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1 Topological Invariant in 2+1 Dimensions and Dimen-
sional Reduction

1.1 Hall Conductance, the First Chern Number and Topological
Response Function

In general the tight binding Hamiltonian of a band insulator in 2+1 dimensions can be
written as

H =
∑

m,n;α,β

c†
mαh

αβ
mncnβ (1.1)

where m and n denote the lattice sites and α and β indicate the band indices. We should
also notice that hαβ

mn enjoys translation symmetry, i.e.

hαβ
mn = hαβ(rm − rn) (1.2)

By Fourier-transformation
Ckα = 1√

N

∑
n

eirn·kCnα (1.3)

We can see that

H =
∑

mnαβ

C†
mαh

αβ
mnCnβ

=
∑

mnαβ

1
N

∑
kq

eirm·kC†
kαh

αβ
mne

−irn·qCqβ

=
∑

mnαβ

∑
kq

1
N
ei(rm−rn)·khαβ

mne
irn·(k−q)C†

kαCqβ

=
∑

mnαβ

∑
kq

1
N
eirm·khαβ(rm)eirn·(k−q)C†

kαCqβ

=
∑
nαβ

∑
kq

1
N
hαβ

k eirn·(k−q)C†
kαCqβ

=
∑
kαβ

C†
kαh

αβ
k Ckβ (1.4)

where in the fourth line we used the translation symmetry of hαβ
mn and replaced rm − rn with

rm and in the fifth line we summed over rm and that

hαβ
k =

∑
m

eirm·khαβ(rm) (1.5)

When the system is coupled to EM fields, in accordance with the minimal coupling principle,
we introduce Peierls substitution in the lattice Hamiltonian:

hαβ
mn → hαβ

mne
i
∫ rm

rn
A(l)·dl (1.6)
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where A is the vector potential and the integration path is taken to be the straight line
connecting the two lattice sites. We then use an approximation that would be valid if the
vector potential did not vary much over the integration path.∫ rm

rn

A(s, t) · ds ≈ (rm − rn) · 1
2
(
A(rm, t) + A(rn, t)

)
≈ (rm − rn) · 1

2
A
(

rm + rn

2
, t
)

(1.7)

Hence

H =
∑

m,n,α,β

c†
mαh

αβ
mne

i
∫ rm

rn
A(l)·dl

cnβ ≈
∑

m,n,α,β

c†
mαh

αβ
mn

(
1 + i

∫ rm

rn

A(l) · dl
)
cnβ = H0 +Hext

(1.8)
Similarly we carry out the Fourier transformation of the annihilation and creation operators
in Hext

Hext =
∑

mnαβ

C†
mαh

αβ
mnCnβi

∫ rm

rn

A(l) · dl

=
∑

mnαβ

1
N

∑
kq

eirm·kC†
kαh

αβ
mne

−irn·qCqβi
∫ rm

rn

A(l) · dl

=
∑

mnαβ

∑
kq

1
N
ei(rm−rn)·khαβ

mne
irn·(k−q)C†

kαCqβi
∫ rm

rn

A(l) · dl

=
∑

mnαβ

∑
kq

1
N
eirm·khαβ(rm)eirn·(k−q)C†

kαCqβi
∫ rn+rm

rn

A(l) · dl

≈
∑

mnαβ

∑
kq

1
N
eirm·khαβ(rm)eirn·(k−q)C†

kαCqβirm · A
(

rn + 1
2

rm

)
(1.9)

Introduce the Fourier transformation of A(r)

Arm =
∑

q

e−iq·rmAq (1.10)

Hence

Hext =
∑

mnαβ

∑
kq

1
N
eirm·khαβ(rm)eirn·(k−q)C†

kαCqβirm · A
(

rn + 1
2

rm

)

=
∑

mnαβ

∑
kq

1
N
eirm·khαβ(rm)eirn·(k−q)C†

kαCqβi
∑

p

e−ip·(rn+ 1
2 rm)rm · Ap

=
∑

mnαβ

∑
kqp

1
N
ei(k− 1

2 p)·rmhαβ(rm)eirn·(q−k−p)C†
kαCqβirm · Ap

=
∑
mαβ

∑
kqp

ei(k− 1
2 p)·rmhαβ(rm)δ(k − q − p)C†

kαCqβirm · Ap (1.11)

then we can replace k − 1
2p by k

Hext =
∑
mαβ

∑
kqp

eik·rmhαβ(rm)δ
(

k − q − 1
2

p
)
C†

k+ 1
2 p,α

Cqβirm · Ap
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=
∑
mαβ

∑
kp

eik·rmhαβ(rm)C†
k+ 1

2 p,α
Ck− 1

2 p,βirm · Ap

=
∑
mαβ

∑
kp

C†
k+ 1

2 p,α
Ck− 1

2 p,βirme
ik·rmhαβ(rm) · Ap (1.12)

Here we should notice that since

hαβ
k =

∑
m

eirm·khαβ(rm) (1.13)

we can see that
∂hαβ

k

∂k
=
∑
m

irme
irm·khαβ(rm) (1.14)

Hence
Hext =

∑
kpαβ

C†
k+ 1

2 p,α
Ck− 1

2 p,β

∂hαβ
k

∂k
· Ap (1.15)

Next, we will prove the following claim

Hext =
∑

q

jq · A−q =
∑

k,q,α,β

C†
k+q/2,αCk−q/2,β

∂hαβ
k

∂k
· A−q (1.16)

First, we must obtain the current operator jq. Start from the continuity equation

ρ̇(rm) + ∇ · j(rm) = 0 (1.17)

The Fourier transformation of ρ(rm) reads

ρ(q) =
∑
m

eiq·rmC†
mαCmα

= 1
(
√
N)3

∑
mkp

e−i(−q+k−p)·rmC†
kαCpα

= 1√
N

∑
kp

δk−q−pC
†
kαCpα

= 1√
N

∑
k

C†
k+q,αCkα (1.18)

We then insert

ρ(rm) = 1
N

∑
q

e−iq·rmρ(q), j(rm) = 1
N

∑
q

e−iq·rmj(q) (1.19)

back into the continuity equation

ρ̇(q) − iq · j(q) = 0 (1.20)

Hence

−iq · j(q) = −ρ̇(q) = i[ρ,H] = i
∑

p,k,α,β,θ

[
C†

k+q,θCkθ, C
†
pαh

αβ
p Cpβ

]
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= i
∑

p,k,α,β,θ

hαβ
p

(
C†

k+q,θC
†
pαCkθCpβ − C†

pαC
†
k+q,θCpβCkθ

)
= i

∑
p,k,α,β,θ

hαβ
p

(
δk,pδθ,αC

†
k+q,θCpβ − δp,k+qδθ,βC

†
pαCkθ

)
= i

∑
kαβ

(
hαβ

k − hαβ
k+q

)
C†

k+q,αCkβ

= i
∑
kαβ

(
hαβ

k−q/2 − hαβ
k+q/2

)
C†

k+q/2,αCk−q/2,β (1.21)

In the q → 0 limit:

iq · j(q) = i
∑
kαβ

q · ∂h
αβ
k

∂k
C†

k+q/2,αCk−q/2,β (1.22)

Hence
j(q) =

∑
kαβ

∂hαβ
k

∂k
C†

k+q/2,αCk−q/2,β (1.23)

Also since A(rm) is real valued, in its Fourier transformation A(q) must satisfy

A(q) = A(−q) (1.24)

Hence
Hext =

∑
kpαβ

C†
k+p/2,αCk−p/2,β

∂hαβ
k

∂k
· A−p =

∑
q

jq · A−q (1.25)

Next we will calculate the conductance by using Kubo’s formula.

Πij(q, τ) = − 1
V

〈
Tτj

†
i (q, τ)jj(q, 0)

〉
,

Πij(q, iωn) =
∫ β

0
dτ eiωnτ Πij(q, τ)

(
Fourier transformation; ωn = 2nπ

β

)
,

σij(q, ν) = i
ω

Πij(q, ω) = i
ω

lim
ωn→ω+iδ

Πij(q, iωn) (1.26)

where V is the volume of the system and ji is the ith component of the current operator j.
Hence if we want to obtain the conductivity σij we must first compute Πij(q, τ) first. Insert
the following into the expression of Πij

j(q) =
∑
kαβ

∂hαβ
k

∂k
C†

k+q/2,αCk−q/2,β (1.27)

Hence

Πij(q, τ) = − 1
V

∑
k,p

∂hαβ(k)
∂ki

∂hγθ(p)
∂qi

〈
TτC

†
k−q/2,β(τ)Ck+q/2,α(τ)C†

p+q/2,γCp−q/2,θ

〉

= − 1
V

∑
k,p

∂hαβ(k)
∂ki

∂hγθ(p)
∂qi

〈
C†

k−q/2,β(τ)Cp−q/2,θ

〉 〈
Ck+q/2,α(τ)C†

p+q/2,γ

〉
(1.28)
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To make things easier, we can diagonalize the Hamiltonian

U †
kh

αβ(k)Uk =


ε1(k)

. . .
εm(k)

 (1.29)

Define
γk−q/2,α =

(
U †

k

)
αβ
Ck−q/2,β, γ†

k+q/2,α = C†
k+q/2,β(Uk)βα (1.30)

Hence

H0 =
∑
k,α

C†
k,αh

αβ
k Ck,β =

∑
k

∑
α

γ†
k,αεα(k)γk,α, ji(q, τ) =

∑
k

∑
α

γ†
k+q/2,α(τ)∂εα(k)

∂ki

γk−q/2,α(τ)

(1.31)
Then

Πij(q, τ) = − 1
V

∑
k,p

∂εα(k)
∂ki

∂εβ(p)
∂qi

〈
Tτγ

†
k−q/2,β(τ)γp−q/2,θ

〉 〈
Tτγk+q/2,α(τ)γ†

p+q/2,γ

〉
(1.32)

Since

[
H0, γ

†
k−q/2,α

]
=

∑
k

∑
β

γ†
k,βεβ(k)γk,β, γ

†
k−q/2,α


=
∑

k

∑
β

γ†
k,βεβ(k)γk,βγ

†
k−q/2,α +

∑
k

∑
β

γ†
k,βγ

†
k−q/2,αεβ(k)γk,β

= γ†
k−q/2,αεα

(
k − q

2

)
(1.33)

we can see that
eτHγ†

k−q/2,αe
−τH = γ†

k−q/2,αe
τεα(k−q/2) (1.34)

Hence

G
(

k − q

2
, α, τ

)
=
〈
Tτγ

†
k−q/2,α(τ)γp−q/2,β

〉
= θ(τ)eτεα(k−q/2)

〈
γ†

k−q/2,αγk−q/2,α

〉
δk,qδα,β

− θ(−τ)eτεα(k−q/2)
〈
γk−q/2,αγ

†
k−q/2,α

〉
δk,qδα,β

= eτεα(k−q/2)
[
nF

(
εα

(
k − q

2

))
− θ(−τ)

]
δk,qδα,β,

G
(

k − q

2
, α, iωn

)
=
∫ β

0
dτ eiωnτG

(
k − q

2
, α, τ

)
= − 1

iωn + εα(k − q/2)
δk,qδα,β (1.35)

Similarly we can obtain

G′
(

k + q

2
, α, τ

)
=
〈
Tτγk+q/2,α(τ)γ†

p+q/2,β

〉
= eτεα(k+q/2)δk,qδα,β

[
θ(τ) − nF

(
εα

(
k + q

2

))]
,

G′
(

k + q

2
, α, iωm

)
=
∫ β

0
dτ eiωmτG′

(
k − q

2
, α, τ

)
= − 1

iω − εα(k + q/2)
δk,qδα,β (1.36)
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Hence

Πij(q, iνλ) =
∫ β

0
dτ eiνλτ

− 1
V

∑
k,α

∂εα(k)
∂ki

∂εβ(p)
∂kj

∑
m,n

1
β
e−iωnτG

(
k − q

2
, α, iωn

) 1
β
e−iωmτG′

(
k + q

2
, α, iωm

)
= − 1

β2V

∫ β

0
dτ ei(νλ−ωn−ωm)τ ∑

m,n,α,k

∂εα(k)
∂ki

∂εβ(p)
∂kj

G
(

k − q

2
, α, iωn

)
G′
(

k + q

2
, α, iωm

)

= − 1
βV

∑
n,α,k

∂εα(k)
∂ki

∂εβ(p)
∂kj

G
(

k − q

2
, α, iωn

)
G′
(

k + q

2
, α, i(νλ − ωn)

)

= − 1
βV

∑
n,α,k

∂εα(k)
∂ki

∂εβ(p)
∂kj

G
(

k − q

2
, α,−iωn

)
G′
(

k + q

2
, α, i(νλ + ωm)

)

= 1
βV

∑
n,α,k

∂εα(k)
∂ki

1
i(νλ + ωn) − εα(k + q/2)

1
iωn − εα(k − q/2)

∂εα(k)
∂kj

(1.37)

Since we are only interested in the DC response, we should set q → 0 and then let ω → 0.
In the following, we set q → 0.

Πij(q, iνλ) = 1
βV

∑
n,α,k

∂εα(k)
∂ki

1
i(νλ + ωn) − εα(k)

∂εα(k)
∂kj

1
iωn − εα(k)

= 1
βV

∑
k,n

Tr
{
∂ε(k)
∂ki

G0(k, i(νλ + ωn))∂ε(k)
∂kj

G0(k, iωn)
}

(1.38)

where

ε(k) =


ε1(k)

. . .
εm(k)

 (1.39)

and

G0(k, iωn) =



1
iωn − ε1(k)

. . .
1

iωn − εm(k)

 (1.40)

Define a matrix hk = (hk)αβ and another matrix D(k, iωn) = Diag(iωn − ε1(k), · · · , iωn −
εm(k)). According to the diagonalization of the Hamiltonian:

U †
khkUk = ε(k) (1.41)

We can see that
U †

k(iωn − hk)Uk = D(k, iωn) (1.42)

Hence

G0(k, iωn) = [D(k, iωn)]−1 =
[
U †

k(iωn − hk)Uk

]−1
= U †

k [iωn − hk]−1 Uk (1.43)
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Define
G(k, iωm) = [iωn − hk]−1 (1.44)

We can see that
G0(k, iωn) = U †

kG(k, iωm)Uk (1.45)

Insert the result back to the Πij(q, iνλ):

Πij(q, iνλ) = 1
βV

∑
k,n

Tr
{
U †

k

∂hk

∂ki

UkU
†
kG(k, i(ωm + νλ))UkU

†
k

∂hk

∂kj

UkU
†
kG(k, iωm)Uk

}

= 1
βV

∑
k,n

Tr
{
∂hk

∂ki

G(k, i(ωm + νλ))∂hk

∂kj

G(k, iωm)
}

= 1
βV

∑
k,n

Tr {Ji(k)G(k, i(ωm + νλ))Jj(k)G(k, iωm)} (1.46)

where Ji(k) = ∂hk/∂ki. Hence by analytic continuation, the DC conductance is

σij = lim
ω→0

Qij(ω + iδ) (1.47)

where

Qij(iνm) = Πij(iνm) = 1
βΩ

∑
k,n

Tr {Ji(k)G(k, i(ωm + νm))Jj(k)G(k, iωm)} (1.48)

Here we replaced V by Ω which represents the area of the system in 2+1 Dimensions. Con-
sider a band insulator with M filled bands, the Hall conductivity σxy can also take the
following form.

σxy = e2

h

1
2π

∫
dkx

∫
dky fxy(k) (1.49)

where

fxy(k) = ∂ay(k)
∂kx

− ∂ax(k)
∂ky

, ai(k) = −i
∑

α∈occ

〈
αk

∣∣∣∣∣ ∂∂ki

∣∣∣∣∣αk
〉
, i = x, y (1.50)

We won’t provide a proof of this, since I found an excellent reference that has already
provided a detailed proof [1]. My labor here would not make a difference. From above we
can define the first Chern number

C1 = 1
2π

∫
dkx

∫
dky fxy(k) ∈ Z (1.51)

The Hall response is then
ji = σHϵijEj (1.52)

where σH = C1/(2π). We can also obtain the charge density from the continuity equation

∂ρ

∂t
= −∇ · j = −(∂xjx + ∂yjy) = −σH(∂xEy − ∂yEx) = σH

∂B

∂t
(1.53)
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The charge density is
ρ(B) − ρ0(B = 0) = σHB (1.54)

Hence
jµ = C1

2π
ϵµντ∂νAτ (1.55)

Consider the effective theory

Seff = C1

4π

∫
d2x

∫
dt Aµϵ

µντ∂νAτ (1.56)

We can see that

δSeff = C1

4π

∫
d2x

∫
dt δAµϵ

µντ∂νAτ − C1

4π

∫
d2x

∫
dt ∂νAµϵ

µντδAτ

= C1

2π

∫
d2x

∫
dt δAµϵ

µντ∂νAτ (1.57)

Hence
jµ = δSeff

δAµ

= C1

2π
ϵµντ∂νAτ (1.58)

1.2 Example: A Two Band Model
Consider the following two band model:

h(k) =
3∑

a=1
da(k)σa + ϵ(k)I (1.59)

Its eigenvalue can be found by solving

E − (ε+ d3)d1 − id2 = 0 (1.60)
d1 + id2E − (ε− d3)

(1.59)

Hence

(E − ε)2 = d2
1 + d2

2 + d2
3 = d2 (1.61)

The eigenvalues are

E± = ε± d (1.62)

where d =
√∑

a d2
a(k). We then define two projection operators

P± = 1
2

(1 ± âaσ
a) = 1

2
(1 ± â · σ⃗) (1.63)

Before moving forward, we introduce some basix facts about pauli matrices:

(⃗a · σ⃗)(⃗b · σ⃗) = (⃗a · b⃗)I + i(⃗a× b⃗) · σ⃗ (1.64)
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Also
tr(σa) = 0

tr(σaσb) = 2δab

tr(σaσbσc) = 2iεabc

tr(σaσbσcσd) = 2(δabδcd − δacδbd + δadδbc)

(1.65)

We can see that

P+P+ = 1
4

(1 + 2d̂ · σ⃗ + (d̂ · σ⃗)(d̂ · σ⃗)) = 1
2

(1 + d̂ · σ⃗) = P+

P−P− = 1
4

(1 − 2d̂ · σ⃗ + (d̂ · σ⃗)(d̂ · σ⃗)) = 1
2

(1 − d̂ · σ⃗) = P− (1.66)

P−P+ = 1
4

(1 − (d̂ · σ⃗)(d̂ · σ⃗)) = 0 P+P− = 1
4

(1 − (d̂ · σ⃗)(d̂ · σ⃗)) = 0 (1.60)

It also quite evident that
P+ + P− = I (1.67)

We can express G(k, iωn) = (iωn −H(k))−1 in terms of the above defined projection matrices.
Claim

G(k, iωn) = P+

iωn − E+(k)
+ P−

iωn − E−(k)
(1.68)

Proof Consider the following quantity

A = (iωn −H(k))
(

P+

iωn − E+(k)
+ P−

iωn − E−(k)

)

=
(
iωn − ϵ− dd̂ · σ⃗

)( P+

iωn − E+(k)
+ P−

iωn − E−(k)

)

=
(iωn − ϵ)1

2(1 + d̂ · σ⃗) − d
2(1 + d̂ · σ⃗)

iωn − ϵ− d
+

(iωn − ϵ)1
2(1 − d̂ · σ⃗) + d

2(1 − d̂ · σ⃗)
iωn − ϵ+ d

(1.69)

= 1
2

(1 + d̂ · σ⃗) + 1
2

(1d̂ · σ⃗)

= 1

Hence
Qxy(iνm) = 1

Ωβ
∑
k,n

tr(Jx(k)G(k, i(ωn + νm))Jy(k)G(k, iωn))

= 1
Ωβ

∑
s,t=±

∑
k,n

tr(Jx(k)Ps(k)Jy(k)Pt(k))
(i(ωn + νm) − Es(k))(iωn − Et(k))

= 1
Ω
∑

s,t=±

∑
k

tr(Jx(k)Ps(k)Jy(k)Pt(k))
iνm − Es(k) + Et(k)

(nt(k) − ns(k))

(1.70)

Where in the last line, we have used the following identity

1
β

∑
n

G(0)(p, ipn)G(0)(k, ipn + iωm) = nF (ξp) − nF (ξk)
iωm + ξp − ξk

(1.71)
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Then the Hall conductivity is

σxy = lim
ω→0

1
ω
Qxy(ω + iδ) = − 1

Ω
∑

s,t=±

∑
k

tr(rx(k)Ps(k)Pt(k))
(Et(k) − Es(k))2 (nt(k) − ns(k)) (1.72)

Consider the zero termperature case. The above equation can be further simplified to

σxy = − i

Ω
∑

k

1
4d2 [tr(Jx(k)P+(k)Jy(k)P−(k)) − tr(Jx(k)P−(k)Jy(k)P+(k))]

= i

16d2Ω
∑

k
Tr
{(

∂ϵ(k)
∂kx

+ ∂dα(k)
∂kx

σα

)(
1 − d̂ασ

α
)(∂ϵ(k)

∂ky

+ ∂dα(k)
∂ky

σα

)(
1 + d̂ασ

α
)}

− i

16d2Ω
∑

k
Tr
{(

∂ϵ(k)
∂kx

+ ∂dα(k)
∂kx

σα

)(
1 + d̂ασ

α
)(∂ϵ(k)

∂ky

+ ∂dα(k)
∂ky

σα

)(
1 − d̂ασ

α
)}

= i

16d2Ω
∑

k
Tr
{(

∂ϵ(k)
∂kx

+ ∂dα(k)
∂kx

σα

)(
1 − d̂ασ

α
)(∂ϵ(k)

∂ky

+ ∂dα(k)
∂ky

σα

)(
1 + d̂ασ

α
)}

− i

16d2Ω
∑

k
Tr
{(

1 + d̂ασ
α
)(∂ϵ(k)

∂ky

+ ∂dα(k)
∂ky

σα

)(
1 − d̂ασ

α
)(∂ϵ(k)

∂kx

+ ∂dα(k)
∂kx

σα

)}

= i

16d2Ω
∑

k
Tr
{(

∂ϵ(k)
∂kx

+ ∂dα(k)
∂kx

σα

)(
1 − d̂ασ

α
)(∂ϵ(k)

∂ky

+ ∂dα(k)
∂ky

σα

)(
1 + d̂ασ

α
)

−H.c.

}
(1.73)

From the trace properties of pauli matrices, we can see that the traces of products of 1 or 2
or 4 pauli matrices are real. Hence from above, we learn that the only nonvanishing terms
are the products of three pauli matrices. Hence

i

16d2Ω
∑

k

{[
−2iϵabc∂da

∂kx

d̂b
∂dc

∂ky

+ 2iϵabc∂da

∂kx

∂db

∂ky

d̂c

]
− h.c.

}

= i

16Ω
∑

k

(
8iϵabc∂da

∂kx

∂db

∂ky

d̂c
1
d2

) (1.74)

We should notice that
∂d̂a

∂ki

= ∂da

∂ki

1
d

+ ∂
1
d

∂ki

da (1.75)

However, the second term would be cancled by the antismmetric symbol. Hence

σxy = − 1
2Ω

∑
k

{
∂da(k)
∂kx

∂db(k)
∂ky

dcϵ
abc

}

= − 1
2Ω

∫ d2k

4π2 d̂ · ∂d̂
∂kx

× ∂d̂
∂ky

(1.76)

Hence

C1 = 2π × 1
2

∫ d2k

4π2 d̂ · ∂d̂
∂kx

× ∂d̂
∂ky

= 1
4π

∫
dkx

∫
dkyd̂ · ∂d̂

∂kx

× ∂d̂
∂ky

(1.77)
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1.3 Dimensional Reduction
Consider the following Hamiltonian

H =
∑

n

[
c†

n

σz − iσx

2
cn+x̂ + c†

n

σz − iσy

2
cn+ŷ + H.c.

]
+m

∑
n

c†
nσzcn (1.78)

In this model, we endow the y direction with a periodic boundary condition and x direction
with an open boundary condition. Hence ky is still a good quantum number. Define the
partial Fourier transformation as

ckyα(x) = 1√
Ly

∑
y

cα(x, y)eikyy (1.79)

The Hamiltonian can be written as

H = 1
Ly

∑
n,ky ,k′

y

[
c†

ky ,xe
i(ky−k′

y)yσz − iσx

2
ck′

y ,x+x̂ + c†
ky ,xe

i(ky−k′
y)yσz − iσy

2
ck′

y ,xe
−ik′

y + H.c.
]

+ 1
Ly

m
∑

n,ky ,k′
y

c†
ky ,xe

i(ky−k′
y)yσzck′

y ,x

=
∑
x,ky

[
c†

ky ,x

σz − iσx

2
cky ,x+x̂ + c†

ky ,x

σz − iσy

2
cky ,xe

−iky + H.c.
]

+m
∑
x,ky

c†
ky ,xσzcky ,x

=
∑
kyx

[
c†

ky
(x)σz − iσx

2
cky(x+ 1) + H.c.

]
+
∑
kyx

c†
ky

(x)[sin kyσy + (m+ cos ky)σz]cky(x)

≡
∑
ky

H1D(ky)

(1.80)
Consider a constant electric field in the y direction. The external gauge field should be

Ay = −Eyt, Ax = 0 (1.81)

The response of the system is thus the sum of responses of its 1D chains:

Jx =
∑
ky

Jx(ky) (1.82)

Let t evolve from 0 to 2π/(LyEy). The pumped charge is

∆Q =
∫ ∆t

0
dt
∑
ky

Jx(ky) ≡
∑
ky

∆Px(ky) (1.83)

where
Jx(ky) = dPx(ky)

dt
(1.84)

Here from t = 0 to t = ∆t = 2π/(LyEy), the change of the charge polarization is (in the
Ly → ∞ limit)

∆Px(ky) = Px(ky − 2π
Ly

) − Px(ky) = −2π
Ly

∂Px(ky)
∂ky

(1.85)
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Hence
∆Q = −

∫ 2π

0
dky

∂Px(ky)
∂ky

(1.86)

For a generic (2 + 1)-dimensional Hamiltonian, we can define the corresponding (1 + 1)-
dimensional system by replacing ky by a field parameter θ:

H1D(θ) =
∑
kx

c†
kx
h(kx, θ)ckxθ (1.87)

Hence the response function is

Jx(θ) = G(θ)dθ
dt

(1.88)

where
G(θ) = lim

ω→0

i

ω
Q(ω + iδ; θ)

Q(iωn; θ) = −
∑

kxiωm

tr
(
∂h(kx, θ)
∂kx

G1D(kx, i(νm + ωn); θ) · ∂h(kx; θ)
∂θ

G1D(kx, iνm; θ)
)

1
Lxβ

(1.89)
Likewise the coefficient can be expressed by Berry phase gauge vectors:

G(θ) = −
∮ dkx

2π
fxθ(kx, θ) =

∮ dkx

2π

(
∂ax

∂θ
− ∂aθ

∂kx

)
(1.90)

where ∫
G(θ)dθ = C1 ∈ Z (1.91)

The expression of G(θ) can be further simplified if aθ is single valued. In that case

G(θ) = ∂

∂θ

(∮ dkx

2π
ax(kx, θ)

)
≡ ∂P (θ)

∂θ
(1.92)

where
P (θ) =

∮
dkxax/2π (1.93)

From the continuity equation we can obtain the charge density

∂ρ

∂t
= −∂Jx

∂x
= −∂x

∂P (θ)
∂θ

dθ

dt
= −∂P (θ)

∂x∂t
(1.94)

Hence the density is (disregarding the background charge):

ρ = −P (θ)
∂x

(1.95)

We thus obtian the following equation

jµ = −ϵµν
∂P [θ(x, t)]

∂xν

(1.96)
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If the field parameter θ has a smooth spatial and temporal dependence, the Hamiltonian is
thus h(k, θ) = h(k, θ(x, t)), which means now the eigenstates are also spatial and temporal
dependent. We can thus redefine the Berry phase gauge vector and curvature as

AA = −i
∑

α

〈
α; qA

∣∣∣∣∣ ∂∂qA

∣∣∣∣∣α; qA

〉
(1.97)

FAB = ∂AAB − ∂BAA

where the phase space coordinate is qA = (t, x, k). Define the phase current as

jP
A = − 1

4π
ϵABCFBC (1.98)

Consider the following integral∫
dkjP

µ = −
∫ dk

2π
ϵµνF2ν =

∫
dk

1
2π
ϵµν(∂kAν − ∂νAk)

= −ϵµν∂ν

(∫
dkak

)
= −ϵµν ∂P

∂xν

= jµ

(1.99)

1.4 Z2 Classification of Particle-hole Symmetric Insulators in (1+1)
dimensions

Consider the tight binding Hamiltonian

H =
∑
mn

c†
mαh

αβ
mncnβ (1.100)

The particle hole transformation is defined as

cmα → Cαβc†
mβ (1.101)

where the transformation matrix satisfies the following properties:

C†C = I = C∗C (1.102)

Hence we can see that CT = C. Next we consider the transformation on c†
mα. Since we

expect that two particle-hole transformations will restore the system,

c†
mα → Dαβcmβ → DαβCβγc†

mγ = c†
mα (1.103)

Hence

DαβCβγ = δαγ (1.104)

Hence D = C. Then the Hamiltonian under particle hole transformation is

H =
∑
mn

cmθ(C†)αθhαβ
mnC

βγc†
nγ

=
∑
mn

cmθ(C†)θαhαβ
mnC

βγc†
nγ

=
∑
mn

cmC
†hmnCc

†
n

=
∑

k

ckC
†h(−k)Cc†

k =
∑

k

c−kC
†h(k)Cc†

−k

(1.105)
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If we require the Hamiltonian to be particle-hole symmetric, the Hamiltonian should satisfy

H =
∑

k

c†
kh(k)ck =

∑
k

c−kC
†h(k)Cc†

−k =
∑

k

ckC
†h(−k)Cc†

k (1.106)

Set the chemical potential to be zero. In this way hαβ(k) would vanish at α = β. The
constraint of the particle-hole symmetry is

H =
∑

k

c†
kh(k)ck = −

∑
k

ckβh
αβ(k)c†

kα =
∑

k

ck(−hT (k))c†
k =

∑
k

ckC
†h(−k)Cc†

k (1.107)

Hence the particle-hole symmetry constraint is

C†h(−k)C = −hT (k) (1.108)

Consider an interpolation between two particle-hole-symmetric (1+1)-dimensional insulators
h1(k) and h2(k). The interpolation should satisfy

h(k, 0) = h1(k), h(k, π) = h2(k) (1.109)
h(k, θ) = −[C−1h(−k, 2π − θ)C]T

(1.61)

Hence the interpolation is a (2+1)-dimensional particle hole symmetric Hamiltonian. Claim
The Chern number of the interpolation can be well defined as

P (θ) =
∮ dk

2π
∑

Eα(k)<0
(−i)⟨k, θ;α|∂k|k, θ;α⟩ (1.110)

Then for any two interpolations

C[h(k, θ)] − C[h′(k, θ)] = 2n, n ∈ Z (1.111)

Consider an eigenstate |k, θ, α⟩ of the Hamiltonian h(k, θ):

−hT (−k, 2π − θ)C†[k, θ, α] = C†h(k)[k, θ, α] = Eα(k)C†[k, θ, α] (1.112)

Since h(k, θ) is a Hamiltonian, it should be Hermitian, which means h† = h. Hence hT = h∗.
From this we can see that

h∗(−k, 2π − θ)C†[k, θ, α] = −Eα(k)C†[k, θ, α] ⇒
h(−k, 2π − θ)CT (|k, θ, α)∗ = −Eα(k)CT (|k, θ, α)∗ ⇒
h(−k, 2π − θ)C(|k, θ, α)∗ = −Eα(k)C(|k, θ, α)∗

(1.113)
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Hence C|k, θ;α⟩∗ ≡ | − k, 2π − θ; ᾱ⟩ is an eigenstate of h(−k, 2π − θ) with an eigenvalue
Eᾱ(−k, 2π − θ) = −Eα(k, θ). Then

Pocc(θ) =
∫ 2π

0

dk

2π
∑

Eα(k,θ)<0
(−i)⟨k, θ;α|∂k|k, θ;α⟩

=
∫ 2π

0

dk

2π
∑

Eα(k,θ)<0
(−i)(∗⟨k, θ;α|∂k|k, θ;α⟩∗)∗

=
∫ 2π

0

dk

2π
∑

Eα(k,θ)<0
(−i)(∗⟨k, θ;α|C†∂kC|k, θ;α⟩∗)∗

=
∫ 2π

0

dk

2π
∑

Eα(k,θ)<0
(−i)[⟨−k, 2π − θ; ᾱ|∂k| − k, 2π − θ; ᾱ⟩]∗

=
∫ 2π

0

dk

2π
∑

Eα(k,θ)<0
(−i)[∂k⟨−k, 2π − θ; ᾱ| − k, 2π − θ; ᾱ⟩]

=
∫ 2π

0

dk

2π
∑

Eα(k,θ)<0
i[⟨−k, 2π − θ; ᾱ|∂k| − k, 2π − θ; ᾱ⟩]

=
∫ 2π

0

dk

2π
∑

Eᾱ(−k,2π−θ)>0
(−i)[⟨−k, 2π − θ; ᾱ|∂−k| − k, 2π − θ; ᾱ⟩]

=
∫ 2π

0

dk

2π
∑

Eᾱ(k,2π−θ)>0
(−i)[⟨k, 2π − θ; ᾱ|∂k|k, 2π − θ; ᾱ⟩] ≡ Punocc(2π − θ)

(1.114)

Define a basis of the corresponding eigenvector space {|β⟩}, which is independent of k and
θ. Then uβα(k, θ) = ⟨β|k, θ, α⟩ is a unitary matrix.

Pocc(θ) + Punocc(θ) =
∫ 2π

0

dk

2π
∑

α

(−i)⟨k, θ;α|∂k|k, θ;α⟩

=
∫ 2π

0

dk

2π
∑

α

(−i)⟨k, θ;α|m,β⟩∂k⟨m,β|k, θ;α⟩

=
∫ 2π

0

dk

2π
(−i)Tr[u−1(k)∂ku(k)]

(1.115)

The last line is a winding number and hence has to be an integer. Hence

Pocc(θ) + Punocc(θ) = 0 mod 1 (1.116)

Then

Pocc(θ) = Punocc(2π − θ) = −Pocc(2π − θ)(mod1) (1.117)

Consequently for θ = 0 or θ = π:

Pocc(θ) + Pocc(2π − θ) = 2Pocc(θ) = 0 mod 1 (1.118)
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Hence for such θ values, Pocc(θ) = 0 or 1/2 mod 1. This can already serve as a classification
rule, however, it is not quite rigorous. From above,we can see that∫ π

0
dPocc(θ) =

∫ π

0
dθ
∂Pocc(θ)
∂θ

=
∫ π

0
dθ − ∂Pocc(2π − θ)

∂θ
=
∫ θ=0

θ=π
d(2π − θ)∂Pocc(2π − θ)

∂(2π − θ)
(1.119)

Hence ∫ π

0
dP (θ) =

∫ 2π

π
dP (θ) (1.120)

where by P (θ) we mean Pocc(θ) unless stating the otherwise. Then consider two interpolations
h(k, θ) and h′(k, θ).

C[h] − C[h′] =
∫ 2π

0
dθ

(
∂P (θ)
∂θ

− ∂P ′(θ)
∂θ

)
(1.121)

Define the following new paths

g1(k, θ) =

h(k, θ), θ ∈ [0, π]
h′(k, 2π − θ), θ ∈ [π, 2π]

(1.122)

g2(k, θ) =

h′(k, 2π − θ), θ ∈ [0, π]
h(k, θ), θ ∈ [π, 2π]

Then
C[g1] =

∫ 2π

0

∂P (θ)
∂θ

dθ =
∫ π

0

∂P

∂θ
dθ +

∫ 2π

π

∂P ′(2π − θ)
∂θ

=
∫ π

0

∂P

∂θ
dθ −

∫ π

2π

∂P ′(2π − θ)
∂(2π − θ)

d(2π − θ)

=
∫ π

0

∂P (θ)
∂θ

dθ −
∫ π

0

∂P ′(θ)
∂θ

dθ

C[g2] =
∫ 2π

0

∂P (θ)
∂θ

dθ =
∫ π

0

∂P ′(2π − θ)
∂θ

dθ +
∫ 2π

π

∂P (θ)
∂θ

dθ

= −
∫ 0

π

∂P ′(2π − θ)
∂(2π − θ)

d(2π − θ) +
∫ 2π

π

∂P (θ)
∂θ

dθ

= +
∫ 2π

π

∂P (θ)
∂θ

dθ −
∫ 2π

π

∂P ′(θ)
∂θ

dθ

(1.123)

We can immediately see that C[g1] = C[g2]. Also notice that

C[g1] + C[g2] =
∫ 2π

0
dθ

(
∂P (θ)
∂θ

− ∂P ′(θ)
∂θ

)
= C[h] − C[h′] = 2C[g1] (1.124)

Hence

C[h] − C[h′] = 0 mod 2 (1.125)

We can then define the relative Chern parity between two (1 + 1)-dimensional particle-hole
symmetric insulators h1(k) and h2(k) by

N1[h1(k), h2(k)] = (−1)C[h(k,θ)] (1.126)
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Also consider three (1 + 1)-dimensional particle-hole symmetric insulators h1(k), h2(k) and
h3(k). Let h1(k, θ) be the interpolation between h1(k) and h2(k). Let h2(k, θ) be the inter-
polation between h2(k) and h3(k). We can define an interpolation between h1(k) and h3(k)
by

h3(k, θ) =


h1(k, 2θ), θ ∈ [0, π/2]
h2(k, 2θ − π), θ ∈ [π/2, π]
h2(k, 2θ − π), θ ∈ [π, 3π/2]
h1(k, 2θ − 2π), θ ∈ [3π/2, 2π]

(1.127)

Hence

C[h3] = C[h1] + C[h2] (1.128)

Which means

N1[h1(k), h2(k)]N1[h2(k), h3(k)] = N1[h1(k), h3(k)] (1.129)

We can let the vacuum Hamiltonian h0(k) = h0 be a reference. Any h(k) that satisfies
N1[h0, h(k)] = −1 is Z2 nontrivial and Z2 trivial if it satisfies N1[h0, h(k)] = 1. Consider the
boundary between a trvial insultor h0 and a nontrivial insulator h1. Define the interpolation
between them as h(k, θ). Thus the boundary betweent them can be realized by a domain
wall θ(x) with the property θ(x) → π as x → ∞ and θ(x) → 0 as x → −∞. (Such a domain
wall structure will be elaborated later.) Hence from the charge density equation, we can
obtain the total charge localized at the boundary:

Qd =
∫ ∞

−∞
dxρ(x) = −

∫ ∞

−∞
dx
∂P (θ)
∂x

= −
∫ π

0
dP (θ) = −1

2

∫ 2π

0
dP (θ) = −1

2
C[h] (1.130)

Since one of the insulator is trivial and the other is not, the Chern number C[h] of their
interpolation must be an odd number. Hence there is a half charge localized at the interface
between a nontrivial insulator and a trivial insulator.

1.5 Z2 Classification of (0+1)-dimensional Particle-hole Symmetric
Insulators

A (0 + 1)-dimensional particle hole symmetric must satisfy

C†hC = −hT (1.131)

Now we define an interpolation between two PHS insulators h1 and h2 by h(θ) that satisfies

h(0) = h1, h(π) = h2, Ch(θ)C = −h(2π − θ)T (1.132)

where PHS means particle-hole symmetric. We can letN [h] decide whether the two insulators
belong to the same class. However, before we can do this, we need to prove that N [h] does
not depend on the interpolation we choosed. In other words, for two legal interpolations
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h(θ) and h′(θ), we need to prove that N [h]N [h′] = 1 = N [h, h′]. Consider the interpolation
g(θ, ϕ) between the two interpolations with the following property.

g(θ, φ) = h(θ), g(θ, φ) = h′(θ)
g(0, φ) = h1, g(π, φ) = h2

C†g(θ, φ)C = −g(2π − θ, 2π − φ)T

(1.133)

Hence

N [h, h′] = (−1)C[g] (1.134)

We should also notice that g(θ, ϕ) is also an interpolation between g(0, ϕ) = h1 and g(π, ϕ) =
h2. Since h1(ϕ) = h1 and h2(ϕ) = h2, they are both (1+1)-dimensional vacuum Hamiltonians.
Hence an interpolation of them must satisfy

(−1)C[g] = 1 (1.135)

Hence N [h, h′] = N [h]N [h′] = 1. We have thus proved that N [h] is independent of the choice
of the interpolation between the two (0 + 1)-dimensional PHS insulators.

2 The Second Chern Number and Its Physical Conse-
quences

2.1 Second Chern Number in (4+1)-dimensional nonlinear response
The Hamiltonian of a band insulator coupled to a U(1) gauge field is written as

H[A] =
∑
m,n

(c†
mah

αβ
mne

iAmncnβ + H.c.) +
∑
m

A0mc
†
macma (2.136)

The effective action of the gauge field can be obtained by

eiSeff[A] =
∫
D[c]D[c†] exp

{
i
∫
dt

[∑
m

c†
mα(i∂t)cmα −H[A]

]}
= det[(i∂t − A0m)δβ

mn − hαβ
mne

iAmn ]
(2.137)

We can obtain the expression of Seff [A] by expanding the above. The result is shown below.

Seff = C2

24π2

∫
d4xdtϵµνρστAµ∂νAρ∂σAτ (2.138)

where

C2 = −π2

15
ϵµνρστ

∫ d4kdω

(2π)5 Tr
[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)(
G
∂G−1

∂qσ

)(
G
∂G−1

∂qτ

)]
(2.139)
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in which qµ = (ω, k1, k2, k3, k4) and G(qµ) = [ω + iδ − h(ki)]−1. Claim The coefficient C2 is
equal to the second Chern number of the non-Abelian Berry’s phase gauge field defined on
the BZ:

C2 = 1
32π2

∫
d4kϵijkℓtr[fijfkℓ]

fαβ
ij = ∂ia

αβ
i − ∂ja

αβ
i + i[ai, aj]αβ (2.140)

aαβ
i (k) = −i

〈
α,k

∣∣∣∣∣ ∂∂ki

∣∣∣∣∣ β,k
〉

Proof.. Step 1. C2 is topologically invariant with respect to any infinitesimal variations of
G(k, ω).

δ(G∂µG
−1) = δG∂µG

−1 +G∂µ(δG−1)
= δG∂µG

−1 −G∂µ(G−1δGG−1)
= δG∂µG

−1 −G(∂µG
−1)δGG−1 − (∂µδG)G−1 − δG(∂µG

−1)
= −G(∂µG

−1)δGG−1 − ∂µ(δG)G−1

(2.141)

where from the first line to the second line we have used

δG−1 = −G−1δGG−1 (2.142)

which can be easily proven by

δG−1 = δ(G−1GG−1) = δG−1 +G−1δGG−1 + δG−1 = 2δG−1 +G−1δGG−1 (2.143)
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Consider the following term first

δC2 = −π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[δ(G∂µG
−1)(G∂νG

−1)(G∂ρG
−1)(G∂σG

−1)(G∂τG
−1)]

= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(G∂µG
−1δGG−1)(G∂νG

−1)(G∂ρG
−1)(G∂σG

−1)(G∂τG
−1)]

+ π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(∂µδGG
−1)(G∂νG

−1)(G∂ρG
−1)(G∂σG

−1)(G∂τG
−1)]

= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(∂µG
−1δG)(∂νG

−1G)(∂ρG
−1G)(∂σG

−1G)(∂τG
−1G)]

+ π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(G−1∂µδG)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)]

= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[∂µ(G−1δG)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)]

= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 ∂µtr[(G−1δG)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)]

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(G−1δG)∂µ(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)]

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(G−1δG)(∂νG
−1G)∂µ(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)]

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(G−1δG)(∂νG
−1G)(∂ρG

−1G)∂µ(∂σG
−1G)(∂τG

−1G)]

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr[(G−1δG)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)∂µ(∂τG

−1G)]

(2.144)
Since

0 = ∂µ(GG−1) = ∂µGG
−1 +G∂µG

−1 (2.145)

We can see that

∂µG = −G∂µG
−1G (2.146)

Hence

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)∂µ(∂νG

−1G)(∂ρG
−1G)(∂σG

−1G)(∂τG
−1G)

]
= −π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂νG

−1∂µG)(∂ρG
−1G)(∂σG

−1G)(∂τG
−1G)

]
= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂νG

−1G)(∂µG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)
]

= −π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂µG

−1G)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)
]

(2.147)
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For the same reason

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂νG

−1G)∂µ(∂ρG
−1G)(∂σG

−1G)(∂τG
−1G)

]
= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂µG

−1G)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)
]

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂νG

−1G)(∂ρG
−1G)∂µ(∂σG

−1G)(∂τG
−1G)

]
= −π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂µG

−1G)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)
]

− π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂νG

−1G)(∂ρG
−1G)(∂σG

−1G)∂µ(∂τG
−1G)

]
= π2

15
ϵµνρστ

∫ d4kdω

(2π)5 tr
[
(G−1δG)(∂µG

−1G)(∂νG
−1G)(∂ρG

−1G)(∂σG
−1G)(∂τG

−1G)
]

(2.148)
Hence

δC2 = π2

15
ϵµνρστ

∫ d4kdω

(2π)5 ∂µ tr
[
(G−1δG)(∂νG

−1G)(∂ρG
−1G)(∂σG

−1G)(∂τG
−1G)

]
= 0

(2.149)
Step 2. Deform the Hamiltonian to a simpler form and calculate the C2 number. Diagonalize
the Hamiltonian:

h(k) = U(k)D(k)U †(k) (2.150)

where U(k) = (|1, k⟩, |2, k⟩, . . . , |N, k⟩) is a unitary matrix and D(k) a diagonal matrix:
D(k) = diag[ϵ1(k), . . . , ϵN(k)]. Consider a band insulator with M filled bands. By setting
the chemical potential to an appropriate value, we can rearrange the eigenvalues as

ϵ1(k) ≤ · · · ≤ ϵM(k) ≤ 0 ≤ ϵM+1(k) ≤ · · · ≤ ϵN(k) (2.151)

We can deform them without level crossing by

Eα(k, t) =

εα(k)(1 − t) + εGt, 1 ≤ α ≤ M

εα(k)(1 − t) + εEt, M < α ≤ N
(2.152)

where 0 ≤ t ≤ 1, ϵG < 0 < ϵE, and D0(k, t) = diag[E1(k, t), E2(k, t), . . . , EN(k, t)]. Hence

D0(k, 0) = D(k), D0(k, 1) =

εGIM×M

εEIN−M×N−M

εEIN−M×N−M

 (2.153)

Hence at t = 1

h(k, 1) = εG

M∑
α=1

α,k⟩⟨α,k + εE

N∑
β=M+1

β,k⟩⟨β,k = εGPG(k) + εEPE(k) (2.154)
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where
PG =

M∑
α=1

|α,k⟩⟨α,k| (2.155)

PE =
N∑

β=M+1
|β,k⟩⟨β,k|

are projection operators, i.e. they satisfy the following properties

P 2
G = PGP

2
E = PE PG + PE = 1PGPE = PEPG = 0 (2.156)

Prop
∂PG

∂ki

= ∂(1 − PE)
∂ki

= −∂PE

∂ki

PE
∂PG

∂ki

= ∂PEPG

∂ki

− ∂PE

∂ki

PG = −∂PE

∂ki

PG = ∂PG

∂ki

PG

PG
∂PG

∂ki

= −PG
∂PE

∂ki

= ∂PG

∂ki

PE

PE
∂PG

∂ki

PE = ∂PG

∂ki

PGPE = 0

PG
∂PG

∂ki

PG = ∂PG

∂ki

PEPG = 0

(2.157)

According to step 1, we can directly replace the original Hamiltonian by h(k, 1) in the
calculation of C2. Since G−1 = ω + iδ − ϵGPG − ϵEPE, we can see that

∂G−1(k, ω)
∂ω

= 1 (2.158)

∂G−1(k, ω)
∂ki

= −εG
∂PG(k)
∂ki

− εE
∂PE(k)
∂ki

= (εE − εG)∂PG(k)
∂ki

Claim
G(k, ω) = PG(k)

ω + iδ − εG

+ PE(k)
ω + iδ − εE

(2.159)

Proof..

G−1(k, ω)
(

PG(k)
ω + iδ − εG

+ PE(k)
ω + iδ − εE

)
= (ω + iδ − εGPG − εEPE)

(
PG(k)

ω + iδ − εG

+ PE(k)
ω + iδ − εE

)

= ωPG + iδPG − εGP
2
G

ω + iδ − εG

+ ωPE + iδPE − εEP
2
E

ω + iδ − εE

= PG + PE = 1
(2.160)

For the same reason, (
PG(k)

ω + iδ − εG

+ PE(k)
ω + iδ − εE

)
G−1(k, ω) = 1 (2.161)
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Hence we have proved that

G(k, ω) = PG(k)
ω + iδ − εG

+ PE(k)
ω + iδ − εE

(2.162)

We have all the things we need to calculate C2 now.

C2 = −π2

15
ϵµνρστ

∫ d4kdω

(2π)5 Tr
[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)(
G
∂G−1

∂qσ

)(
G
∂G−1

∂qτ

)]

= −π2

15
ϵ0νρστ

∫ d4kdω

(2π)5 Tr
[
(G)

(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)(
G
∂G−1

∂qσ

)(
G
∂G−1

∂qτ

)]

− π2

15
ϵµ0ρστ

∫ d4kdω

(2π)5 Tr
[(
G
∂G−1

∂qµ

)
(G)

(
G
∂G−1

∂qρ

)(
G
∂G−1

∂qσ

)(
G
∂G−1

∂qτ

)]

− π2

15
ϵµν0στ

∫ d4kdω

(2π)5 Tr
[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)
(G)

(
G
∂G−1

∂qσ

)(
G
∂G−1

∂qτ

)]

− π2

15
ϵµνρ1τ

∫ d4kdω

(2π)5 Tr
[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)
(G)

(
G
∂G−1

∂qτ

)]

− π2

15
ϵµνρσ1

∫ d4kdω

(2π)5 Tr
[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)(
G
∂G−1

∂qσ

)
(G)

]

= −π2

3
ϵijkl

∫ d4kdω

(2π)5 Tr
[
G2∂G

−1

∂ki

G
∂G−1

∂kj

G
∂G−1

∂kk

G
∂G−1

∂kl

]

= −π2

3
ϵijkl

∫ d4kdω

(2π)5

∑
n,m,s,t=G,E

Tr
[
Pn

∂PG

∂ki
Pm

∂PG

∂kj
Ps

∂PG

∂kk
Pt

∂PG

∂kℓ

]
(εE − εG)4

(ω + iδ − εn)2(ω + iδ − εm)(ω + iδ − εs)(ω + iδ − εt)

= −π2

3
ϵijkl

∫ d4kdω

(2π)5

Tr
[
PG

∂PG

∂ki
PE

∂PG

∂kj
PG

∂PG

∂kk
PE

∂PG

∂kℓ

]
(ω + iδ − εG)3(ω + iδ − εE)2 +

Tr
[
PE

∂PG

∂ki
PG

∂PG

∂kj
PE

∂PG

∂kk
PG

∂PG

∂kℓ

]
(ω + iδ − εG)2(ω + iδ − εE)3

 (εE − εG)4

= 1
16π2

∫
d4k

{
−Tr

[
PG

∂PG

∂ki

PE
∂PG

∂kj

PG
∂PG

∂kk

PE
∂PG

∂kℓ

]
+ Tr

[
PE

∂PG

∂ki

PG
∂PG

∂kj

PE
∂PG

∂kk

PG
∂PG

∂kℓ

]}

= 1
16π2 ϵ

ijkl
∫
d4k

{
−Tr

[
∂PG

∂ki

PE
∂PG

∂kj

∂PG

∂kk

PE
∂PG

∂kℓ

]
+ Tr

[
PE

∂PG

∂ki

∂PG

∂kj

PE
∂PG

∂kk

∂PG

∂kℓ

]}
(2.163)

Hence

C2 = 1
16π2 ϵ

ijkl
∫
d4k

{
−Tr

[
PE

∂PG

∂kj

∂PG

∂kk

PE
∂PG

∂kℓ

∂PG

∂ki

]
+ Tr

[
PE

∂PG

∂ki

∂PG

∂kj

PE
∂PG

∂kk

∂PG

∂kℓ

]}

= 1
8π2 ϵ

ijkl
∫
d4kTr

[
PE

∂PG

∂ki

∂PG

∂kj

PE
∂PG

∂kk

∂PG

∂kℓ

]
(2.164)

We should notice that

⟨α,k|β,k⟩ = δα,β (2.165)
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Hence

C2 = 1
8π2 ϵ

ijkℓ
∫
d4kTr

[
∂PG

∂kℓ

PE
∂PG

∂ki

∂PG

∂kj

PE
∂PG

∂kk

]

= − 1
8π2 ϵ

ijkℓ
∫
d4kTr

[
∂PG

∂ki

PE
∂PG

∂kj

∂PG

∂kk

PE
∂PG

∂kl

]

= − 1
8π2 ϵ

ijkℓ
∫
d4kTr

 M∑
α,β,γ,θ=1

|α,k⟩∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

⟨β,k|γ,k⟩∂⟨γ,k|
∂kk

PE
∂|θ,k⟩
∂kl

⟨θ,k|


= − 1

8π2 ϵ
ijkℓ

∫
d4k

 M∑
α,β,θ=1

Tr(|α,k⟩⟨θ,k|)∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

⟨β,k|β,k⟩∂⟨β,k|
∂kk

PE
∂|θ,k⟩
∂kl


= − 1

8π2 ϵ
ijkℓ

∫
d4k

 M∑
α,β,θ=1

⟨θ,k|α,k⟩∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

∂⟨β,k|
∂kk

PE
∂|θ,k⟩
∂kl


= − 1

8π2 ϵ
ijkℓ

∫
d4k

 M∑
α,β=1

∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

∂⟨β,k|
∂kk

PE
∂|α,k⟩
∂kl


(2.166)

Step 3. Calculate the second Chern number of the non-Abelian Berry’s phase gauge field in
the BZ and compare the result to C2. The gauge field is defined as

aαβ
i (k) = −i

〈
α,k

∣∣∣∣∣ ∂∂ki

∣∣∣∣∣ β,k
〉

(2.167)

The gauge curvature is

fαβ
ij = ∂ia

αβ
j − ∂ja

αβ
i + i[ai, aj]αβ

= −i∂⟨α,k|
∂ki

∂|β,k⟩
∂kj

− i⟨α,k| ∂2

∂ki∂kj

|β,k⟩ + i
∂⟨α,k|
∂kj

∂|β,k⟩
∂ki

+ i⟨α,k| ∂2

∂kj∂ki

|β,k⟩

− i
∂⟨α,k|
∂ki

M∑
γ=1

|γ,k⟩⟨γ,k|∂|β,k⟩
∂kj

+ i
∂⟨α,k|
∂kj

M∑
γ=1

|γ,k⟩⟨γ,k|∂|β,k⟩
∂ki

= −i
(
∂⟨α,k|
∂ki

∂|β,k⟩
∂kj

− ∂⟨α,k|
∂kj

∂|β,k⟩
∂ki

)

+ i

∂⟨α,k|
∂ki

M∑
γ=1

|γ,k⟩⟨γ,k|∂|β,k⟩
∂kj

− ∂⟨α,k|
∂kj

M∑
γ=1

|γ,k⟩⟨γ,k|∂|β,k⟩
∂ki


= −i

(
∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

− ∂⟨α,k|
∂kj

PE
∂|β,k⟩
∂ki

)
. (2.168)

Consider the following term

1
32π2

∫
d4k ϵijkℓ Tr[fijfkℓ]

= − 1
32π2

∫
d4k ϵijkℓ

M∑
α,β=1

(
∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

− ∂⟨α,k|
∂kj

PE
∂|β,k⟩
∂ki

)
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×
(
∂⟨β,k|
∂kk

PE
∂|α,k⟩
∂kℓ

− ∂⟨β,k|
∂kℓ

PE
∂|α,k⟩
∂kk

)

= 1
8π2

∫
d4k ϵijkℓ

M∑
α,β=1

∂⟨α,k|
∂ki

PE
∂|β,k⟩
∂kj

∂⟨β,k|
∂kk

PE
∂|α,k⟩
∂kℓ

= C2. (2.169)

Here we have proved the claim. Next we will compute the nonlinear response to the U(1)
gauge field.

δSeff = C2

24π2

∫
d4xdtϵηνρστ (δAη∂νAρ∂σAτ + Aη∂ν(δAρ)∂σAτ + Aη∂νAρ∂σ(δAτ ))

= C2

24π2

∫
d4xdtϵηνρστδAη∂νAρ∂σAτ − C2

24π2

∫
d4xdtϵηνρστδAρ∂νAη∂σAτ

− C2

24π2

∫
d4xdtϵηνρστδAτ∂νAρ∂σAη

= C2

8π2

∫
d4xdtϵηνρστδAη∂νAρ∂σAτ

(2.170)

Hence
jµ = δSeff

δAµ

= C2

8π2 ϵ
µνρστ∂νAρ∂σAτ (2.171)

For instance consider the following configuration

Ax = 0,Ay = Bzx, Az = −Ezt,Aw = At = 0 (2.172)

Then if we want the current to be nonzero, (ρ, τ) has to be (y, z) (or (z, y)); accordingly
(ν, σ) has to be (x, t) (or (t, x)). Hence the only nonzero current term is

jw = C2

8π2 ϵ
wxytz(−BzEz) + C2

8π2 ϵ
wtzxy(−BzEz) = − C2

4π2BzEz (2.173)

If we adopt the Lorentzian metric, then

jz = C2

4π2BzEz (2.174)

Hence ∫
dxdyjy = C2

4π2

(∫
dxdyBz

)
Ez ≡ C2Nxy

2π
Ez (2.175)

where Nxy =
∫
dx dy Bz/(2π) is the quantized magnetic-field flux through the xy plane.

Hence in the zw plane the Hall conductance is given by C2Nxy/(2π).

2.2 An Example: Lattice Dirac Model
Consider a tight binding version of the continuum Dirac model.

H =
∑
n,i

[
ψ†

n

(
cΓ0 − iΓi

2

)
ψn+î + H.c.

]
+m

∑
n

ψ†
nΓ0ψn (2.176)
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where {Γµ,Γν} = 2δµνI. Here we let

Γ0 = γ0Γ1,2,3 = γ0γ1,2,3 Γ4 = −iγ0γ5 (2.177)

so that (Γµ)† = Γµ. Next we will obtain the frequency representation of the Hamiltonian by
Fourier transforming ψ† and ψ.

H = 1
N

∑
n,i

∑
k,q

eik·rnψ†
k

(
cΓ0 − iΓi

2

)
e−iq·(rn+ri)ψq + H.c.

+ 1
N
m
∑

n

∑
k,q

eik·rne−iq·rnψ†
kΓ0ψq

=
∑

i

∑
k

[
e−ik·riψ†

k

(
cΓ0 − iΓi

2

)
ψk + H.c.

]
+m

∑
k

ψ†
kΓ0ψk

=
∑

k

ψ†
k

[∑
i

sin kiΓi +
(
m+ c

∑
i

cos ki

)
Γ0
]
ψk

(2.178)
where we have used the fact that |ri| = 1. Also we can make the Hamiltonian more compact
by setting

da(k) =
[(
m+ c

∑
i

cos ki

)
, sin kx, sin ky, sin kz, sin kw

]
(2.179)

Then
H =

∑
k

ψ†
kda(k)Γαψk (2.180)

where
h(k) = da(k)Γa (2.181)

is the single particle Hamiltonian. Before moving onto other calculations, we shall now pause
for a while to take a closer look at some properties Γµ possesses. Define

Γab = [Γa,Γb]
2i

(2.182)

We can immediately obtain the following properties

[Γab,Γc] = 2i(δacΓb − δbcΓa)
{Γab,Γc} = ϵabcdΓde

[Γab,Γcd] = −2i(δbcΓad − δbdΓac − δacΓbd + δadΓbc)
{Γab,Γcd} = 2ϵabcdeΓe + 2δacδbd − 2δadδbc

(2.183)

With the above relations we can simplify a product of Γµ matrices. Consider the trace of
Γµ:

Tr(Γ0) = Tr(γ0) = 0 (2.184)

Since

Tr(γ0γi) = 0(i = 1, 2, 3, 5) (2.185)
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we can see that

Tr(Γµ) = 0 (2.186)

Also
Tr(ΓaΓb) = 1

2
Tr(ΓaΓb) = 1

2
Tr(2δab) = 4δab

Tr(Γab) = 1
2i

[Tr(ΓaΓb) − Tr(ΓbΓa)] = 0
(2.187)

Next we will try to compute the traces of several products of Γµ matrices.

Tr
(
ΓaΓbΓcΓdΓe

)
= Tr

(
(iΓab + δab)Γc(iΓde + δde)

)
= Tr(δabδdeΓc) + Tr(iΓabΓcδde) + Tr(iδabΓcΓde) + Tr(−ΓabΓdeΓc)

(2.188)

Notice that −ΓabΓc and ΓabΓc only have linear terms of the matrices, hence

Tr(ΓabΓc) = 0 (2.189)

For the same reason

Tr(ΓabΓde) = 0 (2.190)

Hence

Tr
(
ΓaΓbΓcΓdΓe

)
= Tr(−ΓaΓbΓdΓc) = −ϵabdefTr(ΓfΓc) = −4ϵabdefδfc = −4ϵabcde (2.191)

For similar reasons

Tr(ΓaΓbΓcΓdΓeΓf ) = Tr((iΓab + δab)(iΓcd + δcd)(iΓef + δef ))
= Tr(−iΓabΓcdΓef ) = 0

(2.192)

Tr(ΓaΓbΓcΓdΓeΓfΓg) = Tr
(
(iΓab + δab)(iΓcd + δcd)(iΓef + δef )Γg

)
= Tr

(
−iΓabΓcdΓefΓg

)
− Tr

(
ΓcdΓefΓgδab

)
− Tr

(
ΓabΓcdΓgδef

)
− Tr

(
ΓabΓefΓgδcd

)
= −4δabϵcdefg − 4δcdϵabefg − 4δefϵabcdg − 4δbcϵadefg − 4δadϵbcefg

+ 4δacϵbdefg + 4δbdϵacefg

(2.193)
Tr(ΓaΓbΓcΓdΓeΓfΓgΓh) = Tr

[
(iΓab + δab)(iΓcd + δcd)(iΓef + δef )(iΓgh + δgh)

]
= Tr(ΓabΓcdΓefΓgh) = 0.

(2.194)

Now that we have all the things we need, we will calculate the C2 number in this system.
Claim In this system

C2 = 3
8π2

∫
d4kϵabcded̂a∂xd̂b∂yd̂c∂zd̂d∂wd̂e (2.195)

where
d̂a(k) ≡ da(k)

|d(k)|
(2.196)
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proof Step 1. Obtain the Green’s function. Notice that

(ω−h(k))× ω + da(k)Γa

[ω2 − da(k)da(k)]
= ω2 − da(k)db(k)ΓaΓb

[ω2 − da(k)da(k)]
=
ω2 − 1

2da(k)db(k)2dab

[ω2 − da(k)da(k)]
= 1 (2.197)

Hence
G(k, ω) = ω + da(k)Γa

[ω2 − da(k)da(k)]
(2.198)

Step 2. Insert the Green function directly into C2

C2 = − π2

15
ϵ0ijkl

∫ d4kdω

(2π5)
Tr
(
G

(
G
∂G−1

∂ki

)(
G
∂G−1

∂kj

)(
G
∂G−1

∂kl

)(
G
∂G−1

∂kl

))

− π2

15
ϵi0jkl

∫ d4kdω

(2π5)
Tr
((

G
∂G−1

∂ki

)
G

(
G
∂G−1

∂kj

)(
G
∂G−1

∂kl

)(
G
∂G−1

∂kl

))

− π2

15
ϵij0kl

∫ d4kdω

(2π5)
Tr
((

G
∂G−1

∂ki

)(
G
∂G−1

∂kj

)
G

(
G
∂G−1

∂kk

)(
G
∂G−1

∂kl

))

− π2

15
ϵijk0l

∫ d4kdω

(2π5)
Tr
((

G
∂G−1

∂ki

)(
G
∂G−1

∂kj

)(
G
∂G−1

∂kk

)
G

(
G
∂G−1

∂kl

))

− π2

15
ϵijkl0

∫ d4kdω

(2π5)
Tr
((

G
∂G−1

∂ki

)(
G
∂G−1

∂kj

)(
G
∂G−1

∂kk

)(
G
∂G−1

∂kl

)
G

)

= − π2

3
ϵ0ijkl

∫ d4kdω

(2π5)
Tr
(
G

(
G
∂G−1

∂ki

)(
G
∂G−1

∂kj

)(
G
∂G−1

∂kk

)(
G
∂G−1

∂kl

))

= − π2

3
ϵijkl

∫ d4kdω

(2π5)
1

(ω2 − |d|2)5 Tr[(ω + dmΓm)(ω + dnΓn)(∂id
oΓo)(ω + dpΓp)(∂jd

qΓq)

× (ω + drΓr)(∂kd
sΓs)(ω + dtΓt)(∂ld

uΓu)]

= − π2

3
ϵijkl

∫ d4kdω

(2π5)
∂id

o∂jd
q∂kd

s∂ld
u

(ω2 − |d|2)5 Tr[(ω + dmΓm)(ω + dnΓn)Γo

× (ω + dpΓp)Γq(ω + drΓr)Γs(ω + dtΓt)Γu]
(2.199)

Now we need to valuate the trace term. From what we have proved, the only nonzero
contributions are form products of 5, 7 and 9 matrices. Hence the contribution from the
products of 5 matrices:

T5 = ω4 [Tr(dmΓmΓoΓqΓsΓu) + Tr(dmΓmΓoΓqΓsΓu) + Tr(dmΓoΓmΓqΓsΓu)
+Tr(dmΓoΓqΓmΓsΓu) + Tr(dmΓoΓqΓsΓmΓu)]

= −4ϵmoqsud
mω4

(2.200)

Likewise

T7 = 8ϵmoqsud
mω2d2 (2.201)

T9 = −4ϵmoqsud
md4

(2.1)
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Honestly, I have not evaluated T7 and T9. I chose to trust the author. Hence

C2 = π2

3
ϵijkl

∫ d4kdω

(2π)5
4ϵtoqsu

(ω2 − |d|2)3
dt∂id

o∂jd
q∂kd

s∂ld
u

(ω2 − |d|2)3

= π3

3
ϵijkl

∫ d4k

(2π)4
4ϵtoqsu

(2|d|)5
dt∂id

o∂jd
q∂kd

s∂ld
u

(2|d|)5
3 × 4

2!

= π2

4
ϵijkl

∫ d4k

(2π)4
dt∂id

o∂jd
q∂kd

s∂ld
u

|d|5

= 3
8π2

∫
d4kϵtoqsud̂

t∂xd̂
o∂yd̂

q∂zd̂
s∂wd̂

u

(2.202)

where in the last line, we noticed that the permutation of {i, j, k, l} results in the same sign
change of ijkl and toqsu. Next, we will evaluate the C2 number by using the above equation.
Since C2 is a topologically invariant number and hence does not change when the Hamiltonian
remains to be gapped, we only have to examine the change of C2 near criticalities where the
Hamiltonian becomes gapless. Let c remain fixed and m tunable. Then C2 = C2(m). Hence
we should calculate the eigenvalue of the single particle Hamiltonian first:

S − sin kz i sin ky − sin kx m+ c
∑

i cos ki − i sin kw 0
− sin kx − i sin ky S + sin kz 0 m+ c

∑
i cos ki − i sin kw

m+ c
∑

i cos ki + i sin kw 0 S + sin kz sin kx − i sin ky

0 m+ c
∑

i cos ki + i sin kw sin kx + i sin ky S − sin kz


(2.203)

Using Mathematica, we find that the eigenvalues are E±(k) = ±
√∑

a d2
a(k). Now, we should

find out the criticalities by solving ∑
a

d2
a(k,m) = 0 (2.204)

Hence, all sin(ki) terms are zero while m + c
∑

i cos(ki) = 0. Case 1. All ki = 0. Then
m = −4c. Case 2. Only one ki = π, others are zero. Then m = −2c. Case 3. Two ki = π,
others are zero. Then m = 0. Case 4. Three ki = π, the other is zero. Then m = 2c.
Case 5, All ki = π. Then m = 4c. If m → +∞ (or m → −∞), d̂ → (1, 0, 0, 0, 0) (or
d̂ → (−1, 0, 0, 0, 0)). At this time, C2(m) = 0. Consider for example the jump of C2 at
m = −4c. Define δm = m+ 4c and a cutoff frequency Λ ≫ 2π. Then

C2 = 3
8π2

(∫
|k|⩽Λ

d4k +
∫

|k|>Λ
d4k

)
ϵabcded̂a∂xd̂b∂yd̂c∂zd̂d∂wd̂e (2.205)

≡ C
(1)
2 (δm,Λ) + C

(2)
2 (δm,Λ)
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Since at |k| > Λ there is no level crossing. Hence the jump of the second term above is zero.
Consider the first term instead. At that limit da(k) → (δm, kx, ky, kz, kw). Hence

C
(1)
2 (δm,Λ) ≃ 3

8π2

∫
|k|≤Λ

d4k
δm

(δm2 + k2)5/2 = 3
8π2

∫
|k|≤Λ

dk
δm

(δm2 + k2)5/2 × (2π2k3)

= 3
8

∫
|k|≤Λ

kdk
δm

(δm2 + k)5/2 = −3
8

2δm
(
2δm2 + 3

√
Λ
)

3
(
δm2 +

√
Λ
)3/2 + 1

2
δm3

(δm2)3/2

= −3
8

2δm
(
2δm2 + 3

√
Λ
)

3
(
δm2 +

√
Λ
)3/2 + 1

2
sgn(δm)

(2.206)
where we have used the fact that the area of a 4-sphere of radius R is 2π2R3. Then

δC
(1)
2 (δm,Λ)δδm=0+

m=0 = 1 (2.207)

Hence when −4c ≤ m ≤ −2c, C2 = 1. At other criticalities, the situation is basically the
same. The only noteworthy thing is that at ki = π, ∂id̂i = −1. At m = −2c, there are four
critical points P [π, 0, 0, 0]. Hence the jump is δC2(m : −2c− 0 → −2c+ 0) = −4. At m = 0,
there are six critical points P [π, π, 0, 0]. Hence the jump is δC2(m : −0 → +0) = +6. At
m = 2c, there are four critical points P [π, π, π, 0]. Hence the jump is δC2(m : 2c − 0 →
2c + 0) = −4. At m = 4c, there is one critical point P [π, π, π, π]. Hence the jump is
δC2(m : 4c− 0 → 4c+ 0) = +1. In conclusion

C2(m) =



0, m < −4c or m > 4c
1, −4c < m < −2c
−3, −2c < m < 0
3, 0 < m < 2c
−1, 2c < m < 4c

(2.208)

According to the aforementioned frequency representation of the Hamiltonian, if we replace
the periodic boundary condition along w-axis with open boundary condition, then we can
obtain the following Hamiltonian:

H =
∑
k⃗,w

[
ψ†

k⃗
(w)

(
cΓ0 − iΓ4

2

)
ψk⃗(w + 1) + H.c.

]
+
∑
k⃗,w

ψ†
k⃗
(w)

[
sin kiΓi +

(
m+ c

∑
i

cos ki

)
Γ0
]
ψk⃗(w)

(2.209)
where i = 1, 2, 3. Still, we will focus on the single particle Hamiltonian.

hk̄ =
[
sin kiΓi +

(
m+ c

∑
i

cos ki

)
Γ0
]

(2.210)

We will obtain its eigenvalue by setting the determinant of the following matrix to zero.
S − sin(kz) i sin(ky) − sin(kx) m+ c

∑
i cos(ki)

− sin(kx) − i sin(ky) S + sin(kz) m+ c
∑

i cos(ki)
m+ c

∑
i cos(ki) 0 sin(kx) − i sin(ky)

0 m+ c
∑

i cos(ki) S − sin(kz)

 (2.211)
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Using mathematica we find that the eigenvalue is

E±(k⃗) = ±
√∑

i

d2
i (k⃗) (2.212)

where
di(k⃗) = (m+ c

∑
i

cos ki, sin kx, sin ky, sin kz) (2.213)

Here consider the gapless states:

(m+ c
∑

i

cos ki)2 = sin2 kx = sin2 ky = sin2 kz = 0 (2.214)

Case 1. All ki = 0. Then m = −3c and C2 = 1. There is only one gapless branch at
k̃ = (0, 0, 0).

Case 2. Only one ki = π, while the others are zero. Then m = −c and C2 = −3. There
are three gapless branches at k̃ = P [(π, 0, 0)].

Case 3. Two ki = π, while the other is zero. Then m = c and C2 = 3. There are three
gapless branches at k̃ = P [(π, π, 0)].

Case 4. All three ki = π. Then m = 3c and C2 = −1. There is only one gapless branch
at k̃ = (π, π, π). We can then focus on the vicinity of the gapless states and obtain a low
energy effective theory. Since m + c

∑
i cos ki = 0 at the gapless points, the single particle

Hamiltonian becomes
hk⃗ = sin kiΓi =

(
−d⃗ · σ⃗ 0

0 d⃗ · σ⃗

)
(2.215)

Also, near the gapless points, sin ki → δki, where δki = ki when ki = 0 at the gapless point
and δki = −(ki − π) when ki = π at the gapless point. Hence the Hamiltonian becomes

hk⃗ =
(

−δk⃗ · σ⃗ 0
0 δk⃗ · σ⃗

)
(2.216)

Due to the symmetry the Hamiltonian possesses we can describe the gapless states by only
h̃k = δk̃ · σ̃ = sgn(Ci)p̃ · σ̃, where sgn(Ci) = 1 when ki = 0 at the gapless point, and
sgn(Ci) = −1 otherwise. Hence the low energy effective theory is

H =
∫ d3p

(2π)3

|C2|∑
i=1

sgn(Ci)ψ†
i (p⃗)σ⃗ · p⃗ψi(p⃗) (2.217)

Consider for example a system at −4c ≤ m ≤ −2c. Consider the following gauge configura-
tion.

Ax = 0,Ay = Bxx, Az = −Ext,Aw = At = 0 (2.218)

Then as we have shown the single particle Hamiltonian near the gapless point is

h = vσ⃗ · (p⃗+ A⃗) = vσxpx + vσy(py +Bzx) + vσz(pz − Ez) (2.219)
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For now we let Az remian fixed. We will try to derive the eigenvalues of this system.(
−i∂z + Az −i∂x − ∂y − iBzx

−i∂x + ∂y + iBzx i∂z − Az

)
Ψ(x, y, z) = EΨ(x, y, z) (2.220)

According to the form of the Hamiltonian we can set Ψ(x, y, z) = eipyyeipzzΨ(x). Hence(
pz + Az

−ipx + ipy + iBzx
− ipx − ipy − iBzx− pz − Az

)
Ψ(x) = EΨ(x) (2.221)

Since
[−i∂x + ipy + iBxx,−i∂x − ipy − iBxx] = −Bx (2.222)

If Bz < 0, we can let a = (2|Bz|)−1/2(−i∂x + ipy + iBzx) and a† = (2|Bz|)−1/2(−i∂x −
ipy − iBzx). Then [a, a†] = 1. We can also define the number operator N = a†a. Let
Ψ(x) = (γ, θ)T . Then

√
2|Bz|

 pz+Az√
2|Bz |

a†

a −pz−Az√
2|Bz |

(γ
θ

)
= E

(
γ
θ

)
(2.223)

Hence  pz+Az√
2|Bz |

γ + a†θ

aγ + −pz−Az√
2|Bz |

θ

 =

 E√
2|Bz |

γ√
2|Bz|θ

 (2.224)

(
a†

aγ

)
=

E−pz−Az√
2|Bz |

γ

E+pz+Az√
2|Bz |

θ


Hence

a†aγ = E2 − (pz + Az)2

2|Bz|
γ (2.225)

Hence γ = |n⟩. We can then see that

En± = ±
√

(px + Ax)2 + 2nBxn = 1, 2, . . . (2.226)

If n = 0, then

E0 = −(pz + Az) = sgn(Bz)(pz + Az) (2.227)

If B > 0, we can repeat the same process to obtain the same result as above. All En± are
gapped while E0(pz) is not. Hence if we adiabatically set pz → pz + 2π/Lz by using the
afore mentioned field configuration, then one more band can be occupied by electrons. Since
for each Landau level the degeneracy is Nxy = LxLyBz/(2π). The number of the surface
increases by Nxy. Hence there must be a current along the w axis

Iw = Nxy

T
= Nxy

(2π/Lz)/Ez

= LxLyLzBzEz

4π2 (2.228)
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Hence
jw = BzEz

4π2 = 1
32π2 ϵ

µνστFµνFστ (2.229)

where in this system the only non-vanishing terms are Fxy = Bz and Fzt = −Ez. More
generally, since there are C2 branches of such gapless systems

jw = C2
E · B
4π2 = C2

32π2 ϵ
µνστFµνFστ (2.230)

3 Dimensional Reduction to (3 + 1)-Dimensional TRI
Insulators

3.1 Effective Action of (3 + 1)-Dimensional Insulators
The Hamiltonian in (4 + 1) dimensions is

H[A] =
∑
n,i

[
ψ†

n

(
eΓ0 − iΓi

2

)
eiAn,n+iψn+i + H.c.

]
+m

∑
n

ψ†
nΓ0ψn (3.231)

Let the gauge field be translationally invariant along the w direction, i.e.

An,n+i = An+ŵ,n+ŵ+i (3.232)

Hence under the periodic boundary condition, kw is a good quantum number.

H[A] =
∑
n,s

[
ψ†

n

(
cΓ0 − iΓs

2

)
eiAn,n+ŝψn+ŝ + H.c.

]
+m

∑
n

ψ†
nΓ0ψn

+
∑

n

[
ψ†

n

(
cΓ0 − iΓ4

2

)
eiAn,n+ŵψn+ŵ + H.c.

]

= 1
N

∑
n,kw,k′

w,s

[
ψ†

x⃗,kw
e−ikww

(
cΓ0 − iΓs

2

)
eiAn,n+ŝeik′

wwψx⃗+ŝ,k′
w

+ H.c.
]

+ 1
N
m

∑
n,kw,k′

w

ψ†
x⃗,kw

e−ikww+ik′
wwΓ0ψx⃗,k′

w

+ 1
N

∑
n,kw,k′

w

[
ψ†

x⃗,kw
e−ikww+ik′

w(w+1)
(
cΓ0 − iΓ4

2

)
eiAn,n+ŵψx⃗,k′

w
+ H.c.

]

=
∑

kw,x⃗,s

[
ψ†

x⃗,kw

(
cΓ0 − iΓs

2

)
eiAx⃗,x⃗+ŝψx⃗+ŝ,kw + H.c.

]

+
∑

kw,x⃗,s

ψ†
x⃗,kw

{sin(kw + Ax⃗4)Γ4 + [m+ c cos(kw + Ax⃗4)]Γ0}ψx⃗,kw

(3.233)

where s = 1, 2, 3 and Ãx4 = Ax,x+ŵ. We can only pick one kw term and obtain a three
dimensional Hamiltonian with an additional parameter.

H3D[A, θ] =
∑
x⃗,s

[
ψ†

x

(
cΓ0 − iΓs

2

)
eiAx⃗,x⃗+sψx⃗+s + H.c.

]
+
∑
x⃗,s

ψ†
x⃗[sin θx⃗Γ4 + (m+ c cos θx⃗)Γ0]ψx⃗

(3.234)
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where θx̃ = kw + Ãx4 is the field parameter. Likewise the effective action can be defined as

expiS3D[A,θ] =
∫
D[ψ]D[ψ̄] exp

{
i
∫
dt

[∑
x̄

ψ̄x̄(i∂τ − Ax̄0)ψx̄ −H[A, θ]
]}

(3.235)

The (3 + 1)-dimensional action is thus

S3D = G3(θ0)
4π

∫
d3xdtϵµνστAµ∂νδθ∂σAτ (3.236)

The factor can be directly obtained from C2:

G3(θ0) = −π2

15
ϵµνρσ

∫ d3k dω

(2π)5 5 Tr

(G∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)

×
(
G
∂G−1

∂qσ

)(
G
∂G−1

∂q4

)
= −π

6
ϵµνρσ

∫ d3k dω

(2π)4 Tr

(G∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)

×
(
G
∂G−1

∂qσ

)(
G
∂G−1

∂θ0

).

(3.237)

Hence it must satisfies ∫
dθ0G3(θ0) = C2 ∈ Z (3.238)

Likewise it can also be represented by Berry curvature

G3(θ0) = 1
32π2

∫
d3kϵijk4Tr[fijfkθ] × 4 = 1

8π2

∫
d3kϵijkTr[fkθfij]

= 1
8π2

∫
d3kϵijkTr[fkθfij] = − 1

8π2

∫
d3kϵijkTr[fθkfij]

(3.239)

We then introduce the non-Abelian Chern–Simons term

KA = 1
16π2 ϵ

ABCDTr
[(
fBC − i

3
[aB, aC ]

)
· aD

]
(3.240)
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Then

∂AKA = ∂A
1

16π2 ϵ
ABCDTr

[(
fBC − i

3
[aB, aC ]

)
· aD

]
= ∂A

1
16π2 ϵ

ABCD
{[
fαβ

BC − i

3
(
aαγ

B aγβ
C − aαγ

C aγβ
B

)]
aαα

D

}
= 1

16π2 ϵ
ABCD

{[2i
3
(
∂Aa

αγ
B aγβ

C + aαγ
B ∂Aa

γβ
C − ∂Aa

αγ
C aγβ

B − aαγ
C ∂Aa

γβ
B

)
aβα

D

]}
+ 1

16π2 ϵ
ABCD

{[
∂Ba

αβ
C − ∂Ca

αβ
B + 2i

3
(
aαγ

B aγβ
C − aαγ

C aγβ
B

)]
∂Aa

βα
D

}
= 1

16π2 ϵ
ABCD

[2i
3
(
aαγ

A aγβ
B − aαγ

B aγβ
A

)
∂Ca

βα
D

]
− 1

16π2 ϵ
CADB

[
i

3
(
aαγ

A aγβ
B − aαγ

B aγβ
A

)
∂Ca

βα
D

]
+ 1

16π2 ϵ
ABCD

[
i

3
∂Aa

αγ
B aγβ

C aβα
D − ∂Aa

γβ
B aβα

D aαγ
C

]
+ 1

16π2 ϵ
CABD

[(
∂Aa

αβ
B − ∂Ba

αβ
A

)
∂Ca

βα
D

]
+ 1

16π2 ϵ
ABCD

[2i
3
∂Aa

αγ
B aγβ

C aβα
D − ∂Aa

γβ
B aβα

D aαγ
C

]
= 1

32π2 ϵ
ABCD

[(
∂Aa

αβ
B − ∂Ba

αβ
A

) (
∂Ca

βα
D − ∂Da

βα
C + i[aC , aD]βα

)]
+ 1

32π2 ϵ
ABCD

[
i[aA, aB]αβ

(
∂Ca

βα
D − ∂Da

βα
C

)]
= 1

32π2 ϵ
ABCDTr[fABfCD]

(3.241)
where in the last line we have used the fact that

ϵABCD Tr[aAaBaCaD] = 0 (3.242)

Hence
∂P3(θ0)
∂θ0

≡ G3(θ0) =
∫
d3k∂AKA (3.243)

Since we can choose an appropriate gauge such that Ki (i = 1, 2, 3) is single valued, the
above equation can be simplified as

∂P3(θ0)
∂θ0

≡ G3(θ0) =
∫
d3k∂θKθ (3.244)

Hence
P3(θ0) =

∫
d3kKθ = 1

16π2

∫
d3kϵθijkTr

[(
fij − i

3
[ai, aj]

)
· ak

]
(3.245)

Since under gauge invariance, the three dimensional integration of Chern Simons terms is
invariant modulo an integer, consider the following gauge tranformation:

ai −→ u−1aiu− iu−1∂iu (3.246)
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A =
∫
d3kϵθijkTr[(∂ia

′
j − ∂ja

′
i)a′

k]

=
∫
d3kϵθijkTr[(2∂ia

′
j)a′

k]

=
∫
d3kϵθijkTr[∂i(u−1aju− iu−1∂ju)(u−1aku− iu−1∂ku)]

=
∫
d3kϵθijkTr2[∂iu

−1aju+ u−1∂iaju+ u−1aj∂iu− i∂iu
−1∂ju](u−1aku− iu−1∂ku)

=
∫
d3kϵθijkTr2[2∂iu

−1ajaku− 2i∂iu∂ju
−1ak + (u−1∂iu)(u−1∂ju)(u−1∂ku) + ∂iajak]

(3.247)

B =
∫
d3kϵθijk

2i
3 Tr[a′

i, a
′
j]a′

k =
∫
d3kϵθijk

4i
3 Tr[a′

ia
′
ja

′
k] =

∫
d3kϵθijk

4i
3 Tr[(u−1aiu− iu−1∂iu)(u−1aju− iu−1∂ju)(u−1aku− iu−1∂ku)] =

∫
d3kϵθijk

4i
3 Tr[aiajak] +

∫
d3kϵθijk

4i
3 Tr[i(u−1∂iu)(u−1∂ju)(u−1∂ku)]

(3.248)

+
∫
d3kϵθijk

4i
3 Tr[−iu−1aiaj∂ku− i∂iuu

−1ajak − iu−1akai∂ju] +
∫
d3kϵθijk

4i
3 Tr[−u−1ai∂juu

−1∂ku− u−1aj∂kuu
−1∂iu− u−1ak∂iuu

−1∂ju] =
∫
d3kϵθijk

4i
3 Tr[aiajak] +

∫
d3kϵθijk

4i
3 Tr[i(u−1∂iu)(u−1∂ju)(u−1∂ku)] −

∫
d3kϵθijkTr4[∂iu

−1ajaku− i∂iu∂ju
−1ak]

(3.1)

Hence
∆P3 = 1

16π2A+ 1
16π2B − P3

= 1
16π2

∫
d3kϵθijk

2
3

Tr[(u−1∂iu)(u−1∂ju)(u−1∂ku)]

= 1
24π2

∫
d3kϵθijkTr[(u−1∂iu)(u−1∂ju)(u−1∂ku)]

(3.249)

We can also simplify S3D by inserting G3 = ∂P3/∂θ:

S3D = −G3(θ0)
4π

∫
d3xdtϵµνστ∂µδθAν∂σAτ

= G3(θ0)
4π

∫
d3xdtϵµνστAµ∂νδθ∂σAτ

= 1
4π

∫
d3xdtϵµνστAµ(∂P3/∂θ)∂νδθ∂σAτ

= 1
4π

∫
d3xdtϵµνστAµ∂νP3∂σAτ

= 1
4π

∫
d3xdtϵµνστP3∂µAν∂σAτ

(3.250)

3.2 Physical Consequences of the Effective Action S3D

The response function is
jµ = δS3D

δAµ

(3.251)
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Since

δS3D = 1
4π

∫
d3xdtϵηνστP3∂ηδAν∂σAτ + 1

4π

∫
d3xdtϵηνστP3∂ηAν∂σδAτ

= − 1
4π

∫
d3xdtϵηνστδAν∂ηP3∂σAτ − 1

4π

∫
d3xdtϵηνστδAτ∂σP3∂ηAν

= 1
2π

∫
d3xdtϵηνστδAη∂νP3∂σAτ

(3.252)

we can see that
jµ = 1

2π
ϵµνστ∂νP3∂σAτ (3.253)

3.2.1 Hall Effect Induced by Spatial Gradient of P3

Consider a system in which P3 depends only on z. Hence

jµ = ∂zP3

2π
eµνρ∂νAρ, µ, ν, ρ = t, x, y (3.254)

Consider a uniform electric field Ex in the x direction. Then

jy = ∂zP3

2π
(∂0Ax − ∂xA0) = ∂zP3

2π
Ex (3.255)

Integrate this result in a finite range of z

J2D
y =

∫ z2

z1
dz
∂zP3

2π
Ex = 1

2π

(∫ z2

z1
dP3

)
Ex (3.256)

The net Hall conductance in the region z1 ≤ z ≤ z2 is

σ2D
xy =

∫ z2

z1
dP3/2π (3.257)

3.2.2 TME induced by the temporal gradient of P3

Consider a system in which P3 = P3(t) is spatially uniform but time dependent. Then

ji = −∂tP3

2π
ϵijk∂jAk, i, j, k = x, y, z (3.258)

Hence
j⃗ = −∂tP3

2π
B⃗ (3.259)

Let θ adiabatically evolve from 0 to 2π. The charge pumped along the z direction is (assume
that the magnetic field is along the z direction and is constant.)

∆Q =
∫
dt
∫
dxdyj⃗ = − 1

2π

∫ 2π

0
dθP3BzLxLy = −BzLxLy

2π
C2 (3.260)



3 Dimensional Reduction to (3 + 1)-Dimensional TRI Insulators 39

Likewise we can define the charge polarization as

j⃗ = ∂tP⃗ (3.261)

In a static uniform B⃗ field
∂tP⃗ = −∂tP3

2π
B⃗ (3.262)

Hence

P⃗ = − B⃗

2π
(P3 + const) (3.263)

From the above equation, we learned that the charge polarization is induced by a magnetic
field. This phenomenon is called the magnetoelectric effect. Similar to what we have done
before, we can replace the periodic boundary condition along the z direction by the open
boundary condition and calculate the Landau levels. When −4c < m < −2c, let θ evolve
from 0 to 2π. There are N degenerate states on the bottom surface fall below the Fermi
energy and accordingly N degenerate states rise above the Fermi energy on the top surface.
Hence

∆Q = −NC2 = −BzLxLy

2π
C2 (3.264)

From above we can also see that

∇ · j⃗ = −∂tP3

2π
∇ · B⃗ (3.265)

Hence, in the presence of magnetic monopoles, ρm = ∇ · B⃗/(2π).

∂tρe = (∂tP3)ρm (3.266)

Let P3 evolve from 0 to Θ/(2π), the monopole will acquire a charge of Qe = ΘQm/(2π).

3.3 Z2 Topological Classification of Time-Reversal Invariant Insu-
lators

The time-reversal invariance requires that

T †h(−k⃗)T = hT (k⃗) (3.267)

where the time-reversal matrices satisfy

T †T = IT ∗T = I (3.268)

For two TRI band insulators, one with the Hamiltonian h1(k̃), the other with h2(k̃), define
the interpolation function such that

h(k⃗, 0) = h1(k⃗), h(k⃗, π) = h2(k⃗) (3.269)
T †h(−k⃗,−θ)T = hT (k⃗, θ)

(3.2)
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where h(k̃, θ) remains gapped for any θ ∈ [0, 2π].
Claim: for any two such interpolations,

C2[h(k̃, θ)] − C2[h′(k̃, θ)] = 0 (mod 2).
Proof Similarly define two new interpolations

g1(k, θ) =

h(k, θ), θ ∈ [0, π]
h′(k, 2π − θ), θ ∈ [π, 2π]

(3.270)

g2(k, θ) =

h′(k, 2π − θ), θ ∈ [0, π]
h(k, θ), θ ∈ [π, 2π]

Then
C2[h] − C2[h′] = C2[g1] + C2[g2] (3.271)

From the definition and the TRI constraint
T †g1(−k⃗,−θ)T = g†

2(k⃗, θ) ↔ g†
2(−k⃗,−θ)T † = T †g1(k⃗, θ) (3.272)

consider an eigenstate |k̃, θ;α⟩1 of g1(k̃, θ) with eigenvalue Eα(k̃, θ).

gT
2 (−k⃗,−θ)T † |⃗k, θ;α⟩1 = T †g1(k⃗, θ)|⃗k, θ;α⟩1

= Eα(k⃗, θ)T † |⃗k, θ;α⟩1
(3.273)

Since g2 is in fact a Hamiltonian, g†
2 = g2. Then we can see that gT

2 = g∗
2. Hence

g∗
2(−k⃗,−θ)T †|⃗k, θ;α⟩1 = Eα(k⃗, θ)T † |⃗k, θ;α⟩1 ⇒

g2(−k⃗,−θ)T T (|⃗k, θ;α⟩1)∗ = Eα(k⃗, θ)T T (|⃗k, θ;α⟩1)∗
(3.274)

Thus T T (|k̃, θ;α⟩1)∗ is an eigenvector of g2 with the eigenvalue Eα. This eigenvector can be
represented as a linear combination of the basis of eigenvectors of g2.

T T
(
|⃗k, θ;α⟩1

)∗
=
∑

β

Uαβ(k⃗, θ)| − k⃗,−θ; β⟩2 (3.275)

Hence

|⃗k, θ;α⟩1 = T

∑
β

Uαβ(k⃗, θ)| − k⃗,−θ; β⟩2

∗

(3.276)

⟨k⃗, θ;α|1 =

∑
β

U∗
αβ(k⃗, θ)⟨−k⃗,−θ; β|2

∗

T †

Consider the Berry phase gauge vector

aαβ
1j (k⃗, θ) = −i⟨k⃗, θ;α|∂j |⃗k, θ; β⟩1

= −i

∑
γ,δ

U∗
αγ⟨−k⃗,−θ; γ|∂j

(
Uβδ| − k⃗,−θ; δ⟩2

)∗

= i
∑
γ,δ

Uαγ⟨−k⃗,−θ; γ|∂−j| − k⃗,−θ; δ⟩2U
†
δβ − i

∑
γ

Uαγ(k⃗, θ)∂jU
∗
βγ(k⃗, θ)

=
∑
γ,δ

Uαγa
γδ∗
2j (−k⃗,−θ)(U †)δβ − i

∑
γ

Uαγ(k⃗, θ)∂jU
∗
βγ(k⃗, θ)

(3.277)



3 Dimensional Reduction to (3 + 1)-Dimensional TRI Insulators 41

As for the Berry curvature
∂ia1j − ∂ja1i = ∂iUa

∗
2iU

† + U∂ia
∗
2jU

† + Ua∗
2j∂iU

† − i∂iU∂jU
† − iU∂i∂jU

†

− ∂jUa
∗
2iU

† − U∂ja
∗
2iU

† − Ua∗
2i∂jU

† + i∂jU∂iU + iU∂j∂iU
†

iaiaj − iajai = iUa∗
2ia

∗
2jU

† + Ua∗
2i∂jU

† + U∂iU
†Ua∗

2jU
† − iU∂iU

†U∂jU
†

− iUa∗
2ja

∗
2iU

† − Ua∗
2j∂iU

† − U∂jU
†Ua∗

2iU
† + iU∂jU

†U∂iU
†

= iU [a2i, a2j]∗U † + Ua∗
2i∂jU

† − i∂iUa
∗
2jU

† + i∂iU∂jU
†

− Ua∗
2j∂iU

† + ∂jUa
∗
2iU

† − i∂jU∂iU
†

(3.278)

(3.3)

Hence
f1ij(k⃗, θ) = Uf ∗

2ij(−k⃗,−θ)U † (3.279)
We then see that

C2[g1] = C2[g2] (3.280)

Hence

C2[h] − C2[h′] = 2C2[g1] = 0 mod 2 (3.281)

We can then define the relative second Chern parity

N3
[
h1(k⃗), h2(k⃗)

]
= (−1)C2[h(k⃗,θ)] (3.282)

As usual we set the vacuum Hamiltonian h0(k̃) = h0 as a reference. Then if a Hamiltonian
h satisfies N [h0, h] = −1, this Hamiltonian is called a Z2 nontrivial Hamiltonian. Otherwise
it is a Z2 trivial Hamiltonian. There is also a less rigorous way to define the classification.
For a TRI band insulator, from what we have learned, it should also satisfy

ai(k⃗) = Ua∗
i (−k⃗)U † − iU∂iU

† (3.283)

Notice that
(aαβ

i )∗ = (−i⟨k⃗, θ0;α|(∂/∂ki)|⃗k, θ0; β⟩)∗

= i
∂

∂ki

⟨k⃗, θ0; β |⃗k, θ0;α⟩ = −i⟨k⃗, θ0; β| ∂
∂ki

|⃗k, θ0;α⟩

= aβα
i

(3.284)

Consider P ∗
3 , with a∗(−k̃) as the Berry gauge vector.

P3∗ = 1
16π2

∫
d3kϵθijkTr

[(
f ∗

ij − i

3
[a∗

i , a
∗
j ]
)

· a∗
k

]
(3.285)

We only need to consider two terms. The first one is∫
d3kϵθijkTr

[(
∂ia

∗
j(−k⃗)a∗

k(−k⃗)
)]

=
∫
d3kϵθijk∂i(aαβ

j (−k⃗))∗(aαβ
k (−k⃗))∗

=
∫
d3kϵθijk∂ia

βα
j (−k⃗)aαβ

k (−k⃗)

= −
∫
d3kϵθijk∂−ia

αβ
k (−k⃗)aβα

j (−k⃗)

= −
∫
d3kϵθijk∂ia

αβ
k (k⃗)aβα

j (k⃗)

(3.286)
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The second term is ∫
d3kϵθijkTr[a∗

i a
∗
ja

∗
k] =

∫
d3kϵθijk(aαβ

i )∗(aβγ
j )∗(aγα

k )∗

=
∫
d3kϵθijkaβα

i aγβ
j aαγ

k

=
∫
d3kϵθijkaαγ

k aγβ
j aβα

i

= −
∫
d3kϵθijkaαγ

i aγβ
j aβα

k

= −
∫
d3kϵθijkTr[aiajak]

(3.287)

Hence

P3∗ = −P3 (3.288)

From the gauge transformation we can learn that

2P3 = ∆P3 = i

24π2

∫
d3kϵijklTr

[
(U∂iU

†)(U∂jU
†)(U∂kU

†)
]

∈ Z (3.289)

Hence P3 = 0 mod 2 or P3 = 1/2 mod 2. For two TRI Hamiltonians h1 and h2, as we have
shown before, C[h(k̃, θ)] = 2(P3(h1) − P3(h2)) (mod 2). Since P3(h0) = 0, Hamiltonians
with P3(h) = 1/2 are Z2 nontrivial.

3.4 Physical Properties of Z2-nontrivial Insulators
For a Z2 nontrivial insulator, P3 = n+ 1/2, where n ∈ Z.

S3D = 1
4π

∫
d3xdtϵµνστP3(x, t)∂µAν∂σAτ

= 2n+ 1
8π

∫
d3xdtϵµνστ∂µAν∂σAτ

(3.290)

If the system has a closed boundary the above integral can be quantized and hence can be
time riversal invariant. However, for an open boundary system, since ϵµνστ∂µAν∂σAτ = 2E·B,
the effective action is no longer time reversal invariant. Consider a concrete case where the
nontrivial insulator lies at z < 0 and the vacuum lies at z > 0. The effective action is

S3D = 1
4π

∫
d3xdtϵµνστAµ∂νP3∂σAτ (3.291)

where P3 = n+ 1/2 at z < 0 and P3 = 0 at z > 0. Hence

∂zP3 = −(n+ 1/2)δ(z) (3.292)

The above action then becomes

S3D = −2n+ 1
8π

∫
d3xdtϵµ3στAµ(n+ 1

2
)δ(z)∂σAτ = 2n+ 1

8π

∫
dxdydtϵ3µνρAµ∂νAρ = Ssurf

(3.293)
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From what we have learned, the Hall conductance of the surface is

σH =
(
n+ 1

2

) 1
2π

(3.294)

Since on a 2D surface, a nontrivial insulator has an odd number of (2n + 1) gapless Dirac
cones, if they are endowed with a mass (in this way they become gapped), they can carry
Hall conductance. Consider a Dirac fermion with a mass m, the Hall conductance it carries
is

σH = 1
4π

sgn(m)
(

= e2

2h
sgn(m)

)
(3.295)

Consider a perturbative term on the surface that disrupts the time reversal invariant sym-
metry and assign each Dirac fermion a mass term mi . The net Hall conductance would
be

σH =
2n+1∑

i

sgn(mi)
1

4π
(3.296)

The coefficient is an odd number which agrees with the result obtained from the surface
theory. Consider a concrete example generated from the H3D with the field configuration set
as

θ(x⃗) = θ(z) = π

2
[1 − tanh(z/4ξ)] (3.297)

With a periodic boundary condition along the x and y directions and an open boundary
condition along the z direction, the Hamiltonian can be written as

H3D[A, θ] =
∑
x⃗,s

[
ψ†

x⃗

(
cΓ0 − iΓs

2

)
ψx⃗+ŝ + H.c.

]
+
∑
x⃗,s

ψ†
x⃗[sin θxΓ4 + (m+ c cos θx)Γ0]ψx⃗

=
∑

z,kxky

[
ψ†

kxky
(z)

(
cΓ0 − iΓ3

2

)
ψkxky(z + 1) + H.c.

]

+
∑

z,kx,ky

ψ†
kxky

(z)[(m+ c cos θ(z) + c cos kx + c cos ky)Γ0 + sin kxΓ1 + sin kyΓ2]ψkxky(z)

+
∑

z,kx,ky

ψ†
kxky

(z) sin θ(z)Γ4ψkxky(z)

(3.298)
Under time reversal tranformation, kx and ky are odd; Γ0 is even; Γ1,2,3,4 are odd. Hence
from above we see that only the last term is TRB, we call the last term H1 and the rest
terms H0, which is TRI. Fortunately, from the field confiuration, θ(z) soon coverge to 0 when
z → ∞ and to π when z → ∞. Hence due to the sin θ(z) term in H1, it is localized to z = 0.
Hence the TRB term is only at the z = 0 boundary and the bulk is still TRI. H0(θ) thus is a
well defined interpolation between θ = 0 and θ = π. Consider the −4c < m < −2c situation
where C2[H0] = 1. Hence the relative parity between θ = 0 and θ = π is −1. However, we
should notice that at θ = 0 the old Hamiltonian becomes

H3D[A, θ] =
∑
x⃗,s

[
ψ†

x⃗

(
cΓ0 − iΓs

2

)
ψx⃗+s + H.c.

]
+
∑
x⃗,s

ψ†
x⃗[(m+ c)Γ0]ψx⃗ (3.299)
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which is adiabatically connected to the m → −∞ situation. Hence H0(θ = 0) is a trivial
insulator and H0(θ = π) is a non trivial insulator which means there are an odd number of
gapless Diarc fermions at the z = 0 surface. Hence near one of the Dirac cones at (kx, ky),
the effective Hamiltonian can be written as

hsurf = δkxσx + δkyσy (3.300)

Now, we consider the H1 term. Since {Γ4, h0} = 0, we find that near the Dirac cone,
{Γ4, hsurf} = 0. Hence the h1 term is actually mσz. From the original Hamiltonian we can
obtain the element of the sigma matrices by

σi
αβ =

〈
k, α

∣∣∣∣∣∂h0

∂ki

∣∣∣∣∣
k

k, β

〉
, i = x, y (3.301)

and likewise we can obtain the mass term. The detailed calculation is not given here. The
result is

m = 1
2
∑
αβ

σz
αβ⟨k = 0, β|h1|k = 0, α⟩ (3.302)

Consider a parametrized Hamiltonian given by h = h0 + λh1; from above we learn that the
mass term is proportional to λ and positive when λ < 0. Hence the surface Hall conductance
is given by

σH = sgn(m)
4π

= −sgn(λ)
4π

(3.303)

Alternatively, we can obtain the Hall conductance by examine the variance of P3. When
λ = 1,

σH =
∫ ∞

−∞
dP3

1
2π

=
∫ 0

π
dP3

1
2π

= −C2

4π
= − 1

4π
(3.304)

When λ = −1, the effect on Hamiltonian is the same as letting θ(z) → −θ(z). Hence the
Hall conductance is

σH =
∫ ∞

−∞
dP3

1
2π

=
∫ 0

−π
dP3

1
2π

= C2

4π
= 1

4π
(3.305)

The above results agree well with each other. Consider a TRI breaking field M coupled to a
TRI insulator. For a nontrivial insulator occupying a region V with a boundary ∂V . Assume
that the gradient of P3 is given by

∇P3(x⃗) =
(
g[M(x⃗)] + 1

2

) ∫
∂V
dn̂(y⃗)δ3(x⃗− y⃗) (3.306)

where g[M(x̃)] ∈ Z and n̂ is the unit vector normal to the boundary. Form this we can
obtain the effective action.

Ssurf = − 1
4π

∫
∂V
dn̂µ

(
g[M(x⃗)] + 1

2

)
ϵµνστAν∂σAτ (3.307)
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3.4.1 TME

Consider a electric field parallel to the cylinder. At the interface, due to the gaps opened by
magnetic field, we can obtain a circulating current

j = σHE =
(
n+ 1

2

)
e2

h
E (3.308)

This circulating current can also be generated by a bulk magnetization

Mt = −
(
n+ 1

2

)
e2

hc
E (3.309)

Hence we can combine this term with a conventional magnetization term to obtain the
effective total magnetization.

M = Mc + Mt (3.310)

Then

H = B − 4πMc + (2n+ 1) e
2

ℏc
E (3.311)

Likewise, if we introduce a adiabatically varing magnetic field parallel the cylinder from 0 to
B, we would induce a circulating current which will induce a current parallel to the cylinder
due to the Hall conductance. The Hall current is

j = σH∂tB (3.312)

Hence the final result after the magnetic field stops varying and stays at B, is cummulated
charges at the top and the bottom of the cylinder.

Pt =
(
n+ 1

2

)
e2

hc
B (3.313)

Combine this term with conventional polarization vector, we obtain

D = E + 4πPc − (2n+ 1) e
2

ℏc
B (3.314)

Consider another approach. We only introduce the conventional terms at first.

D = E + 4πPcH = B − 4πMc (3.315)

The total action is the combination of the original action and the topological action

Stot = SMaxwell + Stopo

=
∫
d3xdt

[
− 1

16π
FµνF

µν + 1
2
FµνPµν − 1

c
jµAµ

]
+ α

4π

∫
d3xdtϵµνστP3∂µAν∂σAτ

=
∫
d3xdt

[
− 1

16π
FµνF

µν + 1
2
FµνPµν − 1

c
jµAµ

]
+ α

8π

∫
d3xdtϵµνστP3(∂µAν − ∂νAµ)∂σAτ

=
∫
d3xdt

[
− 1

16π
FµνF

µν + 1
2
FµνPµν − 1

c
jµAµ

]
+ α

8π

∫
d3xdtϵµνστP3Fµν∂σAτ

=
∫
d3xdt

[
− 1

16π
FµνF

µν + 1
2
FµνPµν − 1

c
jµAµ

]
+ α

16π

∫
d3xdtP3ϵ

µνστFµνFστ

(3.316)
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The variation of the action over Aµ is

δS =
∫
d3xdt

[
− 1

16π
2(∂µδAν − ∂νδAµ)F µν + 1

2
(∂µδAν − ∂νδAµ)Pµν − 1

c
jµδAµ

]
+ α

16π

∫
d3xdtP3ϵ

µνστ 2(∂µδAν − ∂nuδAµ)Fστ

=
∫
d3xdt

[
− 1

16π
4(∂µδAν)F µν + 1

2
2(∂µδAν)Pµν − 1

c
jµδAµ

]
+ α

16π

∫
d3xdtP3ϵ

µνστ 4(∂µδAν)Fστ

=
∫
d3xdt

[ 1
4π
δAν∂µF

µν − δAν∂µPµν − 1
c
jµδAµ

]
− α

4π

∫
d3xdtϵµνστδAν∂µ(P3Fστ )

(3.317)

Hence
1

4π
∂µF

µν − ∂µDµν − α

4π
ϵµνστ∂µ(P3Fστ ) = jν

c
⇒

− 1
4π
∂νF

µν + ∂νDµν + α

4π
ϵµνστ∂ν(P3Fστ ) = 1

c
jµ

(3.318)

When µ = 0
1

4π
∂iE

i + ∂iP i + α

4π
ϵijk∂i(P3Fjk) = ρ (3.319)

1
4π
∂iE

i + ∂iP i + α

4π
(∂iP3)ϵijkFjk = ρ

1
4π
∂iE

i + ∂iP i + α

4π
(∂iP3)(−2Bi) = ρ

Hence

∇ · D = 4πρ+ 2α(∇P3 · B) (3.320)

When µ = i.

− 1
4π

∂Ei

c∂t
− 1

4π
∂jF

ij − ∂P i

c∂t
+ ∂jP

ij

− α

4π
∂P3

c∂t
ϵijkFjk + α

4π
∂jP3ϵ

ijστFστ = ji

c
⇒

∂jϵ
ijkBk − 4π∂jϵ

ijkMk − ∂(Ei + 4πPi)
c∂t

= 4πji

c
− 2α∂P3

c∂t
Bi − 2αϵijk∂jP3Ek ⇒

∇ × H − 1
c

∂D
∂t

= 4π
c

j − 2α
[
(∇P3 × E) + 1

c
(∂tP3)B

]
.

(3.321)
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Combine the above results with the homogeneous Maxwell equations, we arrive at

∇ × D = 4πρ+ 2α(∇P3 · B)

∇ × H − 1
c

∂D
∂t

= 4π
c

j − 2α
(

(∇P3 × E) + 1
c
(∂tP3)B

)
∇ × E + 1

c

∂B
∂t

= 0

∇ · B = 0

(3.322)

4 Dimensional Reduction to (2 + 1) Dimensions

4.1 Effective Action of (2 + 1)-dimensional Insulators
Similar to what we have done in the dimensional reduction process from (4 + 1) dimensions
to (3 + 1) dimensions, we require that the gauge vector is translationally invariant along the
w and z directions:

An,n+î = An+ŵ,n+ŵ+î = An+ẑ,n+ẑ+î (4.323)

Likewise, the Hamiltonian is

H[A] =
∑

kz ,kw,x

∑
s=1,2

[
ψ†

x;kz ,kw

(
cΓ0 − iΓs

2

)
eiAx,x+ŝψx+ŝ;kz ,kw + H.c.

]

+
∑

kz ,kw,x
ψ†

x;kz ,kw

{
sin(kz + Ax3)Γ3 + sin(kw + Ax4)Γ4

}
ψx;kz ,kw

+
∑

kz ,kw,x
ψ†

x;kz ,kw

{
[m+ c cos(kz + Ax3) + c cos(kw + Ax4)] Γ0

}
ψx;kz ,kw .

(4.324)

We then obtain the (2 + 1)-dimensional effective theory by choosing only one slice of the
above and assigning kz + Ax3 → θx and kw + Ax4 → ϕx.

H2D[A, θ, φ] =
∑

s=1,2

[
ψ†

x

(
cΓ0 − iΓs

2

)
eiAx,x+ŝψx+ŝ + H.c.

]

+
∑

x
ψ†

x

{
sin θxΓ3 + sinφxΓ4 + (m+ cos θx + cosφx) Γ0

}
ψx.

(4.325)

The effective action can be obtained

S2D = G2(θ0, φ0)
2π

∫
d2xdtϵµνρAµ∂νδθ∂ρδφ (4.326)
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where G2(θ0, ϕ0) can be obtained from the old C2 number without integrating over kz and
kw:

G2(θ0, φ0) = (−2π)π
2

15

∫ d2kdω

(2π5)
ϵµνρTr

[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)(
G
∂G−1

∂θ0

)(
G
∂G−1

∂φ0

)]
× (5 × 4)

= 2π
3

∫ d2kdω

(2π5)
ϵµνρTr

[(
G
∂G−1

∂qµ

)(
G
∂G−1

∂qν

)(
G
∂G−1

∂qρ

)(
G
∂G−1

∂θ0

)(
G
∂G−1

∂φ0

)]

= (−2π) 1
32π2

∫
d2k × ϵijkφtr[fijfkφ] (where one of i,j,k has to be θ)

= (−2π) 1
32π2

∫
d2k4 × {2ϵiθkφtr[fiθfkφ] + ϵijθφtr[fijfθφ]}

= 1
4π

∫
d2kϵijtr[+2fiθfkφ − fijfθφ]

(4.327)
Hence ∫

G2dθdφ = −2πC2 (4.328)

As we have proved
∂AKA = 1

32π2 ϵ
ABCDTr[fABfCD] (4.329)

we can see that

G2(θ0, φ0) = −2π
∫
d2k(∂xKx + ∂yKy + ∂θKθ + ∂φKφ) (4.330)

If Kx and Ky are single valued, the above equation can be simplified as

G2(θ0, φ0) = −2π
∫
d2k(∂θKθ + ∂φKφ) = ∂θΩφ − ∂φΩθ (4.331)

where
Ωφ = −2π

∫
d2kKθ Ωθ = 2π

∫
d2kKφ (4.332)

We can then define the gauge vector potential

Ωµ ≡ Ωθ∂µδθ + Ωφ∂µδφ (4.333)

Hence the gauge curvature is

∂µΩν − ∂νΩµ = ∂µ(Ωθ∂νδθ + Ωφ∂νδφ) − ∂ν(Ωθ∂µδθ + Ωφ∂µδφ)
= ∂µΩθ∂νδθ + ∂µΩφ∂νδφ− ∂νΩθ∂µδθ − ∂νΩφ∂µδφ = ∂φΩθ∂µδφ∂νδθ + ∂θΩφ∂µδθ∂νδφ− ∂φΩθ∂νδφ∂µδθ − ∂θΩφ∂νδθ∂µδφ

(4.334)
= ∂θΩφ(∂µδθ∂νδφ− ∂νδθ∂µδφ) − ∂φΩθ(∂µδθ∂νδφ− ∂νδθ∂µδφ) = (∂θΩφ − ∂φΩθ)(∂µδθ∂νδφ− ∂νδθ∂µδφ) = G2(θ0, φ0)(∂µδθ∂νδφ− ∂νδθ∂µδφ)

(4.1)
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We can then write the effective action in a simpler form

S2D = G2(θ0, φ0)
2π

∫
d2xdtϵµνρAµ∂νδθ∂ρδφ

= G2(θ0, φ0)
2π

1
2

∫
d2xdtϵµνρAµ(∂νδθ∂ρδφ− ∂ρδθ∂νδφ)

= 1
2π

1
2

∫
d2xdtϵµνρAµ(∂νΩρ − ∂ρΩν)

= 1
2π

∫
d2xdtϵµντAµ∂νΩτ

(4.335)

Then
δS2D = 1

2π

∫
d2xdtϵµντδAµ∂νΩτ (4.336)

Hence the response function is
jµ = 1

2π
ϵµνρ∂νΩρ (4.337)

For a concrete example, consider the Dirac model h(k) = ∑
a da(k)Γa that we have discussed

where
C2 = 3

8π2

∫
d4kϵabcdd̂a∂xd̂b∂yd̂c∂zd̂d∂wd̂e (4.338)

and
da(k) =

[(
m+ c

∑
i

cos ki

)
, sin kx, sin ky, sin kz, sin kw

]
(4.339)

Here da(k) → da(k, θ, ϕ). Hence

G2(θ, φ) = −2πC2 = − 3
4π

∫
d2kϵabcdda∂kxdb∂kydc∂∂d

dd∂φde

|d(k, θ, φ)|5
(4.340)

Hence the gauge curvature is

∂µΩν − ∂νΩµ = − 3
4π

∫
d2kϵabcdeda∂kxdb∂kydc∂θdd∂φde

|d(k, θ, φ)|5
(∂µδθ∂νδφ− ∂νδθ∂µδφ)

= − 3
4π

∫
d2kϵabcdeda∂kxdb∂kydc∂µdd∂νde

|d(k, θ, φ)|5
+ 3

4π

∫
d2kϵabcdeda∂kxdb∂kydc∂νdd∂µde

|d(k, θ, φ)|5

= −3ϵabcde
∫ d2k

2π
da∂kxdb∂kydc∂µdd∂νde

|d(k, θ, φ)|5
(4.341)

Consider a different Dirac model

h(k,n) = sin kxΓ1 + sin kyΓ2 + (cos kx + cos ky − 2)Γ0 +m
∑

a=0,3,4
n̂aΓa (4.342)

For such a model the d vector can be rewritten as

d(k, θ, φ) = d0(k) +

 0
0
mn̂

 (4.343)
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where

d0(k) = (sin kx, sin ky, 0, 0, cos kx + cos ky − 2) (4.344)

In the m2 limit, the article states that (Although personally, I disagree with this limit.)

h(k, n̂) ≃ Σa=1,2kaΓa + Σb=0,3,4mm̂Γ̂b (4.345)

In this case, the gauge curvature is

∂µΩν − ∂νΩµ = −3ϵabcde
∫ d2k

2π
da∂kxdb∂kydc∂µdd∂νde

|d(k, θ, φ)|5

= −3ϵ12ade
∫ d2k

2π
da∂µdd∂νde

|d(k, θ, φ)|5

= −3ϵ12ade
∫ d2k

2π
da∂µdd∂νde(√
k2

x + k2
y +m2

)5

= −3ϵ12ade 1
2π
da∂µdd∂νde − π

3m3

(
8πm

(m2 + 4π2)
√
m2 + 8π2

+ arctan 4π2

π(m
√
m2 + 8π2)

)

= −π

4
ϵaden̂a∂µn̂d∂νn̂e

= −π

4
n̂ · ∂µn̂ × ∂νn̂

(4.346)
Hence

jµ = 1
4π
ϵµνρ(∂νΩρ − ∂ρΩν) = − 1

16
ϵµνρn̂ · ∂νn̂ × ∂ρn̂ (4.347)

Lets just go back to see the physical consequnces of the current term. Consider the following
parameter field configuration:

φ(t) = 2πt/T θ(x⃗) = θ(y) = π

2

[
1 + tanh

(
y

ξ

)]
(4.348)

The current along the x direction is

jx = 1
2π

(∂yΩt − ∂tΩy) (4.349)

Let ϕ evolve from 0 to 2π. The charge flowed through x = 0 is

∆Q =
∫
dtIx =

∫
dtdy(∂yΩt − ∂tΩy) 1

2π
=
∫
dtdy

1
2π

(∂θΩφ − ∂φΩθ)(∂yδθ∂tδφ− ∂tδθ∂yδφ)

=
∫ π

0
dθ
∫ 2π

0
dφ

1
2π

(∂θΩφ − ∂φΩθ)

=
∫ π

0
dθ

1
2π

∫ 2π

0
dφ∂θΩφ =

∫ π

0
dθ∂θ

(∫ 2π

0
dφΩφ

1
2π

)
=
∫ π

0
dθ∂θ

(
−
∫
d2kdφKθ

)
= −

∫ π

0
dP3(θ)

(4.350)
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Since the Dirac Hamiltonian is TRI, when −4c ≤ m ≤ −2c:∫ π

0
dP3(θ) = 1

2
C2 = 1

2
(4.351)

The pumped charge is
∆Q = −1

2
(4.352)

4.2 Z2 Classification of TRI Insulators
For any two (2 + 1)-dimensional TRI insulators h1(k) and h2(k), define an interpolation
h(k, θ) between them such that

h(k, 0) = h1, h(k, π) = h2 (4.353)
T †h(−k,−θ)T = hT (k, θ)

(4.2)

hence h(k, θ) is a (3 + 1)-dimensional TRI insulator with N3[h(k, θ)] = ±1. Next, we shall
prove that N3[h(k, θ)] is indepedent of the choice of the interpolation h(k, θ). Consider two
interpolations h(k, θ) and h′(k, θ). Define the interpolation between the interpolations as
g(k, θ, ϕ) such that

g(k, θ, 0) = h(k, θ), g(k, θ, π) = h′(k, θ)
g(k, 0, φ) = h1(k), g(k, π, φ) = h2(k)
gT (k, θ, φ) = T †g(−k,−θ,−φ)T

(4.354)

Firstly, the interpolation can be viewed as an interpolation between h(k, θ) and h′(k, θ).
Hence

(−1)C2[g] = N3[h]N3[h′] (4.355)

Secondly the interpolation can be view as an interpolation between h1(k) and h2(k). Since
the above two Hamiltonians are independent of ϕ, we can define another (4+1)-dimensional
interpolation between them such that the (4 + 1)-dimensional interpolation is also indepen-
dent of ϕ. Then the gauge vector aϕ = 0, which means the Chern number of this interpolation
is zero. Due to the equivalence between the two (4 + 1)-dimensional interpolations, we learn
that

(−1)C2[g] = 1 (4.356)

Consequently,

N3[h] = N3[h′] (4.357)

We thus porved that N3[h(k, θ)] is indenpendent of the choice of the interpolation. Hence
the Z2 classification in (2 + 1)-dimensional TRI insulators is well defined.
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4.3 Physical Properties of the Z2 Nontrivial Insulators
Consider the interface between a nontrivial TRI insulator h(k) and a trivial TRI insulator h0.
Define an interpolation between them h(k, θ) such that h(k, 0) = h0 and that h(k, π) = h1(k).
Given a field configuration

θ(x, y) = π

2

[
1 − tanh

(
y

ξ

)]
(4.358)

We can see that h[k, θ(y)] and h[k,−θ(y)] both creats domain walls between h0 and h1(k),
as θ = π for y → −∞ and θ = 0 for y → ∞. Consider the following Hamiltonian

h(k,x) =

h[k, θ(y)], x < 0
h[k,−θ(y)], x > 0

(4.359)

Consider a rectangular-shpaed loop surrounding the x = 0, y = 0 point. The localized charge
is

Q =
∫

A
d2xρ = 1

2π

∫
A
d2x(∂xΩy − ∂yΩx) = 1

2π

∮
C

Ω · dl (4.360)

Since

Ωµ ≡ Ωθ∂µδθ + Ωφ∂µδφ = Ωθ∂µδθδφ = 0here (4.361)

we can see that
ω · dl = Ωθdθ (4.362)

If we let the loop to be much larger than the interface width ξ, then θ varies from −π to π,
hence

Q = 1
2π

∮
Ωθdθ =

∫
d2kdθKφ = P3[h(k), θ] = (n+ 1

2
) (4.363)

Integrate ρ and jx in the y direction

ρ1d(x) = 1
2π

∫ L

−L
dy(∂xΩy − ∂yΩx) (4.364)

j1d(x) = 1
2π

∫ L

−L
dy(∂yΩt − ∂tΩy)

where L ≫ ξ. Since in this case δϕ = 0 and that in the deep vacuum zone and the deep
nontrivial insulator zone, where |y| ≫ ξ, δθ = 0, we can see that Ω → 0 when |y| → ∞.
Hence the above equations can be simplified as

ρ1d(x) = 1
2π

∫ L

−L
dy(∂xΩy) = ∂xP3(x, t) (4.365)

j1d(x) = 1
2π

∫ L

−L
dy(−∂tΩy) = −∂tP3(x, t)

where
P3(x, t) =

∫ L

−L
dyΩy(x, y, t)/2π (4.366)
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is the magnetoelectric polarization. Consider a time dependent Hamiltonian h(k, x, t) that
satisfies

h(k,x, t = 0) = h[k, θ(y)] (4.367)
h(k,x, t = T ) = h[k,−θ(y)]

(4.3)

The pumped charge is

Qpump =
∫ T

0
dtj1d(x) = −[P3(x, T ) − P3(x, 0)]

= −
[∫ 0

−π
dθΩθ

1
2π

−
∫ 0

π
dθΩθ

1
2π

]
= −

∫ π

−π
dθ
∫
d2kKφ = −P3 = −

(
n+ 1

2

) (4.368)

5 Unified Theory of Topological Insulators

5.1 Phase Space Chern–Simons Theory
Rewrite the effective theory of the IQHE:

Seff = 1
2π

∫
dkx

∫
dkyfxy(k) 1

4π

∫
d2x

∫
dtAµϵ

µντ∂νAτ

= 1
4π

∫ d2k

2π
ϵij∂iaj

∫
dtd2xϵµντAµ∂νAτ

= 1
4π

∫ d2k

2π
ϵijtr[∂iaj]

∫
dtd2xϵµντAµ∂νAτ

(5.369)

We define the phase space coordinate as q = (t, x, y, kx, ky) and the phase space gauge vectors
A = (A0, A1, A2, 0, 0) and a = (0, 0, 0, a1, a2). Then the above can be written as

S2+1 = 1
8π2

∫
d5qϵABCDEAA∂BACTr[∂DaE] (5.370)

Consider the dimensional reduction process:
Step 1. Replace ky + Ay by a parameter θ(x, t). (One should notice that Ay is replaced

by θ(x, t) − θ0 and that ky is replaced by θ0.)
Step 2. Replace ∂ky with ∂θ. Hence the Berry gauge field

aαβ
ky

= −i⟨α; k|∂ky |β; k⟩

is replaced by
aαβ

θ = −i⟨α; kx, θ|∂θ|β; kx, θ⟩.

Step 3. Remove the
∫
dy and

∫
dky/(2π) terms. We should keep in mind that after the

dimensional reduction process, all things are no longer dependent on the already reduced
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dimension. Hence

S1+1 = 1
4π

∫
dkϵijTr[∂iaj]

∫
dtdxϵµνρAµ∂νAρ

= 1
4π

∫
dkTr[∂kxaθ − ∂θakx ]

∫
dtdx(−θ∂xAt + At∂xθ + θ∂tAx − Ax∂tθ)

= 1
2π

∫
dkTr[∂kxaθ − ∂θakx ]

∫
dtdx(At∂xθ − Ax∂tθ)

(5.371)

We should notice that the Berry phase gauge field can gain real space components:

aαβ
θ ∂µθ = ⟨α, kx, θ(x, t)|∂µθ∂θ|β, kx, θ(x, t)⟩ = ⟨α, kx, θ(x, t)|∂µ|β, kx, θ(x, t)⟩ ≡ aαβ

µ (5.372)

Also since the spatial dependence of the Berry phase gauge field is introduced solely by θ(x, t)

∂µakx = ∂θakx∂µθ (5.373)

Hence

S1+1 = 1
2π

∫
dkdtdx{AtTr[∂kxax −∂xakx ]−AxTr[∂kxat −∂takx ]} = 1

2π

∫
d3qϵABCAATr[∂BaC ]

(5.374)
where the phase space is (t, x, 0) and the phase space vector is (At, Ax, 0). Reduce the
dimensions one more time. This time we should keep in mind that the gauge field is already
time dependent due to the last dimensional reduction procedure. In higher dimensions,
the gauge field can be spatial and temporal dependent due to prior dimensional reductions.
Hence

S0+1 =
∫
dt− (ϕ− ϕ0)Tr[∂ϕ0at − ∂taϕ]

= −
∫
dtTr[∂t(ϕ− ϕ0)aϕ − ∂ϕ0(ϕ− ϕ0)at]

= −
∫
dtTr[∂tϕaϕ + at]

= −
∫
dtTr[∂tϕãϕ + ãt]

(5.375)

In the last line, we should keep in mind that

ãαβ
t = −i

〈
α; t, ϕ(t)

∣∣∣∣∣∣
(
∂

∂t

)
ϕ

β; t, ϕ(t)
〉

(5.376)

and that
ãαβ

ϕ = −i
〈
α; t, ϕ(t)

∣∣∣∣∣
(
∂

∂ϕ

)
t

∣∣∣∣∣ β; t, ϕ(t)
〉

(5.377)

Hence the real at is

aαβ
t = −i⟨α; t, ϕ(t)|∂t|β; t, ϕ(t)⟩

= −i
〈
α; t, ϕ

∣∣∣∣∣∣
( ∂

∂t

)
ϕ

+ ∂ϕ

∂t

(
∂

∂ϕ

)
t

∣∣∣∣∣∣ β; t, ϕ
〉

= ãαβ
t + ∂tϕ ã

αβ
ϕ .

(5.378)
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Hence the action can be written as

S0+1 = −
∫
dtTr[at] (5.379)

Next, we will consider the (4 + 1)-dimensional case.

Seff = 1
24π2

1
32π2

∫
d4xdt ϵµνρστAµ∂νAρ∂σAτ

∫
d4kϵijkltr[fijfkl] (5.380)

Define Di = ∂i + ai. As
fij = ∂iaj − ∂jai + i[ai, aj] (5.381)

we can see that

Diaj −Djai = (∂i + iai)aj − (∂j + iaj)ai = ∂iaj − ∂jai + i[ai, aj] = fij (5.382)

Hence
ϵijkltr[fijfkl] = ϵijkltr[(Diaj −Djai)(Dkal −Dlak)]

= 4ϵijkltr[DiajDkal]
(5.383)

Hence

S4+1 = 1
192π4

∫
d4x dt ϵµνρστAµ∂νAρ∂σAτ

∫
d4k ϵijkl tr[DiajDkal]

= 1
192π4

∫
d9q ϵABCDEF GHIAA∂BAC∂DAE Tr[DFaGDHaI ].

(5.384)
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Dimensional reduction to (3 + 1) dimensions

S3+1 = 1
96π3

∫
d3xdtϵµνρστAµ∂νAρ∂σAτ

∫
d3kϵijkltr[DiajDkal]

= 1
96π3

∫
d7qϵνρστθ∂νAρ∂σAτ

∫
d3kϵijkltr[DiajDkal]

+ 1
96π3

∫
d7qϵµνστAµ∂νθ∂σAτ

∫
d3kϵijkltr[DiajDkal]

+ 1
96π3

∫
d7qϵµνρσAµ∂νAρ∂σθ

∫
d3kϵijkltr[DiajDkal]

= 3
96π3

∫
d7qϵµνρσAµ∂νAρ∂σθ

∫
d3kϵijkltr[DiajDkal]

= 3
96π3

∫
d7qϵµνρσAµ∂νAρ∂σθ

∫
d3kϵθijktr[DθaiDjak]

+ 3
96π3

∫
d7qϵµνρσAµ∂νAρ∂σθ

∫
d3kϵiθjktr[DiaθDjak]

+ 3
96π3

∫
d7qϵµνρσAµ∂νAρ∂σθ

∫
d3kϵijθktr[DiajDθak]

+ 3
96π3

∫
d7qϵµνρσAµ∂νAρ∂σθ

∫
d3kϵijkθtr[DiajDkaθ]

= 3
96π3

∫
d7qϵµνρσAµ∂νAρ

∫
d3kϵθijktr[DσaiDjak]

+ 3
96π3

∫
d7qϵµνρσAµ∂νAρ

∫
d3kϵiθjktr[DiaσDjak]

+ 3
96π3

∫
d7qϵµνρσAµ∂νAρ

∫
d3kϵijθktr[DiajDσak]

+ 3
96π3

∫
d7qϵµνρσAµ∂νAρ

∫
d3kϵijkθtr[DiajDkaσ]

=
∫ d7q

32π3 ϵ
AB...GAA∂BACTr[DDaEDFaG]

(5.385)

We can then obtain the general rule of dimensional reduction Step 1. Remove a ∂AAB term
and replace the (2n+1)-dimensional totally antisymmetric tensor with a (2n−1)-dimensional
one. Step 2. Remove the integrals on the reduced dimension (remove

∫
dx dk/(2π)). Step 3.

Multiply the action by n, which is the number of external gauge fields in the original action.
We can then immediately obtain the (2 + 1)-dimensional action

S2+1 =
∫ d5q

32π3 ϵ
ABCDEAA Tr[DBaCDDaE] (2 × 2π)

=
∫ d5q

8π2 ϵ
ABCDEAA Tr[DBaCDDaE].

(5.386)

More generally, the effective theory for a (2n+ 1)-dimensional topological insulator is

S2n+1 = Cn

(n+ 1)!(2π)n

∫
d2n+1xeϵµ1µ2···µ2n+1 × Aµ1∂µ2Aµ3 · · · ∂µ2nAµ2n+1 (5.387)

where
Cn = 1

n!2n(2π)n

∫
d2nkϵi1i2···i2nTr

[
fi1i2fi3i4 · · · fi2n−1i2n

]
(5.388)
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Hence the action can also be written as

S2n+1 = 1
(n+ 1)!(2π)n

1
n! 2n(2π)n

∫
d2n+1x ϵµ1···µ2n+1Aµ1∂µ2Aµ3 · · · ∂µ2nAµ2n+1

×
∫
d2nk ϵi1···i2n Tr[Di1ai2Di3ai4 · · ·Di2n−1ai2n ] 2n

= 1
n!(n+ 1)!(2π)2n

∫
d4n+1q ϵA1···A4n+1AA1∂A2AA3 · · · ∂A2nAA2n+1

× Tr[DA2n+2aA2n+3 · · ·DA4naA4n+1 ].

(5.389)

In the original action, there are only (n+ 1) terms of external gauge fields. Thus a (2n+ 1)-
dimensional action can at most have (n+ 1) descendants. Its mth descendant is

S
(m)
2n+1−m = (n+ 1) · · · (n−m+ 2)

n!(n+ 1)!(2π)2n−m

∫
d4n+1−2mqϵA1A2···A4n+1−2mAA1∂A2AA3 · · · ∂A2n−2mAA2n−2m+1

× Tr[DA2n−2m+2aA2n−2m+3 · · ·DA4n−2maA4n−2m+1 ]

= 1
n!(n−m+ 1)!(2π)2n−m

∫
d4n+1−2mqϵA1A2···A4n+1−2mAA1∂A2AA3 · · · ∂A2n−2mAA2n−2m+1

× Tr[DA2n−2m+2aA2n−2m+3 · · ·DA4n−2maA4n−2m+1 ]

= (2n+ 1 +m) · · · (n−m+ 2)
n!(2n−m+ 1)!(2π)2n−m

∫
d4n+1−2mqϵA1A2···A4n+1−2mAA1∂A2AA3 · · · ∂A2n−2mAA2n−2m+1

× Tr[DA2n−2m+2aA2n−2m+3 · · ·DA4n−2maA4n−2m+1 ]

=

(
2n+1−m

n

)
(2n−m+ 1)!

∫ d4n+1−2mq

(2π)2n−m
ϵA1A2···A4n+1−2mAA1∂A2AA3 · · · ∂A2n−2mAA2n−2m+1

× Tr[DA2n−2m+2aA2n−2m+3 · · ·DA4n−2maA4n−2m+1 ]
≡ CSn−m+1

4n−2m+1
(5.390)

where CSt
s is a mixed Chern–Simons term. We should notice that t indicates the number

of the external gauge field terms and s is the dimension of the phase space. Consider a
(d+ 1)-dimensional space. Immediately we learn that s = 2d+ 1. Since there are t external
fields and (t − 1) derivatives acting on the external gauge fields. Hence if we want nonzero
CSt

s terms, we should require that

2t− 1 ≤ d+ 1 (5.1)

5.2 Z2 Topological Insulator in Generic Dimensions
We will first consider the charge-hole transformation and time-reversal transformation.

C : Aµ → −Aµ, T : Aµ →

A0

−Ai

(5.393)

For each transformation, the change of the momentum operator −i∂µ is the same as the
change of the external gauge fields. As both of the transformations are antiunitary, we can
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see that

C : ∂µ → ∂µ, T : ∂µ →

−∂0

∂i

(5.394)

Hence, under particle-hole transformation:

C : SCS
2n+1 → (−1)n+1SCS

2n+1 T : SCS
2n+1 → (−1)nSCS

2n+1 (5.395)

Hence SCS
4n+1 is C-odd but T -even, while SCS

4n−1 is C-even but T -odd odd. For different
dimensions we should choose their symmetries accordingly. Next, we will try to put the Z2
classification on the (1 + 1)-dimensional TRI insulators and find out that it does not work.
Consider following Hamiltonian

h2D(k) = Γ1 sin kx + Γ2 sin ky + Γ0[m+ c(cos kx + cos ky)] (5.396)

From our previous study, we can see that when −2c ≤ m ≤ 2c, this Hamiltonian is not
trivial. Consider this Hamiltonian as an interpolation between h1(k) = h2D(k, 0) and h2(k) =
h2D(k, π). In this way, the two (1 + 1)-dimensional Hamiltonian cannot be continuously
deformed to each other without breaking the time reversal symmetry. However we can
actually construct a such interpolation:

h0(k, θ) = Γ1 sin k + Γ02 sin2 θ + Γ0(m+ c cos kx + c cos θ) (5.397)

where Γ02 = iΓ0Γ2 is also time reversal invariant. Hence in this Hamiltonian, for each θ the
one dimensional h0(k) = h0(k, θ) is always TRI. Thus in this way h1 and h2 can actually
be adiabatically deformed into each other which is in contradiction to the nontriviality of
the h2D interpolation. If we want a Z2 classification to work we should require that the
base Hamiltonian space is simply connected which means each two Hamiltonians is path
connected and the paths (interpolations) between them can be adiabatically deformed into
each other. Equivalently, any closed loops in this space can be continuously deformed into
one point. However, we can see that the closed loop formed by the above mentioned two
Hamiltonians are unable to be deformed to one point.

g(k, θ) =

h2D(k, θ), θ ∈ [0, π]
h0(k, 2π − θ), θ ∈ [π, 2π]

(5.398)

Since the second one is trivial and the upper one is nontrivial, the winding number (Chern
number) of this loop is nonzero. Generally, the Z2 classification of the descendants of (2n+1)-
dimensional insulators only works for [(2n−1)+1]-dimensional and [(2n−2)+1]-dimensional
descendants. This phenomenon can also be viewed from another perspective. Back to the
case we are studying, the edge theory of the (4 + 1)-dimensional insulators with C2 = 1 is
described by

H∂(4+1) = vσ⃗ · p⃗ (5.399)

While in its (3 + 1)-dimensional nontrivial descendant, the edge theory is

H∂(3+1) = v(σxpx + σypy) (5.400)
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which is stable due to the prevention of mass term by TRI. The edge theory of a (2 + 1)-
dimensional nontrivial descendant is

H∂(2+1) = vxσzpz (5.401)

Now the edge theory of a (1 + 1)-dimensional nontrivial descendant is

H∂(0+1) = 0 (5.402)

It does not have a nontrivial structure. Hence we can decide whether Z2 classification can
be performed by studying whether the edge state of the system is stable.

6 Epilogue
I managed to cover most of the topics in the article, however, due to limited time, there are
some imperfections. I will keep furnishing this paper.
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