
Chapter 4

Fermi Liquid

4.1 Quasi-particles and Landau interaction parameters

4.2 Renormalization to physical properties
Let’s consider a simple classical example. The object is connected by string . The other end of string is fixed on
wall.

Fig 4.1

The input of system is force F and response is displacement s. The susceptibility is defined as

x = − x

F
=

1

k
(4.1)

The energy of sytem is described as

E = EEla − kx =
1

2
kx2 − Fx→ E = −1

2
χF 2 (4.2)

The susceptibility also can be defined from energy

χ = −∂
2E

∂F 2
(4.3)

Example 4.2.1 (.)
We consider magnetism system . where the external field H will response to magnetization M . The
energy increment is gien by

dE = HdM (4.4)

Hence , the total energy is given by
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E = EM −HM → χ = − ∂2E

∂H2
(4.5)

Now we consider a more complex system, where object is connected with two springs . By the same way ,
the susceptibility is given by

χ =
1

k0 + k′
=

χ0

1 + k′

k0

(4.6)

Fig 4.2

We understood this process with close loop process as shown on ().

Fig 4.3

The feedback process will change the susceptibility. We expand the renoramlized susceptibility into Taylor
series

χ′ = χ0 + χ1 + χ2 · · ·where χn = χ0

(
−k

′

k

)n

(4.7)

Question 1: .

If the k′ is negative, what interesting things will be happend?

4.2.1 Magnetic susceptibility
We consider energy fnctional with second order . The spin index is polarized at z axis. Hnece, the desnsity
variation are diagonal.
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fa(p, p′)σ⃗αβ · σ⃗γδδnβα(p) · δnδγ(p
′) → fa(p, p′)σ⃗ · σ⃗δnpσδnp′σ′ (4.8)

Hence, we can derive that

δε(2) =
1

2N0V
F a
0

∑
σ · σ′δnpσδp′σ′ =

V

2N0
F a
0 (Sz)

2 (4.9)

We introduce molecular field hmol , which induces energy increment ∆V

∆V = −− V

ˆ
hmol · dSz =⇒ hmol = − 1

V

∂E

∂S
= − 1

N0
F a
0 Sz (4.10)

The total magnetic field is given by

htot = hex + hmol (4.11)

The total magnetization Sz and total field can be related with susceptibility χ0

Sz = χ0htot = χ(0)
(
hex −N−1

0 F a
0 Sz

)
=⇒ χ =

χ0

1 + χ0N
−1
0 F a

0

(4.12)

4.2.2 Compressiblity
In this subsection, we will discuss another quantity , namly compressibility.

Note:-
The defnition of compressibility is

χcomp = − 1

V

∂V

∂p
(4.13)

We can use observale quantity n and µ to express the compressiblity.

V =
N

n
PV = Nµ (4.14)

The compressiblity can be written as

χ = − 1

N

d

dµ

(
N

n

)
=

1

n2

dn

dµ
(4.15)

The density variation functional could be written as

δε(2) =
1

2N0V
F s
0

∑
p,p′

δnpδnp′ =
V

2N0
F s
0

∑
(δn)2 (4.16)

By the same way, we can define molecular field

hmol = −F
s
0 δn

N0
(4.17)

which means that

χ =
χ0

1 + F s
0

(4.18)
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4.2.3 Effective mass
The effective mass is renormalized with p wave channel . We will derive the explicit form below.The density on
the real space could be written as

n(r, t) =
∑
σ

ˆ
d3p

(2π)3
np(r, t) (4.19)

The current is given by

j⃗(r, t) =
∑
σ

ˆ
d3p

(2π)3
∇pε(p, σ)npσ(r, t) (4.20)

We take linear order approximation

εpσ(r, t) = ε0p +

ˆ
d3p′

(2π)3
fσσ′(p, p′)δnp′σ′

npσ = n0p,σ + δnpσ(r, t)

(4.21)

We substitute the EQ(4.21) into (4.22)

j⃗(r, t) =
∑
σ

ˆ
d3p

(2π)3
∇p

(
ε0p +

ˆ
d3p′

(2π)3
fσσ′(p, p′)δnp′σ′

)(
n0p,σ + δnpσ(r, t)

)
(4.22)

We remove the background current, then we have

j⃗(r, t) =
∑
σ

ˆ
d3p

(2π)3

[
∇pε

0
pδnpσ(r, t) +∇p

ˆ
d3p′

(2π)3
fσσ′(p, p′)δnp′σ′n0p,σ

]
=

ˆ
d3p

(2π)3

[
∇pε

0
pδnpσ(r, t)−

ˆ
d3p′

(2π)3
fσσ′(p, p′)δnp′σ′∇pn

0
p,σ

]
=

ˆ
d3p

(2π)3
∇pε

0
pδnpσ(r, t)−

ˆ
d3p

(2π)3
∂n0

p,σ

∂ε
v⃗F

ˆ
d3p′

(2π)3
fσσ′(p, p′)δnp′σ′

=

ˆ
d3p

(2π)3
∇pε

0
pδnpσ(r, t)−

ˆ
d3p

(2π)3
∂n0

p,σ

∂ε
vF

4π

2l + 1

∑
l

Pl(cos θ)Pl(cos θ
′)

ˆ
d3p′

(2π)3
δnp′σ′

=

ˆ
d3p

(2π)3
v⃗F

(
1 +

F s
0

3

)
=⇒ 1

m∗ =
1

m

ˆ
d3p

(2π)3
(4.23)

4.2.4 Arbitrary channel constribution
We define the radial density by integrate out momentum p

δn = V

ˆ
d3p

(2π)3
δn(p) = V

ˆ
p2dp

(2π)3
δn(p)

ˆ
dΩ = V

ˆ
dΩδn(Ω) (4.24)

The angular density distribution could be expand into normal modes

δn(Ω) =
∑
l,m

nl,mYl,m(Ω) (4.25)

The kinetic increment could be decomposed into normal modes
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∆E2 =
1

2V

ˆ
dp3

(2π)3
fσ,σ′(p, p′)δnpσδnp′σ′

=
V

2

ˆ
dΩpdΩp′fσ,σ′(p, p′)δn(Ωp)δn(Ω

′
p)

=
V

2
N−1(0)

ˆ
dΩpdΩp′

(∑
l1

l1∑
m1=−l1

F s
l Yl1m1(Ωp)Ȳl1m1(Ω

′
p)

)(∑
l2

l2∑
m2=−l2

nl2m2Yl2m2(Ωp)

)
(∑

l2

l3∑
m3=−l3

nl3m3
Yl3m3

(Ω′
p)

)
+ (s↔ a)

=
V

2
N−1(0)

∞∑
l

4π

2l + 1

l∑
m=−l

F s
l | δnlm |2 +(s↔ a) (4.26)

We consider the first order increment

δE(0) =
∑
p

εpδnp =

ˆ
d3p

(2π)3
εpδnp (4.27)

4.2.5 Pomeranchuk instability

4.3 The Boltzmann equation and zero sound
4.3.1 Boltzmann equation
We start from Boltzmann equation. The particle density on the phase space is described by distribution function
f(r,p, t). In the other words ,

f(r,p, t)dr3dp3 (4.28)

Due to occurence of collisions, the particle number lying on the phase space will change . We consider the
particle variation on the phase space. The Liouville theorem tells us phase space volumme conservation.

∆NCollision = (f(r+∆r,p+∆p, t)− f(r,p, t)) dr3dp3 (4.29)

The total differential of f is

df =
∂f

∂t
dt+

∂f

∂x

∂p

∂t
dt+

∂f

∂p

∂p

∂t
dt = (

∂f

∂t
+ v⃗ · ∇rf + F⃗ · ∇pf)dt (4.30)

We can see that the particle number flow comprise real space flow and momentum space flow. The total
flow is equal to collison section. The collison section consists of forward process and reverse process.

I =

ˆ
d3rd3pI(Ω)(f(r′1,p

′
1, t)f(r

′
1,p

′
1, t)− f(r1,p1, t)f(r1,p1, t)) (4.31)

The I(g,Ω) is scattering section , which can be determined by Fermin golden rule. We consider the fermion
system, the density distribution has very strong limit in virtue of Pauli principle.

I =
1

V 2

∑
| 〈3, 4 | V | 1, 2〉 |2 δp1+p2=p3+p4δσ1+σ2=σ3+σ4δε1+ε2=ε3+ε4 (n1n2(1− n3)(n4)− (1− n2)(1− n2)n3n4)

(4.32)
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Note:-
If we consider random approximation , then the collision section will turns into

〈I〉 = −δN
τ

(4.33)

Hence, the solution will recover into equibrilium distrition gradually.

N(T ) = N0(1− e−
T
τ ) (4.34)

4.4 Zero sound
We consider collisonless cases . Hence, the Boltzman equation could be written as

∂n(r,p, t)

∂t
+∇pε(p, t)∇rn(r,p, t)−∇rε(p, t)∇pn(r,p, t) = 0 (4.35)

It’s self-evident that Eq(4.35) is a nonlinear equation . We expand the density distribution and energy
functional.


ε(r,p, t) = ε0(p) +

1

V

∑
p′

fs(p,p′)δnp′(r, t)

n(r,p) = n0(r,p) + δn(r,p, t)

(4.36)

At the equibrillium state, the density distrbution and energy functional don’t rely on space position r. The
Boltzmann equation can be expanded into first order in relative with δ(r,p, t).

∂δn(r,p, t)

∂t
+ v⃗p · ∇rδn(r,p, t)−∇pε ·

1

V

∑
p′

fs(p.p′)∇rδn(r,p
′, t) = 0 (4.37)

We insert relation ∇pε =
∂ε

∂ε
∇pε into Eq(??). The Boltzmann equation will reduce into

∂δn(r,p, t)

∂t
+ v⃗p

·∇rδn(r,p, t)−
∂n

∂ε
· 1

V

∑
p′

fs(p.p′)∇rδn(r,p
′, t)

 = 0 (4.38)

We expand the density fluactuation into Fourier modes, namly

δn(r,p, t) =
∑
q

δn(p)ei(q⃗·⃗r−ωt) (4.39)

where wavevector q⃗ is small . We insert Fourier mode into Eq(4.39)

(ω − q⃗ · v⃗F )δn(p) + (v⃗F · q⃗)∂n
∂ε

1

V

∑
p′

fs(p,p′)δn(p) = 0 (4.40)

We define the dimensionless quantty s = ω

qvF
and choose direction of v⃗F as z axis. Now we integrate out

the radial part by
ˆ
p2dp

2π
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(s− cos θ)δn̂(Ω)− cos θ

ˆ
p2dp

2π

∂n

∂ε︸ ︷︷ ︸
N(0)
4π

1

V

∑
p′

fs(p,p′)δn(p) = 0 (4.41)

The osccilation on the Fermi surface is tesor wave. The Fermi surface oscilation is transfered by Landau
ineraction. Hence, we consider decomposing the desity n̂(Ω) into SO(3) irreucible tensors.

1

V

∑
p′

fs(p,p′)δn(p) =

ˆ
dΩ′

(
F s
l

∑
l

l∑
m=−l

4π

2l + 1
Ylm(Ω)Ȳlm(Ω′)

)∑
l′

l′∑
m=−l′

u′lYl′m′(Ω′)

 (4.42)

=
∑
l′

4π

2l′ + 1
ul′F

s
l′Yl′m(Ω) (4.43)

where Ω is the solid angle expanded by momentum p and Ω′ expanded by Ω′. We insert Eq(4.43) into
Eq(4.41) to derive such identity

∑
l′

l′∑
m=−l′

nl′Yl′m −
∑
l′

l′∑
m=−l′

1

2l′ + 1

cos θ

s− cos θ
ul′F

s
l′Yl′m(Ω) = 0 (4.44)

We can see from Eq(4.44) that the angular momentum m can be viewed as internal gauge. Hence, We fix
m to zero. Now, we can derive from Eq(4.44)

ul√
(2l + 1)

−
∑
l′

1√
(2l′ + 1)(2l + 1)

ˆ
dΩ

cos θ

s− cos θ
Yl0(Ω)Yl′0(Ω)F

s
l′

ul′√
2l′ + 1

= 0 (4.45)

We define the integral Omegall′ as below.

Ωll′ = − 1√
(2l′ + 1)(2l + 1)

ˆ
dΩ

cos θ

s− cos θ
Yl0(Ω)Yl′0(Ω)F

s
l′ (4.46)

We consider the zero order of Eq(4.45).

u0 +Ω00F
s
0 = 0 =⇒ 1

F s
o

= −Ω00 (4.47)

Note:-
We give some details about calculation of Ω00

Ω00 = −
ˆ
dΩ

4π

cos θ

s− cos θ
= −1

2

ˆ 1

−1

xdx

s− x
= −1

2

ˆ 1

−1

[
xP(

1

s− x
) + iπδ(s− x)

]
dx

= −1

2

ˆ 1

−1

[
s

s− x
− 1 + iπδ(s− x)

]
dx

= −s
2
log

s+ 1

s− 1
+ 1− iπ

2
Θ(| s2 − 1 |) (4.48)

The solution of the Eq(4.47) could be depicted in Fig (4.4 )
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Note:-
We consider two limits

• s→ 1+

−s
2
log

∣∣∣∣s+ 1

s− 1

∣∣∣∣+ 1 ≈ 1 + log

∣∣∣∣s− 1

2

∣∣∣∣ = !

F s
o

=⇒ s ≈ 1 + e
− 2

Fs
o (4.49)

• s→ ∞

s

2
log

∣∣∣∣s− 1

s+ 1

∣∣∣∣ = s

2

(
−1

s
− 1

2s2
− 1

3s3
− 1

s
+
s2

2
− 1

3s3

)
+ 1 = − 1

3s2
=⇒ s =

√
F s
0

3
(4.50)

Fig 4.4

The real physcial solution lies on region s > 1. Otherwise, it will collapse into particle-hole continnum.
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