — k, 27 — 6; &) is an eigenstate of h(—k,27 — 6) with an eigenvalue
Es(=k,2m —0) = —E,(k,0). Then
21 dk )
P,..(0) = o Z (—i)(k, 0; a|O |k, 0; @)
0 2T g, (k6)<0
TS kb alauk. 0
= — —1q e e
0o 21 <0 Yy kv, Uy
2 dk -\ (% T *)
= 5 > (=)({k6;0lCIOClE,0;0))
0 Eo(k,0)<0
2n dk ) B .
=) 5 Z (—i)[(—k,2m — 0; &|0k| — k,2m — 0; &)
Eo(k,0)<0
g | ) ) (1.114)
=) 5 > (=9)[0k(—k, 21 — 0;&] — k, 27w — 6; &)
Eo(k,0)<0
27 dk ) 3 3
=) o > i[(—k, 21 — 0, &|0k] — k, 2w — 6; &)
Ea (k,0)<0
21 dk ) B B
-5 (=i)[(~k, 27 — 6; 30| — k, 27 — ;)]
9)>O
2 dk ) _ 3
- / (—)[(k, 27 — 0; @9k, 27 — 0;@)] = Panoce (27 — 0)
0)>0

Define a basis of the corresponding eigenvector space {|3)}, which is independent of k and
0. Then ugy(k,0) = (5|k, 0, ) is a unitary matrix.

27
Pocc(e) unocc / dk Z kf 9 a|6k|k: 9 O_/>
27
—/ d’“z (k, 0: alm, B)0y(m, Bk, 6; ) (1.115)

= [ ST (k)
The last line is a winding number and hence has to be an integer. Hence
Poee(0) + Panoce(0) = 0 mod 1 (1.116)
Then
Poce(8) = Panoce(27 = 8) = —Pyee(27 — 0)(mod1) (1.117)
Consequently for 8 = 0 or 0 =

Poec(0) + Poee(2m — 0) = 2P,..(f) = 0 mod 1 (1.118)
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Hence for such 6 values, P,..(6) =0 or 1/2 mod 1. This can already serve as a classification
rule, however, it is not quite rigorous. From above,we can see that

" — 6=0 _
| aPuclt / dgaPm / g — Poce2m —0) _ / d(2r — g)2Lecc2m = 0)
0 0

06 —r d(2r —0)
(1.119)
Hence i o
/ dP(§) = / dP() (1.120)
0 ™
where by P(6) we mean P,..(0) unless stating the otherwise. Then consider two interpolations
h(k,0) and h'(k,0).
N or@) or'(0)
C[h]—C[h]_/O d@( o T (1.121)
Define the following new paths
h(k,0), g € [0, 7]
k,6) = 1.122
91k 6) {h’(k,27r—9), 6 € [m, 27| ( )
oo, 0) = B (k,2mr—6), 6¢€]|0,n]
h(k,0), 6 € [r,27]
Hhen 2 OP(6) " OP 2 )P/ (27 — 6)
Clod = /0 5 =), 2+ [ g
T JP ™ JP'(2m — 0)
= —_— -~ @@ 7 2 _
o 9077 ) omr —0) d(2r = 9)
- | 7)d9 - OL10) 49
: ap(e) : 851’39,(2 0) 2 P(0) (1.123)
e s m — X
Clasl = |, 5 de_/o oo ) o ™
09P' (2T — 2m (‘9P(0
- /7r 3(27r - 9 —0)+ /
2m 8P 2m 8P’
L
We can immediately see that C [gl] = Clga). Also notice that
oP(9) OP'(0 ,
C[gl]—i-C[gg]:/o d@( aé)— (?9( )>:C[h]—0[h]:20[gl] (1.124)
Hence
Clh] — C[W] = 0 mod 2 (1.125)

We can then define the relative Chern parity between two (1 + 1)-dimensional particle-hole
symmetric insulators hy(k) and hy(k) by

Nl (k), ha(k)] = (~ 1)) (1.126)
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Also consider three (1 + 1)-dimensional particle-hole symmetric insulators hy(k), ho(k) and
hs(k). Let hi(k,0) be the interpolation between h;(k) and hs(k). Let ho(k, ) be the inter-
polation between hy(k) and hs(k). We can define an interpolation between hy (k) and hs(k)
by

hy(k,26), 6 € [0,7/2]
~ Jho(k, 20 — ),  O€[n/2,7
ha(k, 0) = hao(k,20 — ), 0 € [r, 3m/2] (1.127)
hi(k,20 —2m), 6 € [31/2,27]
Hence
Clhs] = Clh] + C[ho] (1.128)
Which means
Nilhi(k), ho(k)IN1[ha(k), hs(k)] = Ni[hi(k), hs (k)] (1.129)

We can let the vacuum Hamiltonian ho(k) = hy be a reference. Any h(k) that satisfies
Nilho, h(k)] = —1 is Zy nontrivial and Z, trivial if it satisfies N [ho, h(k)] = 1. Consider the
boundary between a trvial insultor ~y and a nontrivial insulator h;. Define the interpolation
between them as h(k,d). Thus the boundary betweent them can be realized by a domain
wall §(z) with the property 6(z) — 7 as x — oo and 0(x) — 0 as * — —oo. (Such a domain
wall structure will be elaborated later.) Hence from the charge density equation, we can
obtain the total charge localized at the boundary:

Qa = /_OO drp(r) = —/Oo de)P(Q) = —/7r dP(0) = —;/0% dP(0) = —;C[h] (1.130)

—0 ox 0

Since one of the insulator is trivial and the other is not, the Chern number Ch| of their
interpolation must be an odd number. Hence there is a half charge localized at the interface
between a nontrivial insulator and a trivial insulator.

1.5 Z, Classification of (0+ 1)-dimensional Particle-hole Symmetric
Insulators

A (0 + 1)-dimensional particle hole symmetric must satisfy
CThC = —h" (1.131)
Now we define an interpolation between two PHS insulators hy and he by h(€) that satisfies
h(0) = hy, h(m) =hy, C"(0)C = —h(2r —0)" (1.132)

where PHS means particle-hole symmetric. We can let N[h]| decide whether the two insulators
belong to the same class. However, before we can do this, we need to prove that N[h] does
not depend on the interpolation we choosed. In other words, for two legal interpolations
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h(0) and R'(6), we need to prove that N[h]N[h'] =1 = NJh,h']. Consider the interpolation
g(0, @) between the two interpolations with the following property.

9(0,0) = n(6),9(0,0) = 1'(0)
9(0,) = h1, g(m, ) = hy (1.133)
CTg(H, 0)C = —g(2m — 6,2m — <p)T

Hence
Nh, 1] = (=1)°l (1.134)

We should also notice that g(6, ¢) is also an interpolation between ¢(0, ¢) = hy and g(7, ) =
hy. Since hy(¢) = hy and ha(¢) = ho, they are both (14-1)-dimensional vacuum Hamiltonians.
Hence an interpolation of them must satisfy

(- =1 (1.135)

Hence N[h,h'] = N[h|N[h'] = 1. We have thus proved that N|[h] is independent of the choice
of the interpolation between the two (0 + 1)-dimensional PHS insulators.

2 The Second Chern Number and Its Physical Conse-
quences

2.1 Second Chern Number in (4+1)-dimensional nonlinear response

The Hamiltonian of a band insulator coupled to a U(1) gauge field is written as

ma’ "mn

H[A] = Z(cT o eiAm"cng +H.ec)+ Z Agmc! Cma (2.136)

m,n

The effective action of the gauge field can be obtained by

piSenlA] _ / D[dD]c exp {z / dt [%: o (i04) Cma — H [A]]}

= det[(i0, — Agm)02,, — heB edmn]

(2.137)

We can obtain the expression of Seg[A] by expanding the above. The result is shown below.

Cy

Sog =
T oar2

/ dradte ™ A,0,A,0, A (2.138)

where

2 4 —1 ~1 —1 1 1
T por d kdwT oG oG oG 0G oG
s 156 / (2m)5 TG ogh G aq” G oqP G 0q° G oqT
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in which ¢" = (w, k1, ks, k3, k4) and G(¢") = [w + id — h(k;)]"*. Claim The coefficient Cs is
equal to the second Chern number of the non-Abelian Berry’s phase gauge field defined on
the BZ:

1
Cy = 59,2 /d4k€ W[ fij fre)

)

Proof.. Step 1. Cj is topologically invariant with respect to any infinitesimal variations of

G(k,w).

9]
Bk)=—i{ . k|—

5(GO,GY) = 6GO,G™" + GO, (6G™)
= 6G9,G™" — GO, (GGG

2.141
= 5G8MG_1 - G(@MG_l)éGG_l — (8M5G)G_1 - 5G(5MG_1) ( )
= —G(@HG_1)5GG_1 - 3#(5G)G_1

where from the first line to the second line we have used
6G = -GGG (2.142)

which can be easily proven by

5G = 5(GTIGGY) = 6G 7 + GGG + 6GT = 260G + GGG (2.143)
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Consider the following term first

00y =

Since

2
_ T cuwpor
15
2
— 1 ;uzpaT/
15
2
™
4 —_hvpoT
15
2
_ T e |
15
2
™
N _pvpoTt
15
2
— l ,ul/poT/
15
2
— 1 ;uzpaT/
15
2
_ lelwpo"'
15
2
_ T wpor
15
2
_ 1 wvpoT
15
2
_ T cuwpor
15

We can see that

Hence

2

™

15

15

2

15

71-2

2

le,u,z/par /
15

/d‘*kzdw
(2m)?
d*kdw
(2m)?
d*kdw . » . » B
/ 2ny MGG )(GO.GT)(GO,67)(GO,G)(Go-GT)]
d*kdw
(2m)?
d*kdw 1 . . B B
/ s (E20G)D.GTIG) (2,67 C) (2, G G) (0:G7 )
d*kdw
(2m)?
d'hd
(2m)?
/d4k:dw

(2m)?
d*kdw 1 . ) B B
| UG 6 @.67I6)0(0,6716) (0.6 ) (0.6 C)
/d“kdw

(2m)?
/d4kdw

(2m)?

tr[6(G9,G)(Go,G)(GO,G)(G,G™ ) (Go.G™)]

tr[(G,G 1 6GG)(GO,G)(G,G ) (Go,G)(Go,G™Y)]

t[(8,G716G)(8,G1G)(9,G1G)(8,GG)(8,G'G)]

tr[0,(G16G)(8,G7'G)(9,G7'G)(0,G7'G)(0.G7'G)]

0,tr[(G16G) (8,61 G)(9,G7'G)(9,G1G)(0,G~'G))

tr[(G16G)9,(0,G71G)(9,G1G)(0,GG)(0,G'G)]

tr[(G10G) (0,67 G)(0,G71G)0,(0,G7G)(0.G7'G))

tr[(G16G)(0,G71G)(0,G71G)(0,GG)d,(0.G71G))
(2.144)

0=0,(GG™) =9,GG™" +Go,G™! (2.145)

0,G = —-G9,G7'G (2.146)

v | ‘g’j:;(jtr (6166)0,(0,G71G)(0,G716)(0,671G)(0.67'G)]

d*edw
(27)°

tr [(G10G)(0,G719,G)(9,G7' G)(9,G7'G)(2:G'G))

e / f;i‘;ftr (G16G)(0,671G) (9,671 G) (9,67 G)(0,G7'G)(9,G7' )]

d*kdw
(27)°

tr [(G710G)(0,G7'G) (9,67 G)(9,G7' G)(9,G7'G)(9,G7'G)]
(2.147)
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For the same reason

2

o 1 UvpoT d4kdw -1 -1 -1 —1 -1

€ / o & (G716G)(9,G7G),(9,G7'G)(0,G7'G)(9,G7' @)
_ T qwpor [ CRA s 0 610V (0,6-1G) (0,61 G 0.6 OV (0.G-'C
=5 [ oy T LGT000.67 G)@.67 60,67 G 0,67 0) 067 )
T oo / Phdeo, [(G16G)(0,G71G) (9,67 G)0,(0,G'G)(0.G7' )]

15 (2m)5 Y P e !

2 d*kdw _ _ _ _ _ _
=~ / o (G16G)(0,G7'G)(9,G7'G)(9,G7'G)(0,G7'G)(9,G7' )]
T cpor / Phdo (G16G)(0,G7'G)(9,G7'G)(9,G ' G),(0-G7'C)]

15 (2m)5 Y P 7 T
2 d*kdw _ _ _ _ _ _
= T / G (G713G)(9,G7'G)(9,G7'G)(9,G7'G)(9,G'G)(8,G™'G)]
(2.148)
Hence
2 4

_ 1 HvpoT d kdw -1 -1 -1 -1 -1 —

6Cy = e / oy 0utr [(G10G) (0,671 G) (9,67 G)(0,G71G)(0.G7'G)] = 0

(2.149)
Step 2. Deform the Hamiltonian to a simpler form and calculate the C5 number. Diagonalize
the Hamiltonian:

h(k) = U(k)D(k)U' (k) (2.150)

where U(k) = (|1,k),|2,k),...,|N,k)) is a unitary matrix and D(k) a diagonal matrix:
D(k) = diag[ei(k),...,en(k)]. Consider a band insulator with M filled bands. By setting
the chemical potential to an appropriate value, we can rearrange the eigenvalues as

e1(k) < - <ey(k) <0<epyq(k) < <en(k) (2.151)

We can deform them without level crossing by

k)(1— 1<a< M
Bulk,t) = { S =t +ect, 1<as (2.152)
cak)(1—t)+ept, M <a<N
where 0 <t <1, e¢ <0 < €g, and Dy(k,t) = diag[Ey(k,t), Ea(k,t),..., Ex(k,t)]. Hence
ealyvxm
Do(k, 0) = D(k), Do(k, 1) = E:EINfMXNfM (2153)
epIN_MxN-M
Hence at t =1
M N
h(k, 1) = Eqg Z a, k><Oé, k + 19y 5) Z B, k><ﬁ, k = 60P0(k> + €EPE(k) (2154)

a=1 B=M+1
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where .
Pe =Y o, k){a K| (2.155)
a=1
N
B=M+1
are projection operators, i.e. they satisfy the following properties
P% = PPz = Py Pg+ Pp = 1PgPg = PgPg =0 (2.156)
Prop
0P 01— Pg) _8PE
ok, Oki Ok
0Pz O0PgP; O0Pg 0Pg 0P
P, = — Pqg=— Pq = P,
aPG aPE aPG’
- _ — 2.157
e T T TR (2.157)
)e 0Fg
P Pr = PoPr =
R T
0P 0FPg
Pq ok, Pq = ok, PrPs=0

According to step 1, we can directly replace the original Hamiltonian by h(k,1) in the
calculation of Cy. Since G~! = w + 0 — e Py — egPg, we can see that

0G 1 (k,w)
— =1 2.15
N (2.158)
8G_1(k,w) — . 8PG(k) . 8PE(k) . (5 . )8PG(k)
ok, 9 Ok E ok, P Y g
Claim (k) Po(k)
G E
= 2.159
Gk, w) w+i5—5g+w+i5—6E (2.159)
Proof..
- Pa(k) Pp(k) , Pe(k) Pp(k)
L e E _ _ _
Gk w) <w+i(5—5g +w+i5—5E = (Wi —ecle —epPr) w410 — eg +w—i—i(5—eE
_wpg—l-ifspg—égpé wPE—i-Z'(;PE—é‘EP]%
N w410 — &g w410 —epg
=P+ Prp=1
(2.160)
For the same reason,
Pea(k) Pg(k) -
= 2.161
<w—|—i5—50+w—|—z’5—5E G (kw) =1 (2.161)
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Hence we have proved that

Pa(k) Pr(k)
- + -
w410 —eqg w+id—cg

Gk,w) =

(2.162)

We have all the things we need to calculate Cs now.
2 4 -1 1 1 1
T por d*kdw oG oG—! oG~ oG~ oG~
=5 / erp " |\Fae )\ ) \“aw ) \“ o ) \“ o
2 4
T ovpor d*kdw 8G 8 oG
15° / Gy (@) aqp = )\ o
2 4 1 1 1
T oper [ dRdw G oG~
oo [ T Ty 8q“ (@) )%
2 4 1 1 1
T weoer (A kdw oG~ oG~
e / o | (65, e 8q” @ (¢Z—) (¢ o

dq
oG~
15 (2m)> Jq
oG~
q

G

4 -
— 16/”4’17'/ d k:dwTr

oG oG
15 (2m)5 | ¢ (9q“ ) (G 0q” ) oq™
2 4 1 1
T o1 [ A kdw oG 3G oG~
15 / (2m)> Ir G Og+ q’ G 8qp ¢ 0q° G)
T 4 k:dw 2(3G b oGt (9G 1 -
3¢ / 2o Y o Y on, © ok © ak;l

P 8PGP BPGP OPg 0Pg 4

_ ewkl/dkdw Z Tr{”ak M9k " S Dky, PtakZMﬁ?E—&G)
3 27m)° mitar (W0 —n)?(w+i0 — &) (w +1i0 — &) (w +i0 — &)

@ e TP R Y] Te[merer )
_36 /(27r) { (w+1id — eg)? (w~|—z5—5E) (w+ 10 — eg)? (w—H(S—eE) }(€E q)

OP;  OP;  0Ps  OP: OP; 9P 0Py . 0P
4
167r2/d { [ S T Y PEa@%Tr[PEak PG@k]PEﬁkkPGﬁkg]}

’ 0P _ 0Pz 0P _ OP, 0P OPg . OPg OP
— ijkl 4 G G G G G G G G
167r2€ /dk{ b [81@ Y25k, 8kkPE8k‘g1 +TT[PE61@- ok, oy am”
(2.163)

Hence
1 0P OP; ., 0P OP, OPg OP; 9P 0P,
= M [ @ T | Py S O P S T | Py Py
Ca=ggm™ | { rl DOk, Oky Tk ok | T | T Ok ok, | "0k, Ok,

1 0P OPg . OPg OP
= ijkl d4k,’T P G GP G G
82" / r[ " Ok; ok; " Oky, Ok

(2.164)
We should notice that

(. k|B, k) = dap (2.165)
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Hence
1 .. 0Pz 0Pz 0Pz OP
= igkt 4 G G G G
©2=gm /dkTr[a@PEak ok, ok ]
’ OP; 0Pz 9Pz . 9P
[ ¥ 1,74 4 G G G
w2 /dkTr[akiPEak:j 8kkPE8kl]
1 .. M dle, k|~ 9|8, k) a(7. k| _ 9)0,k)
— = ijkt 4 ) ) ) ’
o RT3 ek S S 6k S S
L & e k|, 918, k) 0(8. k|, 9l6.%)
I % 1,74 4 ’ ) ) )
i R I e LR e 7
; ok o, k|, 918,%) 0(3.k| ,, 9]0,k)
— = ikt 4 ) 9 ) P
8r2° /d a§1<97k|a7k> Ok T E ok, ok LT om
[ M
_ 126ijkl/d4 d(a K| an’k) a<67k|P d|a, k)
8 |0, 8=1 81{:1 81{:] 8kzk le

(2.166)

Step 3. Calculate the second Chern number of the non-Abelian Berry’s phase gauge field in

the BZ and compare the result to C5. The gauge field is defined as

a?ﬁ(k):—i<a,k‘aakz > (2.167)
The gauge curvature is
fgﬁ = @a?ﬁ — ajaio‘ﬁ + i[ai, aj]o"B
_.0{a, k[ 9|8, k) 0 e k[ 05. k) 2
= ok oy leKg gy PR i e Tl kg 18 k)
Oék| 3|57 k) 9okl I 918, k)
. k) (7, k
Z\ “or, T on ;:1!% A
. <a,k|a|@, K) 9o,k 915K
ok, Ok; ok; Ok
Oékl 918,k) o k| & 9|8, k)
( I D S e
- k. a5, k) ook, 918K
_ @< on T on on oo ) (2.168)

Consider the following term

e k|

018, k) Ok,
Py _

9|8, k)
E

e [t ;(

3272 ok; ok; ok,

)

Ok;
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) <a<@,k|PEa|a,k> . a<5,k|PEa|a,k>>

Ok Ok, Ok, Ok,
1 Ola. k|, 918,k) 93, k| , Ola k)
_ Ak zyk’Z P = . 2.1
87r2/ le ok, "E ok, oky 1T ok, “ (2.169)

Here we have proved the claim. Next we will compute the nonlinear response to the U(1)
gauge field.

0Sefs = Y /d%dts“”p”(é/l 0,A,0,A; + A,0,(6A,)0,A; + A,0,A,0,(0A;))
d'xdte™ "5 A, 0, A,0,A, /d4 dte™P’T6A,0,A,0, A~
247r2/ ‘ OO = G ‘ elbale (2.170)
4 nvpoT A A A
247T2/dxdte 5A-0,A,0,
/ A zdte™ 7§ A,0,A,0, A,
T 82
Hence 59 o
e eff __ 2 ,u,upaT
SA, =3af 0,A,0,A; (2.171)
For instance consider the following configuration
A, =0,A, = B,x, A, =—-FEtA,=A,=0 (2.172)

Then if we want the current to be nonzero, (p,7) has to be (y,z) (or (z,y)); accordingly
(v,0) has to be (z,t) (or (t,2)). Hence the only nonzero current term is

. 02 yt 02 t C12
v "V (—B.F, " (—-B.F, ——=B.F, 2.173
J = e (B (B = — (2173)
If we adopt the Lorentzian metric, then
Cy
., = ——B.F, 2.174
Hence C ON
. 2 _ 24Vzy
/dxdyjy =1z (/ dxdsz> E. = . E. (2.175)

where N,, = [dxdyB,/(2n) is the quantized magnetic-field flux through the zy plane.
Hence in the zw plane the Hall conductance is given by CyN,, /(27).

2.2 An Example: Lattice Dirac Model

Consider a tight binding version of the continuum Dirac model.

H = Z [@/}T ( _sz> Vyii +H.c.] +m > i, (2.176)
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where {T'* T} = 25" 1. Here we let
FO _ 70]?172,3 — 7071,2,3 F4 — _Z'/YO,Y5 (2177)

so that (I'*)" = I'*. Next we will obtain the frequency representation of the Hamiltonian by
Fourier transforming ! and 2.

1 , [0 — 4T -
e B e (T e e
k.q

n,0

1 ) .
+ Nm Z Z ezk~rne—zq~rn w;glﬂqu
n kq

0 — 4T

2> [e“"“w,t (2 ) i+ H.c.] +m 3 v
ik k

Z w,i [Z sin k; T + <m + CZ cos k:2> FO} Wy,
k i i

(2.178)
where we have used the fact that |r;| = 1. Also we can make the Hamiltonian more compact
by setting

d. (k) = Km +c Z cos k1> ,sin k;, sin k,, sin k,, sin k,, (2.179)
Then
H =" glda (k)T (2.180)
&
where
h(k) = d,(k)I'* (2.181)

is the single particle Hamiltonian. Before moving onto other calculations, we shall now pause
for a while to take a closer look at some properties I'* possesses. Define

e — [rc;,irb] (2.182)
We can immediately obtain the following properties
[0, T = 2i(0el® — 8%
{00 = capeal™ (2.183)

[Fab7 ch] — —22’(51,01““1 . 5bdrac . 5acrbd + 6adeC)
{Fab’ FCd} = 2€abcder6 + 25a05bd - 2(Sadébc

With the above relations we can simplify a product of I'* matrices. Consider the trace of
I#:

Tr(TY%) = Tr(7") =0 (2.184)
Since

Tr(v%y") = 0(i = 1,2,3,5) (2.185)
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we can see that

Tr(T*) =0 (2.186)
Also . )
Tr(TT?) = —Tr(TT°) = —Tr(264) = 40a
2 2 (2.187)
Tr(I'") = i[Tr(F“Fb) — Tr(I°T*)] =0
i
Next we will try to compute the traces of several products of ['* matrices.
Tr (TTPTTT?) = Tr ((iT + 8ap) DT + Gge
( ) (( BT d )) (2.188)
= Tr(8ap041°¢) + Tr(iT*T640) + Tr(i64TT%) + Tr(—T°T%T°)
Notice that —I'®T¢ and T'®T"® only have linear terms of the matrices, hence
Tr(T*T¢) = 0 (2.189)
For the same reason
Tr(T*T%) =0 (2.190)

Hence
Tr (TTTTT) = Tr(=T*T'TT) = —€apae Tr(1T°) = —A€apiesOpe = —A€abeac  (2.191)
For similar reasons

Tr(DTTTTTY) = Tr((iT% + Gap) (iT° + 8ea) (iT + Gf))

2.192
= Tr(—il’TT) = 0 ( )

Te(TTPTTTTYT) = Tr (0 + 00p) (i0! + 60a) (T + 6)T?)
= Tr (—il"TT/T?) — Tr (TT*/T96,,) — Tr (T*T“T%6, ;) — Tr (T T6.)

= _45abecdefg - 4(Scd€abefg - 45@f €abedg — 45bc€adefg - 4é‘adebcefg

+ 45ac€bdefg + 46bd€acefg

(2.193)
Tr(TT'TTT T/ TT") = Ta[(i0 + 605) (0! + 60a) (iIT + 0¢p) (i7" + Gy) | (2.194)
= Tr(D*TT/T9") = 0. |

Now that we have all the things we need, we will calculate the C5 number in this system.
Claim In this system

3 abcde 7 7 7 7
=5 / ke d,9,d,0,d.0,ds00d, (2.195)
where 1k
do(k) = o(k) (2.196)
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proof Step 1. Obtain the Green’s function. Notice that

xR Wt - ( Jdy(R)TT _ w? — 3da(k)dy(K)2dab
( h(k)) [wZ—da(/{)da(k)] [ (]{ da( >] [ da( )da(k)]
Hence
w+ d* (k)

G(k,w) = w2 — da(k)d, (k)]

Step 2. Insert the Green function directly into Cy

G o) () (60 5
() 5 () (45
i (o) (05 ) o (%) (5 )
_ 71T;Ez‘jk0l d‘;lj:éw ((G%};j) <G83G1;> (GaaGk:> . (Ga;;))
e (5 (45 (05 (<5 )
e ) ) () ()

_ %Ez]kl / 0(52/:;0)0( 1|d| 7 Tr[(w + dp ™) (w + d, L) (8,d°T) (w + d,IP)(

x (w + d,T7)(0pd°T*) (w + d,T") (0,d"T™)]
o / d*Feduw 0;d°0;d10),d* Oy

- Gy (= T T+ T

3
X (w + d,TP)9(w + d,T")I* (w + d, )]

1 (2.197)

(2.198)

(2.199)

Now we need to valuate the trace term. From what we have proved, the only nonzero
contributions are form products of 5, 7 and 9 matrices. Hence the contribution from the

products of 5 matrices:

Ty = [Tr(d,, I™T°Tr*r") 4+ Tr(d,, '™ rerIrsr) + Tre(d,,°rmrasT)
+Tr(d,,L°TIT™T°T") + Tr(d,, LTI T™T)]
= —4emoqsudmw4

Likewise

T = 8emoqsudmw2d2
Ty = _4€moqsudmd4

(2.200)

(2.201)

(2.1)
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Honestly, I have not evaluated 7% and Ty. I chose to trust the author. Hence

i d*kdw  A€pgsy  d'0;d°0;d10,d* Oyd"
Cy = 7@%[/ = 3 - —

3 (2m)° (w? —[d?)>  (w? —|d]?)
— 13 g / d*k Aetogsy d'0;d°0;d"0d°Oyd" 3 X 4
= 3 €ijkl (27?)4 (2‘0”)5 (2’(1’)5 o
o / Ak d'0;d°8;d9Od*Byd"
= €ijkl (271')4 |d|5

1
/ A kerogend 0,0, d10,d° 0, d"

(2.202)

3

~ 82

where in the last line, we noticed that the permutation of {i, j, k, 1} results in the same sign
change of ijkl and togsu. Next, we will evaluate the C, number by using the above equation.
Since C} is a topologically invariant number and hence does not change when the Hamiltonian
remains to be gapped, we only have to examine the change of C5 near criticalities where the
Hamiltonian becomes gapless. Let ¢ remain fixed and m tunable. Then Cy = Cy(m). Hence
we should calculate the eigenvalue of the single particle Hamiltonian first:

S —sink, isink, — sink, m+cY; cosk; —isinky, 0 \
—sink, —isink, S +sink, 0 m—+c),; cosk; —isink,
m+cy;cosk; + 1s8ink,, 0 S +sink, sin k, — isin k,
0 m+c);cosk; + 1sink,, sink, +isink, S —sink, )
(2.203)

Using Mathematica, we find that the eigenvalues are Ey (k) = +4/>, d2(k). Now, we should
find out the criticalities by solving

> d2(k,m) =0 (2.204)

Hence, all sin(k;) terms are zero while m + ¢ ;cos(k;) = 0. Case 1. All k; = 0. Then
m = —4c. Case 2. Only one k; = 7, others are zero. Then m = —2¢. Case 3. Two k; = m,
others are zero. Then m = 0. Case 4. Three k; = m, the other is zero. Then m = 2c.
Case 5, All k; = m. Then m = 4c. If m — +oo (or m — —00), d — (1,0,0,0,0) (or
d — (—1,0,0,0,0)). At this time, Cy(m) = 0. Consider for example the jump of Cy at
m = —4c. Define ém = m + 4c and a cutoff frequency A > 27. Then

c 3

2:7
72

( [ e cm) e .0, d.0.dadud, (2.20%)
k|<A k|>A

=V (6m, A) + CP (5m, )
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Since at |k| > A there is no level crossing. Hence the jump of the second term above is zero.
Consider the first term instead. At that limit d,(k) — (0m, ky, ky, k., k). Hence

3 om 3 om
WV (5m. A) ~ —/ d*k = / dk——— x (27%K3
2 0m ) > 23 fgen (0m? + k2)5/2 8% J<a  (dm? + k2)5/2 < BTk

3 Sm 326m (2(5m2 + 3\/K>
=3 kdk ez = g 5z T
8 Jik<a  (0m? + k) 8 3 ((5m2 I \/K)

320m (20m* +3VAR) 1
S (o)t 2

om?

1
2 (9m2)3/2

(2.206)
where we have used the fact that the area of a 4-sphere of radius R is 272R3. Then

sC (6m, A)om0" =1 (2.207)

Hence when —4c < m < —2¢, Cy = 1. At other criticalities, the situation is basically the
same. The only noteworthy thing is that at k; = 7, d;d; = —1. At m = —2c, there are four
critical points P[m,0,0,0]. Hence the jump is 6Co(m : —2¢—0 — —2¢+0) = —4. At m =0,
there are six critical points P[mr, 7, 0,0]. Hence the jump is §Co(m : —0 — +0) = +6. At
m = 2c¢, there are four critical points P[mr, 7,7, 0]. Hence the jump is §Co(m : 2¢ — 0 —
2¢ +0) = —4. At m = 4e, there is one critical point P[m, 7, m, 7]. Hence the jump is
dCy(m : 4c — 0 — 4c+0) = +1. In conclusion

0, m < —4c or m > 4c

1, —4c<m < —2c

Cy(m) =4¢-3, —2c<m<0 (2.208)
3, 0<m<2c

-1, 2c<m<4ec

According to the aforementioned frequency representation of the Hamiltonian, if we replace
the periodic boundary condition along w-axis with open boundary condition, then we can
obtain the following Hamiltonian:

CFO — 1P4 . i
H = Z lfzp]%(w) <2> Yp(w+1) + H.c.] —|—Z w’%(w) lsm kI + <m + CZCOS k:z> FO] Yr(w)
kaw kaw ?
(2.209)
where 1 = 1,2, 3. Still, we will focus on the single particle Hamiltonian.
hl} = [sin le’L + (m + CZ COS kl> F0‘| (2210)
We will obtain its eigenvalue by setting the determinant of the following matrix to zero.
S — sin(kz) isin(ky) —sin(kx) m 4+ ¢ X, cos(k;)
—sin(kx) — i sin(ky) S + sin(kz) m + ¢, cos(k;) (2.211)
m + ¢ cos(k;) 0 sin(kx) — isin(ky) '

0 m+ ¢y, cos(k;) S — sin(kz)



2 The Second Chern Number and Its Physical Consequences 32

Using mathematica we find that the eigenvalue is

) = &[S d(F) (2212)

di(k) = (m+ ¢ cosk;,sink,,sink,,sin k) (2.213)

where

Here consider the gapless states:

(m+c¢) cosk;)? =sin*k, =sin*k, = sin*k, =0 (2.214)

Case 1. All k;, = 0. Then m = —3c and Cy = 1. There is only one gapless branch at
k = (0,0,0).

Case 2. Only one k; = 7, while the others are zero. Then m = —c and C5 = —3. There
are three gapless branches at k = P((7,0,0)].

Case 3. Two k; = m, while the other is zero. Then m = ¢ and Cy; = 3. There are three
gapless branches at k = P[(x, 7, 0)].

Case 4. All three k; = w. Then m = 3¢ and C5 = —1. There is only one gapless branch
at k = (m,m,m). We can then focus on the vicinity of the gapless states and obtain a low
energy effective theory. Since m + ¢ >, cosk; = 0 at the gapless points, the single particle
Hamiltonian becomes

hp =sink,I" = —d-a 0 . (2.215)
0 d-o
Also, near the gapless points, sin k; — 0k;, where dk; = k; when k; = 0 at the gapless point
and 0k; = —(k; — ) when k; = 7 at the gapless point. Hence the Hamiltonian becomes
k-3 0
B — . 2.216
b ( 0 ok - 5) ( )

Due to the symmetry the Hamiltonian possesses we can describe the gapless states by only
he = 0k - & = sgn(Cy)p - &, where sgn(C;) = 1 when k; = 0 at the gapless point, and

sgn(C;) = —1 otherwise. Hence the low energy effective theory is
d3p |Co| :
H— / G ngn V()G - Bi(p) (2.217)

Consider for example a system at —4c < m < —2¢. Consider the following gauge configura-
tion.

A, =0,A, = Bz, A =Bt A, =4 =0 (2.218)
Then as we have shown the single particle Hamiltonian near the gapless point is

h=vd (F+ A) = voup, + voy(py + B.x) +vo,(p, — E.) (2.219)
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For now we let Az remian fixed. We will try to derive the eigenvalues of this system.

—i0, + A, —10, — 0y —iB,x B

According to the form of the Hamiltonian we can set ¥(z,y, z) = ePvYe=*¥(x). Hence

p.+ A, o o B
(—ipx—i-ipy—i-iBzx ipy — ipy — 1B x — P, AZ> U(z) = EV(x) (2.221)

Since

[—i0, + ip, + i By, —i0, — ip, — iByx] = —B, (2.222)
If B, < 0, we can let a = (2|B,|)"Y%(—i0, + ip, + iB.z) and af = (2|B.|)"Y?(-id, —
ip, — iB,x). Then [a,al] = 1. We can also define the number operator N = a'a. Let
U(z) = (v,0)T. Then

pz+A. a'l'

VRIB [ VIR (g)zE(g) (2.223)

Hence A ;
Pz z 0 E
VQ'BZ?LS _ (\/leﬂ) (2.224)
ay + =t 2| B.|0
E—p.—A,
a\ _ | e !
a,y - E+pz+Az9
V/2|B:|
Hence B A
day = == (2.229)
Hence v = |n). We can then see that
Epe =% (pe + A)? +20B,n=1,2,... (2.226)
If n =0, then
Ey=—(p. + A;) = sgu(B.)(p: + A2) (2.227)

If B > 0, we can repeat the same process to obtain the same result as above. All F, . are
gapped while Ey(p,) is not. Hence if we adiabatically set p, — p, + 27/L. by using the
afore mentioned field configuration, then one more band can be occupied by electrons. Since
for each Landau level the degeneracy is N,, = L,L,B./(2r). The number of the surface
increases by N,. Hence there must be a current along the w axis

Ny, N,  L,L,L.B.E.

L, = = =
T (2w/L,)/E, 472

(2.228)
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Hence B.E
o = Gz = gga” PP (2220
where in this system the only non-vanishing terms are F,, = B, and F,; = —FE,. More
generally, since there are C; branches of such gapless systems
E-B (G
w = Co———— e"E L Fyr 2.230
J 24r2 T 3002 g (2.:230)

3 Dimensional Reduction to (3 + 1)-Dimensional TRI
Insulators

3.1 Effective Action of (3 + 1)-Dimensional Insulators
The Hamiltonian in (4 + 1) dimensions is

H[A] =3} [wl (J;P) efnntiny i + H.c.] +mS iy, (3.231)

n,i

Let the gauge field be translationally invariant along the w direction, i.e.

An,n—i—i = An+1i),n+1b+i (3232)

Hence under the periodic boundary condition, k,, is a good quantum number.

H[A] _ Z [wi (CFO ; ZFS> eiA"’nJréwn—l-é? + HC‘| + meILFO¢n

n,s

+X [w* ( i ) eifinnting, Lo 4 H.c.]

1 ik 0 — 4l ; ik w
- N Z [%Takw@ o <2> et An.n+s otk Yivap + H.c.]
n kw kL,
+ Nm Z wx € zkww+ik{UwF0wﬁk;ﬂ (3233)
1,k 1,
1 t —ikww+ikl (w+1) =T\
TN Z Vgp,€ 00 —— | etz + Hee.
N o L 2
I A
Z [@Z}x kew <2> emz’”s@bﬂg,kw + H.C.‘|
kw,Z,s
+ 2 vl o 1510 (R + Az)T* + [m + ccos(ky + Azg) T}z 5,
kw,%,s

where s = 1,2,3 and Ay = Az z+w. We can only pick one k, term and obtain a three
dimensional Hamiltonian with an additional parameter.

[0 —4rs\ |
H;plA, 0] = [wl <021> etz stsahz 4 H.c.] + Zzﬁ%[sin 0z1* + (m + ccos 0z) 1)z
’ ’ (3.234)
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where 0; = k,, + A,, is the field parameter. Likewise the effective action can be defined as

exp?Sspl40] — / D[] D[] exp {z / dt [Z Vp(i0r — Ago)thz — H[A, 9]] }

The (3 4 1)-dimensional action is thus

G5(6o)
47

Ssp = / dPadte ™ A,0,500, A,

The factor can be directly obtained from Cs:

Hence it must satisfies

/d@oGg(eo) - CQ € Z
Likewise it can also be represented by Berry curvature

1 Iy 1 ij
3271'2 /dgk’e 7k4Tr[fl-jfk9] X 4 = @ /d?’k’e ]kTI‘[fkgfij]

1 ij 1 i
= gz | PRI D fof) = —g 5 [ R TS

G(6y) =

We then introduce the non-Abelian Chern—Simons term

encl) o

1
A ABCD
K& = 167r2€ Tr

(50 -

(3.235)

(3.236)

(3.237)

(3.238)

(3.239)

(3.240)
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Then

1 1
aAICA = aAﬁﬁABCDTI’ <fBC — g[aB, CLC]) . CLD:|
1

7
- 8A7167T2 eABCD H gg ~3 (a?a}ﬁ — agVaVBﬁ) a%o‘}
1

21
= e8P S (Oaa 0l + i oaa - daaal — o 0aal) ol ||

1
n ABCD {

1672 ¢

1 2 o . ) .
=6 ABCD [3 (CLA’YCL%’B — aB"Yalﬁ) 8ca%} T CADB

i
- ABCD {38Aa?agﬁa’%a - 8AaVBBa%aagy] +

21
8Ba%ﬁ — 80&%/8 + 3 (a?a?f — a%”a}f)} aAa%O‘}

1
3 (a?a}’f —a%a)f ) 8CaﬁDa}

62 “ABD {(8,4@%’8 - 8Baiﬁ> acaf;l}
1

1672

- 3217T26ABCD [(@m%ﬁ _ 63@35) (8ca%a — Opadl® + ilac, aD]ﬁa)}

n 3217T2€ABCD MQA’ aB]O‘B (8(;@%“ — 8Dag‘a)}

1
= 3972 EABCDTT[fABfCD]

1672
_|_

21
ABCD {3 O a? azﬁ a%o‘ — O aWBB a%a agv]

(3.241)
where in the last line we have used the fact that

eBOP Tr[a apacap) = 0 (3.242)

Hence
OPs3(00)

06,

Since we can choose an appropriate gauge such that K; (i = 1,2,3) is single valued, the
above equation can be simplified as

= (5(00) = / B KA (3.243)

OP3(6) _ I P
Sa - = Calt) = / Bk (3.244)
Hence 1 ,
0 9” 3 =
Pg(eo) = /d?’le = 1672 /d3k€ Ty |:(fz_7 — 3[611', (lj]) . CLk:| (3240)

Since under gauge invariance, the three dimensional integration of Chern Simons terms is
invariant modulo an integer, consider the following gauge tranformation:

a; — u ta;u — iu o (3.246)
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A= /d%eeijkTr[(@ia; — 0;a;)ay)
= /d%eeijkTr[(Q@a;)a;c]
= /d?’keeijkTr[&-(u’laju —iu" ' 0u) (u  apu — v Ogu)]
= /d?’keeijkTrZ[@iu_laju +u" ' Oau + u_laj@-u — i(’?l-u_laju](u_laku — du” )

= /dgkeeijkTrQ[Qﬁiu_lajaku — 2i0udu g + (u” ' Opu) (ut0ju) (u pu) + O;a;ay)
(3.247)

B - /d3k‘€ wkgTr al’aj ak :/d?)ke@ijk%Tr[a;a;a;J :j

(3.248)
+ / dSkeeij’“%Tr[—iuflaiajaku — i@iuuflajak — iu’lakaiaju] + /d?’keeij’“%Tr[—u’laiajuu’lﬁku — u’la]@k
(3.1)
Hence ] ]
APy = A B — P
TR TR ’
37 Ok 1 19 0 (1~ 3.249
167r2/d ke’ 3Tr[( o) (u0;u) (u™ k)] ( )
= L ke T 00) (o o) o D)
We can also simplify S;p by inserting G = 0P5/00:
Ssp = —G3 (o) / Padte 9,50 4,9, A,
G3 90 / Brdte™ ™ A,0,500, A,
- / dPadte™o™ A, (9P;)90)0,500, A, (3.250)
m
1
- / dPadte™™ 4,0, P, A,
m
1
- / Padte™™ Py0, A0, A,
m
3.2 Physical Consequences of the Effective Action S;3p
The response function is
_ %5 (3.251)

=
5A,
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Since
1 1
5550 = [ dadter T Py0,6A,0,A, + ye [ e P9, 4,0,604,
1 1
- —— / A adte” 64,0, Psds Ar — / Padte™ 5 A, 0, Py, A, (3.252)
T s

1
- = / Prdte™ 5 A0, Psdy A,

we can see that )
gH = 2—6“”‘”&,P380AT (3.253)
T

3.2.1 Hall Effect Induced by Spatial Gradient of P;

Consider a system in which P; depends only on z. Hence

_0.py

i e"Po,A,, v, p=t .y (3.254)
T

jH

Consider a uniform electric field E, in the x direction. Then

0, P: 0, P:
7Y = %3 (BpAy — 0 Ag) = T;)E (3.255)
Integrate this result in a finite range of z
22 0 P3 1 22
7= [ dZEI:(/ dP)Ex 3.256
Y 21 ‘ 2 2 21 3 ( )
The net Hall conductance in the region z; < z < 25 is
o2 — / " dPy/2n (3.257)

3.2.2 TME induced by the temporal gradient of P;

Consider a system in which P; = Ps(t) is spatially uniform but time dependent. Then

) O, Pa ..
jz _ _ ; 3€zjk8jAk7 i,j, k= T,Y,2 (3258)
T
Hence 8,P
j: 3B (3.259)

27

Let 0 adiabatically evolve from 0 to 2. The charge pumped along the z direction is (assume
that the magnetic field is along the z direction and is constant.)

L1 gen B.L,L
AQ = /dt/dxdyj =5 | dPB.LL, = =G (3.260)
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Likewise we can define the charge polarization as

j=0.pP (3.261)
In a static uniform 5 field 9P
OP=—-""3p 3.262
t 21 ( )
Hence .
_ B
P= —2—(P3 + const) (3.263)
T

From the above equation, we learned that the charge polarization is induced by a magnetic
field. This phenomenon is called the magnetoelectric effect. Similar to what we have done
before, we can replace the periodic boundary condition along the z direction by the open
boundary condition and calculate the Landau levels. When —4c < m < —2¢, let 8 evolve
from 0 to 2w. There are N degenerate states on the bottom surface fall below the Fermi
energy and accordingly N degenerate states rise above the Fermi energy on the top surface.

Hence
B.L,L,

AQ =—-NCy = 5 Cy (3.264)
T
From above we can also see that
V.-j=—"V.B (3.265)
21

Hence, in the presence of magnetic monopoles, p,, = V - B /(27).
atpe = (atpl%)pm (3266)
Let Pj3 evolve from 0 to ©/(27), the monopole will acquire a charge of Q. = 0Q,,/(27).

3.3 Z, Topological Classification of Time-Reversal Invariant Insu-
lators

The time-reversal invariance requires that
T h(—k)T = KT (k) (3.267)
where the time-reversal matrices satisfy

T'T =1T"T =1 (3.268)

For two TRI band insulators, one with the Hamiltonian h;(k), the other with hs(k), define
the interpolation function such that

(k) (3.269)
0

(3.2)
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where h(k, #) remains gapped for any 6 € [0, 2x].

Claim: for any two such interpolations,
Cylh(k,0)] — Coh' (k,0)] =0 (mod 2).

Proof Similarly define two new interpolations

1k, 0), g € [0, ]
91(k,6) = {h’(k,?ﬂ —0), 0¢€n,2n] (3.270)

c Q)Z{h’(k,%r—e), 0 € [0,7]

h(k,0), 0 € [m,2n]
Then
Co[h] = Co[] = Ca[g1] + Co[go] (3.271)
From the definition and the TRI constraint
Tig\(—k,—0)T = gh(k,0) <> gy(—F, —0)T" = T'g(k,0) (3.272)

consider an eigenstate |k, 6; a); of g1(k, ) with eigenvalue E,(k,6).
95 (=k, =O)T"|k,0; 001 = T g1 (k, O)|F, 6; )

- . (3.273)
= Ea<k7 Q)T”kv 07 Oé>1
Since g5 is in fact a Hamiltonian, gg = go. Then we can see that g¢ = g5. Hence
=k, —OTk, 0,0), = E.(k,0)T|k, 0;a), =
G5 (= F, ~O)T'E. 6.0, = E(E.O)T1[E. 6:0)1 -

92(_]27 _H)TT<|E7 0) Oé>1)* = Ea(lgv H)TT<|E7 0) Oé>1)*

Thus TT(\E, 0;a)1)* is an eigenvector of gy with the eigenvalue E,. This eigenvector can be
represented as a linear combination of the basis of eigenvectors of gs.

T (K. 05 0)1)" ZUaﬁ (k,0)| — k, —6; 8), (3.275)

Hence

k,0;0), =T (ZUaﬁMM—k 95)) (3.276)

(k,0; 0l = (Z (K, 0)( E,—e;mz) Tt
Consider the Berry phase gauge vector

alj (k 6) - _Z.<l;79;a’aj’];79;6>1
Z U;'y<_l;7 _677|8J (U,B(s’ - ];7 _97 5)2)]
~,0

= ZZ er’y<_];7 _Qa ’Y|a—3| - E7 _07 5>2U§,8 - ZZ UO&’Y(];;’ e)ajUgw(Ev 0)
Y

*

= —i

(3.277)
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As for the Berry curvature
diar; — Oja1; = iUazU" + Ud;a3,U' + Uas,0,U" — id,U9;U" — iU 9,0,U"
— 0;Ua,U' — Udjas,U" — Uas,0;U" +i0,UdU + iU8;0,U"
ia;a; —iaja; = iUday,UT + Uds,0;,U" + U U Ual, U — iUQUTUS,;UT (3.278)
—iUdya5,U" = Uds,0,U" —U9;U'Ual,UT + iUQ;UTUOUT '
= iUlag;, az;]*UT + Uas,0;U" — i0,Ual, U + i0;U0;U"
— Uds,0,U" + 0;Ual, Ut — i0,U0;U"
(3.3)
Hence
fri (B, 0) = U f5. (=K, —0)U' (3.279)
We then see that
Calgr] = Calge) (3.280)
Hence
Cs[h] — Colh'] = 2C5]g1] = 0 mod 2 (3.281)
We can then define the relative second Chern parity
Ny [ (R). ha(F)] = (1)) (3.282)

As usual we set the vacuum Hamiltonian ho(k) = hg as a reference. Then if a Hamiltonian
h satisfies N[hg, h] = —1, this Hamiltonian is called a Zs nontrivial Hamiltonian. Otherwise
it is a Zs trivial Hamiltonian. There is also a less rigorous way to define the classification.

For a TRI band insulator, from what we have learned, it should also satisfy
a;(k) = UaX(—k)UT — ivo,U?

Notice that
(@) = (—i(k, 0o; | (0/k;) |k, Bo; B))*

.0
81{3 <k 9076“{; 90) >_ <k 007ﬁ| |k 007 >

N
=q;
Consider P, with a*(—k) as the Berry gauge vector.

7: * * *
167 2/d3k€ ”kTrKf 3[%’%]) 'a’“}

We only need to consider two terms. The first one is
/d3k60ijkTr (003 (=F)ag(—k))] = /d3]<359z‘jkai(a?ﬂﬂ(_lg))*mzﬂ(_lg))*
_ / P05 (= F)at? (—F)

. / Bre®TR9_a®P (—R)a’ (—F)

P3>k

/ e 0,05 (K)a (F)

(3.283)

(3.284)

(3.285)

(3.286)
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The second term is
/d3k69”kTr[a* 0] /dskeemk( aB)x (g ,37) (a]*)*
_ / dskeowkaﬁaavﬁaav
= /d%eewkawawaﬂa (3.287)
— —/dgk;ee”kamazﬁafa
— —/dgkeeijkTr[aiajak]
Hence

Py, = —P; (3.288)

From the gauge transformation we can learn that

2P3:AP3

i / kN Ty [(UOUN (UO,UN (UL € Z (3.280)

Hence P; = 0mod 2 or P3 =1 /2 mod 2. For two TRI Hamiltonians h; and hs, as we have
shown before, Clh(k,0)] = 2(Ps(h1) — Ps3(hs)) (mod 2). Since Ps(hy) = 0, Hamiltonians
with Ps(h) = 1/2 are Zy nontrivial.

3.4 Physical Properties of Z,-nontrivial Insulators

For a Zs nontrivial insulator, P; = n + 1/2, where n € Z.

1
S3D - Z/dgmthHVo-Tpg(w,t)auAuaaAT
s

o (3.290)

/ Pudte 9, A,9, A,

If the system has a closed boundary the above integral can be quantized and hence can be
time riversal invariant. However, for an open boundary system, since ¢#¥°70,, A, 0, A, = 2E-B,
the effective action is no longer time reversal invariant. Consider a concrete case where the
nontrivial insulator lies at z < 0 and the vacuum lies at z > 0. The effective action is

1
Sop = 1 / Prdte™T A,0, P, A, (3.201)
T

where Py =n+1/2at z < 0and P; =0 at z > 0. Hence
0,P; = —(n+1/2)(z) (3.292)

The above action then becomes

2n+1 1 2n+1

/ P adte T Ay (n + 5)6(2)0, A =

/ drdydte®™? A,0,A, = Syt
(3.203)

Szp = —
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From what we have learned, the Hall conductance of the surface is

1N 1
_ LA 3.994
on <n + 2) o (3.294)

Since on a 2D surface, a nontrivial insulator has an odd number of (2n + 1) gapless Dirac
cones, if they are endowed with a mass (in this way they become gapped), they can carry
Hall conductance. Consider a Dirac fermion with a mass m, the Hall conductance it carries
is

47 - 2h

Consider a perturbative term on the surface that disrupts the time reversal invariant sym-

metry and assign each Dirac fermion a mass term m; . The net Hall conductance would
be

o = 4 seutm) (= 57 smn(m)) (3.295)

2n+1 1
op =Y sgn(m;)— (3.296)
; 4
The coefficient is an odd number which agrees with the result obtained from the surface
theory. Consider a concrete example generated from the Hzp with the field configuration set
as

0(7) = 0(z2) = gu — tanh(z/4¢)] (3.297)

With a periodic boundary condition along the z and y directions and an open boundary
condition along the z direction, the Hamiltonian can be written as

Hyp[A,0) =" lwg <CFO2_ZFS> Vzys + H.c.] +> Yl[sin 0,1 + (m + ccos 0,) Tz

Z,s Z,s

=D, [w;izky(Z) <CPO;ZF3> Uk, (7 + 1) + H.c.}

z,kzky
+ > w,ixky (2)[(m + ccosB(z) + ccosk, + ccos ky )T + sin k, I + sin k, Iy, i, (2)
2,ka,ky
+ 2 Gl (2)sin 0(2)T g, (2)
2,k Ky
(3.298)

Under time reversal tranformation, k, and k, are odd; I'° is even; I''"*3* are odd. Hence
from above we see that only the last term is TRB, we call the last term H; and the rest
terms Hy, which is TRI. Fortunately, from the field confiuration, 6(z) soon coverge to 0 when
z — oo and to m when z — 0o. Hence due to the sin 0(z) term in Hj, it is localized to z = 0.
Hence the TRB term is only at the z = 0 boundary and the bulk is still TRI. Hy(f) thus is a
well defined interpolation between # = 0 and 8 = 7. Consider the —4¢ < m < —2c situation
where Cy[Hy| = 1. Hence the relative parity between § = 0 and § = 7 is —1. However, we
should notice that at § = 0 the old Hamiltonian becomes

0 _ ,Ts
ool 0= o (T ] - Sl a8 @20

= =
z,s T,s
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which is adiabatically connected to the m — —oo situation. Hence Hy(f = 0) is a trivial
insulator and Hy(f = ) is a non trivial insulator which means there are an odd number of
gapless Diarc fermions at the z = 0 surface. Hence near one of the Dirac cones at (k,, k),
the effective Hamiltonian can be written as

howet = 0ky0, + 6kyoy (3.300)

Now, we consider the H; term. Since {I'*,hg} = 0, we find that near the Dirac cone,
{T*, hgwt} = 0. Hence the h; term is actually mo.. From the original Hamiltonian we can
obtain the element of the sigma matrices by

oty = (o

and likewise we can obtain the mass term. The detailed calculation is not given here. The
result is

Ohy
Ok;

k’, 5> , i=x,y (3.301)

1
= §Zagﬁ<k:0,6|h1|k20,a> (3.302)
af

Consider a parametrized Hamiltonian given by h = hg + Ahy; from above we learn that the
mass term is proportional to A and positive when A < 0. Hence the surface Hall conductance

is given by
sgn(m) _ sgn())
= =— 3.303
on 4 47 ( )
Alternatively, we can obtain the Hall conductance by examine the variance of P;. When

A=1,

o0 1 0 1 Co 1
= [ ap = [ == - 3.304
on /—oo SO o dm 4m ( )
When A = —1, the effect on Hamiltonian is the same as letting 6(z) — —6(z). Hence the

Hall conductance is ]

1
— [T ap— = / P 3.305
Oy = / d 3 d 3 o 47T 47‘(‘ (3 300)
The above results agree well with each other. Consider a TRI breaking field M coupled to a

TRI insulator. For a nontrivial insulator occupying a region V' with a boundary V. Assume
that the gradient of Pj is given by

vR@) = (oM@ +3) [ an@e @ - 5) (3.306)

where g[M(Z)] € Z and 7 is the unit vector normal to the boundary. Form this we can
obtain the effective action.

1 1
_ A = -\ _pvor
Seurf = yo /EW dn, (g[M(x)] + 2) " A0, A, (3.307)
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3.4.1 TME

Consider a electric field parallel to the cylinder. At the interface, due to the gaps opened by
magnetic field, we can obtain a circulating current

| = oxE < + 1) “g (3.308)
= =(n+=)— :
J=0H 5)
This circulating current can also be generated by a bulk magnetization
1\ e?
M, = —E 3.309
b (n N > hc ( )

Hence we can combine this term with a conventional magnetization term to obtain the
effective total magnetization.

M = M, + M, (3.310)

Then
2

H =B — 47M, + (2n + 1);—13 (3.311)
C

Likewise, if we introduce a adiabatically varing magnetic field parallel the cylinder from 0 to
B, we would induce a circulating current which will induce a current parallel to the cylinder
due to the Hall conductance. The Hall current is

j=ondB (3.312)

Hence the final result after the magnetic field stops varying and stays at B, is cummulated
charges at the top and the bottom of the cylinder.

P—< +1)62B (3.313)
=\ he '

Combine this term with conventional polarization vector, we obtain

2

D=E+47P, — (2n + 1);—3 (3.314)
C

Consider another approach. We only introduce the conventional terms at first.
D=E+4rP.H=B —47M. (3.315)
The total action is the combination of the original action and the topological action

Stot = SMaxwell + Stopo

1 1 1.1 a
— [@adt |~ B P 4 SFuP A+ [ dadte T R0, A,0,4,
/dxdt_ Eu 4 SE P — A+ [ ddte T P, A,
ol 1 1]
— [t |- T Fu P S Fu PR = A+ [ dwdte T P9, A, - 0,4,)0,A-
1 1 1]
- / Pt |~ Fu P + SFu PP — i A, + / Pdte™ T PyF,,0, A,
L C i
1 1 1]
— [@adt |~ B P SFL P — A o [ dedt P T Fy
/$_167r“ Tt P = A gy | et P

(3.316)
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The variation of the action over A, is
3 [ 1 uv 1 77 1 N
58 = / adt |~ 20,04, = D,0A)F™ + S(9,0A, — 04, — 64,
Q voT
1 / Padt P ™2(9,0 A, — b A, E,.
o1 1 1
— / Padt |~ ——4(0,04,)F" 1+ ~2(9,0A,)P™ — juaAﬂ}
L 167 2 ¢ (3.317)
o / dPrdt Pye " 4(9,6 A, ) Fy,
1 v v L
= [ dadt | 5A,0,F" —5A,0,P" — j“5A“]
-2 / Padte 5 A,0, (P Fy,)
™
Hence ,
1 17 174 o voT jy
76MFN - 8MDM — —€! au(PSFUT) = =
i i c (3.318)
_76VFIW + aVDlw + 7€MVU7—8V(P3FUT) = 7].“
4m 4m c
When p =0
1 ; Py q «
OB+ 0P+ Eeﬂkai(sz«yk) =p (3.319)
LB yop+ L (0,Py) ey =
An i i A 43 jk =P
Lo+ 0P + X (9,Py)(—2B,) =
A () () A 43 i) =P
Hence
V-D =4mp+2a(VP;-B) (3.320)
When p = 1.
1 0E;, 1 . QP g
— —§;F — 9. P
CAmwcot  Ax Y cot TG
— UEE —8 Py F, = =
Avcot - * 3 c
g g E; 4+ 4m P,
0,€9% By, — 40, % M;, — M (3.321)
cot
4 6P ’
= mj' 3 2aezyk3jP3Ek =
c oot

10D 4 1
VxH- -2 = IJ—ZCY (VP x B) + ~(9,P3)B
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Combine the above results with the homogeneous Maxwell equations, we arrive at

V xD =4mp+2a(VP; - B)

10D 4 1
VXH—%—WJ—2Q((VP3XE)+(815P3)B>
ia]g ¢ ¢ (3.322)
E _—— =
V x +cc9t 0
V-B=0

4 Dimensional Reduction to (2 + 1) Dimensions

4.1 Effective Action of (2 + 1)-dimensional Insulators

Similar to what we have done in the dimensional reduction process from (4 + 1) dimensions
to (3+ 1) dimensions, we require that the gauge vector is translationally invariant along the
w and z directions:

A=A =A (4.323)

n,n+i n+w,n+w+i n+2,n+2+1

Likewise, the Hamiltonian is

0 —qs\ .
H[A] = Z Z l¢l;kz,kw () ele’x+§7wbx+§;kz,kw + H.c.]

k2 kw,x s=1,2 2
+ Y Gl {sinks + AT + sin(ky + )T} Uk, (4.324)

k2 kw,x

+ > ¢l;kz,kw {[m + ccos(k, + Axs) + ccos(ky, + Axa)] 1“0} Vo o

k2 kw,x

We then obtain the (2 4+ 1)-dimensional effective theory by choosing only one slice of the
above and assigning k, + A,3 — 0, and k,, + Ay — ¢,

[0 —qirsy .
HQD[A7 97 90] = Z [wl <C2Z> €ZA"”‘+§¢x+§ + HC‘|
= (4.325)

+> L {sin 051 + sin oI + (M + cos O + cos px) FO} .

The effective action can be obtained

Gl

Sap Z(;’@O) / dadte™ A,0,600,00 (4.326)
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where G3(0y, ¢o) can be obtained from the old Cy number without integrating over k, and

Ku:
™ [ dPkdw oGt 0G™1 oG oG oG

21 [ d*kdw oGt oG—! oGt oG—! oG—!
=7 pvp
S e (%) (050 ) (050 ) (%) (5%

1 -
= (—27r)327T2 /d2k x €7%tr[f;; fro]  (where one of i,j,k has to be 6)
1 ) -
— (=2m) 5y [ A x (26"t i i) + €99t i fos]}
1 -
= E/d2ke”tr[—i—2fwfk@ — fijfool
(4.327)
Hence
/G2d9dg0 = —21C} (4.328)
As we have proved
1
aA’CA == WEABCDTI[.]CABJCCD] (4329)
we can see that
Go(bo, o) = —2m / d*k(0,C" + 0,KY + 0K + 0,K7) (4.330)
If K, and K, are single valued, the above equation can be simplified as
G (0o, o) = —27 / PR, + 0,K%) = 0y, — 0, (4.331)
where
0, =2 / PR Qp = 27 / 2P (4.332)
We can then define the gauge vector potential
Q, = Q00,00 + Q2,0,0¢ (4.333)

Hence the gauge curvature is

0,9, — 0,9, = 0,(0,50
= 0,90,00 + 0,9,0,60 — 0,20,00 — 0,2,0,00 = 0,20,000,00 + 3p€2,0,,600,6:
(4.334)

= 0p2,(0,600,6¢0 — 0,600,6¢) — 0,%(9,600,5¢ — 0,000,60) = (05 — 0,02)(0,600,6¢ — 0,600,5¢) -
(4.1)
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We can then write the effective action in a simpler form

0
Sop = M / Padte™ A,0,600,00
0
= M / dPxdte? A,,(8,000,00 — 8,000,0p)
(4.335)
2 Hrp _
27 5 / Padte™ A,(9,9, — 0,,)
= / dedte“”TAu&,QT
Then ]
5Sm = o / Padte 6 A,0,Q, (4.336)
n
Hence the response function is
. Lo
J' =0, (4.337)

For a concrete example, consider the Dirac model h(k) = Y-, d,(k)'* that we have discussed
where

Oy = / d*ke™d,0,dy0,d.0,d,0,d. (4.338)

82

and

d.(k) = Km +c Z COS /{:Z> ,sin k,, sin k,, sin &, sin k,, (4.339)

Here d,(k) — du(k,0, ¢). Hence

3 d O, dpO, d.0p,dq0,,d,
0,¢) = ~2nCy = —— [ dPpeted DS COE 4.340
Calld) = =2m e = = R o, .
Hence the gauge curvature is
3 d O, dpOk, d.0pdq0,,d,
2,0, — 0,9, = ——/dzk abede - 2(0,000,6p — 0,000,0
e =0l g g (00000 000000
. _3/koeadeedaﬁkzdbakydcﬁudd&,de n i /de,eabcde daakzdbakydcayddﬁude
[d(k, 8, ¢)[° Am [d(k, 0, )
__g,abede @ d Ok, dyOk, d:0,dq0,d,
2r |d(k,0,9)°
(4.341)
Consider a different Dirac model
h(k,n) = sin k,I'" + sin k,['"* + (cos k, + cos k, — 2)T +m N1 (4.342)

For such a model the d vector can be rewritten as

0
d(k,0,¢) = do(k) + ( 0 ) (4.343)
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where
do(k) = (sin k,, sink,, 0,0, cos k, + cos k, — 2) (4.344)
In the m? limit, the article states that (Although personally, I disagree with this limit.)
h(k, 1) ~ Sy_q kD% + Sy_g 3 4miml® (4.345)
In this case, the gauge curvature is

Ak dyOy, dyOy, deD,ud gD, d.
2 |d(k0,9)P
Ak da0),dyd,d,

2m [d(k, 0, 0) [

Pk dyd,dgd,d,

2 (a2 kg me)’

1 8 A2
= —3¢l2ede g 9,d,0,d, — T T + arctan "
o K (

0,Q, — 0,0, = —3eede

— _3612ade

_ _3612ad6

3m3 \ (m? + 472)y/m? + 82 w(mvm? + 8n2)
T ades ~ ~
= —Ze Na0uMq0,Me

= —%ﬁ 9,0 x O,h

(4.346)
Hence
gH = ie’“’"’((? Q,—0,,) = —ie’“’pfl -0, X 0,n (4.347)
Arr v e 16 Y g

Lets just go back to see the physical consequnces of the current term. Consider the following
parameter field configuration:

o(t) =21t /T 0(F) = O(y) = g [1 + tanh (Zﬂ (4.348)
The current along the x direction is
, 1

Let ¢ evolve from 0 to 2. The charge flowed through x = 0 is

1
AQ = / dtl, = / dtdy (0, — ) -

1
- / dtdy 5~ (002, — 0,00)(9,000,6 — 0,500,5¢)
T 27 1
_ /O db /0 Ao (0082 — 0,%)

s 1 27 T 27 1
/0 a0 [ dpon, = [ av0, ([ dp0t,—

(4.350)

— [" avo, (— / d%d@ld’)

=~ | o)
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Since the Dirac Hamiltonian is TRI, when —4c < m < —2¢:

7r 1 1
0 2 2
The pumped charge is
1
AQ = —3 (4.352)

4.2 7, Classification of TRI Insulators

For any two (2 + 1)-dimensional TRI insulators h;(k) and hy(k), define an interpolation
h(k,0) between them such that

h(k,0) = hy, h(k,7) = hy (4.353)
T'h(=k, —0)T = h' (k, )
(4.2)

hence h(k,0) is a (3 4+ 1)-dimensional TRI insulator with N3[h(k,0)] = £1. Next, we shall
prove that N3[h(k, )] is indepedent of the choice of the interpolation h(k,#). Consider two
interpolations h(k,d) and h'(k,6). Define the interpolation between the interpolations as
g(k,8,¢) such that

g9(k,0,0) = h(k,0), gk,0,m)=n(k,0)
g(k7 0, 90) = (k)v g(k7 T, 90) = hQ(k) (4-354)
gT(k’ 07 90) = TTg(—k, —(9, _QO)T

Firstly, the interpolation can be viewed as an interpolation between h(k,6) and h'(k,@).
Hence

(—1)@2 = N3[n]N3[1] (4.355)

Secondly the interpolation can be view as an interpolation between hy(k) and hy(k). Since
the above two Hamiltonians are independent of ¢, we can define another (4 + 1)-dimensional
interpolation between them such that the (4 4+ 1)-dimensional interpolation is also indepen-
dent of ¢. Then the gauge vector a, = 0, which means the Chern number of this interpolation
is zero. Due to the equivalence between the two (4 + 1)-dimensional interpolations, we learn
that

(—1)%ll =1 (4.356)
Consequently,
Nslh| = N3[I] (4.357)

We thus porved that N3[h(k,#)] is indenpendent of the choice of the interpolation. Hence
the Z, classification in (2 + 1)-dimensional TRI insulators is well defined.
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4.3 Physical Properties of the Z, Nontrivial Insulators

Consider the interface between a nontrivial TRI insulator h(k) and a trivial TRI insulator hy.
Define an interpolation between them h(k, 0) such that h(k,0) = hy and that h(k,7) = hy (k).
Given a field configuration

2

We can see that hlk,0(y)] and h[k, —0(y)] both creats domain walls between hy and hy(k),
as § = 7 for y - —oo and 0 = 0 for y — oco. Consider the following Hamiltonian

O(z,y) = l1 — tanh (g)] (4.358)

hlk,0 0
Bk, x) = { M 0wl e < (4.359)
h[k7 _e(y)]a x>0
Consider a rectangular-shpaed loop surrounding the x = 0,y = 0 point. The localized charge
is
1 1
_ 2., — 2 _ I .
Q= /Ad =5 /A Pr(0.0, — 0,0) = - 7{0 Q-dl (4.360)
Since
Q, = Q0,00 + Q,0,6p = Q2¢0,005p = Ohere (4.361)
we can see that
w - dl = Qydb (4.362)

If we let the loop to be much larger than the interface width &, then 6 varies from —x to m,
hence

Q= ;ﬁ f Qpd = / PkdOK? = Py[h(k),60) = (n + ;) (4.363)
Integrate p and j, in the y direction
1 L
prae) = 5= [ dy(0.2, = 0,0) (4.364)

, I
() = 5= [ dy(@,2 - 0%,

where L > €. Since in this case d¢ = 0 and that in the deep vacuum zone and the deep
nontrivial insulator zone, where |y| > £, 0 = 0, we can see that Q@ — 0 when |y| — oo.
Hence the above equations can be simplified as

1 L
prale) = 5 [ ay(@,92,) = 0, Py(x.1) (4.365)

. 1 L
jul@) = 5- K dy(=0,0,) = —0Py(a. 1)
where

Py(x,t) = /LL dyQy(x,y,t)/2m (4.366)
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is the magnetoelectric polarization. Consider a time dependent Hamiltonian h(k, x,t) that
satisfies

h(k,x,t =0) = hlk,0(y)] (4.367)
h(k,x,t =T) = hlk,—0(y)]
(4.3)

The pumped charge is

Qpuny = | dtjia(w) = ~[Py(a.T) = Pyl 0)]
_ [ L Oﬂ d9Q9217T - /ﬂ ' dme;ﬂ] (4.368)

. |
:—/ d&/d%K“’:—Pg,:—(nJrQ)

5 Unified Theory of Topological Insulators

5.1 Phase Space Chern—Simons Theory
Rewrite the effective theory of the IQHE:

Ser = — / dk, / dk, f., (k / 2z / dtA,e™ 9, A,

2
- i Tk i, / dtd?ze™ 4,0, A, (5.369)
47 ) om
1 &%k

— — [ S-uldna] / dtd?ze"™ 4,0, A,

We define the phase space coordinate as ¢ = (t, =, y, ks, k,) and the phase space gauge vectors
A = (Ap, A1, A2,0,0) and a = (0,0,0, a;,as). Then the above can be written as
1
Son = 2 / dgeABCPE A 9 A Tr[Opa) (5.370)
™

Consider the dimensional reduction process:

Step 1. Replace k, + A, by a parameter §(z,t). (One should notice that A, is replaced
by 6(z,t) — 6y and that k, is replaced by 6,.)
Step 2. Replace 0, with dp. Hence the Berry gauge field

ay’ = —i{o: k|0, | B k)

is replaced by

Step 3. Remove the [dy and [ dk,/(27) terms. We should keep in mind that after the
dimensional reduction process, all things are no longer dependent on the already reduced
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dimension. Hence
Si = 417T / dke T Tr[9;a,] / dtdze" A,0,A,
_ 417r [ KT 0,0 Q) [ dedr(~60.4+ 40,6+ 00,4, ~ A,06)  (5:371)
- 217r / Ak Te[Dy, ag — Dpar, ] / dtda(A0,0 — A,0,0)
We should notice that the Berry phase gauge field can gain real space components:
ag‘ﬁﬁuﬁ = (a, ks, 0(,1)|0,000| 8, by, 0(x, 1)) = (v, kg, 0(2,1)]0,| 5, ks, 02, 1)) = al‘jﬁ (5.372)

Also since the spatial dependence of the Berry phase gauge field is introduced solely by 0(x, t)

@Lakm = (9.9ak18N8 (5373)

Hence
Sip1 = /dkdtdx{AtTr[akzam Opag,| — Ay Tr[O, a1 — Orag, |} = /d3quBCAATr[8BaC]
(5.374)

where the phase space is (¢,z,0) and the phase space vector is (A, A,,0). Reduce the
dimensions one more time. This time we should keep in mind that the gauge field is already
time dependent due to the last dimensional reduction procedure. In higher dimensions,
the gauge field can be spatial and temporal dependent due to prior dimensional reductions.
Hence

Sorr = / dt — (¢ — o) Tr[ddoa; — dtay)]
= — [ dtTe{0,(6 — do)as — 00( — d)a

(5.375)
=— / dtTr[Orpay + a4

. / dtTx[0,pds + ]

In the last line, we should keep in mind that
0
— | Bit,o(t) (5.376)
ot s

-
a;” = —ilast, §(1)|04] B; t, H(1))

fme(3),+ (2,

- d?ﬁ + 8t¢ ~ozB

ar’ = —i <a;t, o(t)

and that

;t,¢(t)> (5.377)

Hence the real a; is

B, <b> (5.378)
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Hence the action can be written as
So1 = — / dt Tr[a,] (5.379)
Next, we will consider the (4 + 1)-dimensional case.
Serr = L L d*zdt P A,0,A,0, A, | d*keTFr[fi f 5.380
eff — 247.‘_2 3271'2 zrat e pEVEEpEOLET € I'[ ) kl] (L)' )
Define D; = 0; + a;. As
fij = Oiaj — 0ja; + i[a;, a;] (5.381)
we can see that
Diaj — Dja@- = (8Z + ?:CLZ'>CLJ‘ — (8J + iaj)ai = 8iaj — 8]-@@- + i[ai, Clj] = fij (5382)
Hence . .
€% tr| fis = e”"tr|[(D;a; — D;a;)(Dyra; — D;a
[fij fw] ! [(Diaj — Dja;)(Dyar — Diay,)] (5.383)
= 4e""tr[D;a; Dy
Hence
1 )
T —— / diz dt P A,0,A,0, A, / d'k €% tr[ Dya; Dy
1927t (5.384)

dgq EABCDEFGHIAAaBACaDAE TI‘[DFagDH(I]] .
19274
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Dimensional reduction to (3 + 1) dimensions

1 ’
S31 = W / drdte ™ A,0, A 0, A, / d*ke ™1 Dja; Dya)

= 5 / g€ 700, 4,0, A, / ke e[ D,a; Dyay]

96 2 /d7qe“””A 0,00, A, /d?’k'e”kltr[D a;Dyay]

+ 96 3 /d7 e’ A,0,A,0 Q/dgke”kltr[DajDkal]

/d7q6“l’p"A 0,A,0, 9/d3ke”kltr[D a;Dyay]

963

= 96,3 /d7qe“”p”A 0,A,0, e/d?)]{?EGUktI'[D@CLZD ag]

96 g / @qe"77 4,0,4,0,0 [ ke tx]Dyag D]

96 g / @"qe"77 A,0,4,0,0 [ ke tx]Dya; Dyay]

96 2 /d7qe“”p"A 0,A,0 9/d3ke”k0tr[D a;Dyag)

/d7 "7 A,0,A /d%eewktr[D a;Djay]

963

96 3 /d7qe“”p"A 0,A /d%e’ejktr[D asDjay]

96 3 /d7qe‘“’p"A 0,A /d?’k:e”@ktr[D a;D,ay]

= / @"qe7 4,9,A, | dke" " (Dja; Dya)

/32733 AB.. GAAaBAcTI‘[DDCLEDFCLCTv]

We can then obtain the general rule of dimensional reduction Step 1. Remove a 04 Ap term
and replace the (2n+1)-dimensional totally antisymmetric tensor with a (2n—1)-dimensional
one. Step 2. Remove the integrals on the reduced dimension (remove [ dx dk/(27)). Step 3.
Multiply the action by n, which is the number of external gauge fields in the original action.
We can then immediately obtain the (2 + 1)-dimensional action

d®
SZ+1 / q ABCDEAA TI"[DBacDDCLE] (2 X 27‘(’)
32 (5.386)
/ 872 q ABCDEA TI'[DBachCLE].

More generally, the effective theory for a (2n + 1)-dimensional topological insulator is
Cy

W)!(QWL/dzn+lxe€Mlu2~.-ﬂ2n+l X AulaMQA/L . aMQnAp,Qn_;rl (5387)

52n+1 =

where

- 2n 1,17,2 lzn X
Cn = nl2n( 27T /d ke Tr {fulsz,u * iy 17,2n:| (5.388)
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Hence the action can also be written as
1

1 .
Sane1 = (n+ D! 2m)" nl2n(2m)" /d2 et AL, Ay O Ay s
X /dink EilmiZ" TI‘[DilaigDisam U Di2n71ai2n] 2" (5389)
~ nl(n 4 1)1(2m)2n /d qe T AL Ony Any  Ong, Ay, s

X Tr[DA2n+2 AAypys " DA4n aA4n+1]'

In the original action, there are only (n + 1) terms of external gauge fields. Thus a (2n + 1)-
dimensional action can at most have (n + 1) descendants. Its mth descendant is

nm+1)---(n—m+2)
nl(n + 1)!(27)2n-—m

X Tr[DAQn—2m+2aA2n—2m+3 o DA4n—2maA4n—2m+1]

1 n+1—-2m

= eI /d4 Fl2mp Ao Ainiiam Ay O Au e Oay o Adgr s
X Tr[DAQn—2m+2aA2n—2m+3 e DA4n—2maA4n—2m+1]
2n+14+m)---(n—m+2

) An4+1—-2m  _A1As-Adnt1—2m
T2 —m+ 1)I(2n)zm / TR ge Rt Ay, Oy A Oty A

X Tr[DA2n—2m+2aA2n—2m+3 e DA4n—2maA4n—2m+1]

Sézz)»lfm -

4n+1-2m , _A1As--Ay 41-2
/d qe " mAAlaAzAA3 o .aA2n72mAA2n72m+1

(2n+17m) d4n+1_2mq
n A1As--A _
= / e 2mAz‘haAzAAs; T 8A2n—2mAA2n—2m+l

Cn—m+11) @
X Tr[DA2n—2m+2aA2n—2m+3 e DA4n—2maA4n—2m+1]
= CSZJQTJH

(5.390)
where CS!, is a mixed Chern-Simons term. We should notice that ¢ indicates the number
of the external gauge field terms and s is the dimension of the phase space. Consider a
(d 4 1)-dimensional space. Immediately we learn that s = 2d + 1. Since there are ¢ external
fields and (¢t — 1) derivatives acting on the external gauge fields. Hence if we want nonzero
CS' terms, we should require that

2% —1<d+1 (5.1)

5.2 7o Topological Insulator in Generic Dimensions

We will first consider the charge-hole transformation and time-reversal transformation.

7

A
C:A,——A, T:A,— { (34 (5.393)

For each transformation, the change of the momentum operator —id, is the same as the
change of the external gauge fields. As both of the transformations are antiunitary, we can
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see that
C:0,—0,, T:8,— {giao (5.394)
Hence, under particle-hole transformation:
C:Sg2 = (—1)"SgS T :S55, — (=1)"Ss2 (5.395)

Hence S§5., is C-odd but T-even, while S$° | is C-even but T-odd odd. For different
dimensions we should choose their symmetries accordingly. Next, we will try to put the Z,
classification on the (1 4 1)-dimensional TRI insulators and find out that it does not work.
Consider following Hamiltonian

hop(k) = I sin k, + [ sink, + [°[m + c(cos k, + cos k)] (5.396)

From our previous study, we can see that when —2¢c < m < 2¢, this Hamiltonian is not
trivial. Consider this Hamiltonian as an interpolation between hy (k) = haop(k, 0) and ho(k) =
hop(k,m). In this way, the two (1 + 1)-dimensional Hamiltonian cannot be continuously
deformed to each other without breaking the time reversal symmetry. However we can
actually construct a such interpolation:

ho(k,0) =Tt sink + T'%sin*0 + T°(m + ccos k, + ccos ) (5.397)

where I'°2 = iT°T"2 is also time reversal invariant. Hence in this Hamiltonian, for each 6 the
one dimensional hgo(k) = ho(k,0) is always TRI. Thus in this way h; and hy can actually
be adiabatically deformed into each other which is in contradiction to the nontriviality of
the hop interpolation. If we want a Z, classification to work we should require that the
base Hamiltonian space is simply connected which means each two Hamiltonians is path
connected and the paths (interpolations) between them can be adiabatically deformed into
each other. Equivalently, any closed loops in this space can be continuously deformed into
one point. However, we can see that the closed loop formed by the above mentioned two
Hamiltonians are unable to be deformed to one point.

A hap(k,0), 0 e€0.7] N
9k, 0) = {ho(k:,27r —40), 0¢€n 2n] (5398)

Since the second one is trivial and the upper one is nontrivial, the winding number (Chern
number) of this loop is nonzero. Generally, the Z, classification of the descendants of (2n+1)-
dimensional insulators only works for [(2n—1)+1]-dimensional and [(2n—2)+1]-dimensional
descendants. This phenomenon can also be viewed from another perspective. Back to the
case we are studying, the edge theory of the (4 + 1)-dimensional insulators with Cy = 1 is
described by

H3(4+1) =0 - ﬁ (5.399)

While in its (3 + 1)-dimensional nontrivial descendant, the edge theory is

Hp1) = v(0wps + oypy) (5.400)
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which is stable due to the prevention of mass term by TRI. The edge theory of a (2 + 1)-
dimensional nontrivial descendant is

Hpyo41y = vwo.p, (5.401)
Now the edge theory of a (1 + 1)-dimensional nontrivial descendant is
H3(0+1) = O (5402)

It does not have a nontrivial structure. Hence we can decide whether Z, classification can
be performed by studying whether the edge state of the system is stable.

6 Epilogue

I managed to cover most of the topics in the article, however, due to limited time, there are
some imperfections. I will keep furnishing this paper.
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