Chapter 7

Green function

The Green function the fundamental response function of many body system. The single particle green function
is defined as

Gt —t)=—i(¢ | Twt)p (') | §) (7.1)

where ¢ is many body ground state . The operator ¥ (¢) is defined on Heisenberg representation. We define
the propagator as the Green function on the momentum space , namly
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Figure 7.1: Single Fermion Propagator

7.1 Fermion Green function

Let’s define th e ground state | ¢) as

o)= T b, 10) (7.3)

|k|<kj,o

According to definition of Green function (7.1), the fermion green function could be calculated as

Gkt —t'") = —i{¢ | Tero(t)ch o (t) | §) = —i0(t — t')Sppr (1 — nporor ) =D —30(8 — 1) Spprnpo s =8 (7.4)

We consider the Fourier transformation to find the propagator

G(k,w) = /+OO dt —i(0(t)(1 — nko) — O(—t)npg) @70
= —iiii%/o Hk_kFel(W—wk+15)t + lgg% - ekF_kel(w—wk-&-ls)t
= lim Ok —kr Ok —r
e=s0w—wp+ie w—wg+ie
1

= —-— 7-5
w—wg +ie (7.5)

The fermion green function consists two part. The first term stands for particle moving forwards in time.
The second term stands for holes moving backwards in time. Hence, we define the free fermion Green function as
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Figure 7.2: Single Fermion Propagator

7.2 Boson Green function

By the smae way , the bosonic green function can be calculated with definition. The non-interacting bosonic gas
caould be described by hamiltonian

H=> w, (bgbq + ;) (7.7)

q

The ground state of hamiltonian (7.7) is just vacuum | 0). The physical field is defined as '

bg =1/ 27:% (bg +01,) (7.8)

The Green function for bosons could be defined by field ¢, .

h h
Glg,t,t') = —i(¢ | Tog()ol, (t') | ¢) = —iQqu (6| Thg(t)b](t') | ¢) — i2qu (@ | TO ,(t)b_qg(t') | 6)
I S PO ) P R o ) py
= 12que E=0gt —t) 12que E=0g —t) (7.9)

We calculate the propagator from Eq(7.9).

h “+o00 . .
— i(w—wgq)t 0(— ii(wwgq)t
G(q,w) 12qu / dto(t)e +0(—t)e

— 00

h Foo . 0 . :
=i </ dtel(wqu+15)t + / dtel(w+wq1€)t>
2qu 0 —o0

o 1 1
C 2mwg \w—wg tie ww+ie
h 2wy

= v].
2mwq w? — (wq +ie)? (7.10)

The bosonic green function contains two part. The first part involves forward boson emitting process. The
second part involves boson absorbing process .

Glg,w) == i ( . - ! ) (7.11)

2mwg \w — (wg +1i8)  w+ (wg + ie)

At static limit w — 0, then G(q,w) = it will induce effective atraction interaction.

__h
2mw? "

1You can refer to scalar field quantization in field theory theory
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7.3 Imaginary-time Green function

In this section , we discuss imaniary time Green function. The imaginary Green function is defined as

Gax(r = 7') = ~(Tga(} () = =5 Tr [0 () (7) (7.12)

For a non-interacting system, the expectaton is

n B n(ex) DBosons
(WAa) = o {f(e/\) Fermions (7.13)

where f(gx),n(ex) is the bosonic/fermionic distribution.

1
fen) = 55—
efer — 1 (7.14)
n(ex) = P
The green function (7.12) could be written into
G)\)\/(T _ 7_/) _ _GEA(T/—T) [9(7— -T )(1 + ’I’L(E)\)) + 9(7— - T)n(EA)] BOSOI:IS (715)
[0(r —7)(1 = f(ex)) — 0(7" — 1) f(ex)] Fermions

The most eminent property of imagnary-time Green function is the periodicty for bosons and anti-periodicity
for fermions. We take —f < 7 < 0, the Green function (7.12) expands into

G (1) = —(Tea(r)eh (0) = f%Tr e PHel, ()er(n)]

1
= —UZTY [efﬂHC;, (O)eHTc,\e*HT] Trace identity

1.7 . b
;T [e BH H(r+5) ., o~ H( +B)C§,(0)}

=nG(T+ B) (7.16)

Let’s consider the identity for Green function

B 3 . /
¢m= %/0 G(r")o(r — ')’ = — / G()B Y et

ﬂ 0 n=-—o00
= B o, .
— Z (/ G(T/)elwn'r > e iwnT
n=-—o00 0

> Gliwy)er (7.17)

The Eq(7.17) tells us Matsubara representation

G(t) = ZG(iwn)ei‘”"T
“ 5 (7.18)
G(iwn):/o e“nTG(T)dr

Eq(7.18) is just the Matsubara representation of imagninary-time Green function . The Eq(??) should
match with properties(7.16) . We introduce Matsubara frequency for bosons and fermions respectively.
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2mn Bosons
wp = { Gnt)m (7.19)
B

Fermions
Claim 7.1 .
The imaginary-time Green function adimits poperties below
B . 0 .
/ G(r)e“"T = / G(1)e“~T (7.20)
0 -8
Proof.
0 i B i B .
/ G(r)en™ = / G(r + B)etAdr = / G(r)e“nT (7.21)
-8 0 0
O

7.3.1 Lehmann representation

In many body physis, the Lehmann representation is obtained by assumption of time-independent hamiltonian.
Now, we expand the Green function into eigenstates.

G(r) = f%Tr (6 5H6H71/1>\(0)67HT1/J;,(0)>
| Py 0)e T ) |6, (0) | m)
= S [ ea0) | ) | 94(0) | m)ePnelFrm (7.22)

We transform the Green function (7.22) into frequencey space by formula (7.18).

B 8 o
Gliwn) = [ Glr)dr = 3 | 4a(0) [ ') | w}(0) [ m)e PP [ clBemBitianr

0 ot 0

T
1 Z (n [ 9a(0) | n"){n/ |.7/’,\(0) | ”>e—,3En (e(E"—E:L-&-iwn)ﬁ _ 1)
Z B, - E, +iw,

n,n’

1 (n | x(0) | n) ' [¥30) [ ) [ _spw  _sp,
:_ZZ /\E;L—En+iw2 ("e S BE)

n,n’

_ % 5 (n | ¥A(0) | n')(n’ | ¥1(0) | n) (e—ﬂEn’ _ne—ﬁEn) (7.23)

E! — By + iwy,

n,n’

Question 2

If =8 < 7 < 0. please derive Lehmann representation form of Green function.

7.3.2 Matsubara Green function for free fermion and free bosons

We obtain the fermionic green function for free fermion by using of (7.18)
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B X B . —(ex—iwp)T _
G (iwn,) :/ dre“""G(T) = —/ dr(1 — f(ey))e Er—iwn)T — L ¢ L _ 1 (7.24)
0 0

ex —iw, 14 e e iw, — ex

By the same way , we calculate the bosonic green function for free bosons.

B
Glivy) = /O dreé T Glr) = — (7.25)

Wy — &N

Example 7.3.1 (.)

Calculate the finite temperature Green function for harmonics oscilators.

D(7) = —(Tz(7)z(0)) (7.26)
We expand the the Green function as
h
D(r) = =~ (T(b(r) + b (7)) (b(0) + (0)))
h

The first term could be given by Eq(7.15) . And the second term has such form
(T (1)b(0))) = (B(T)n(w) + (n(w) + 1)8(=7)) = n(w) + 0(~7) = —n(~w) — 1 — 6(~7)

= — (n(—w)8(=7) + (1 + n(-w))d(r))

Hence, the Green function can be founded by (7.24)

D(r) = % (iun)22w— w? (7:27)

7.4 Matsubara sum

We will often encounter summation for all Matsubara frequencies. In this section, we will develop complex contour
integral method to deal with this problem. A very important example is the calculation of polarization bubble
diagram

k+q

q

Figure 7.3: Polarization Bubble Feynman Diagram

The suscetibility is given by bubble diagram Figure(7.3)
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x(q,iv,) = —2MQBTZ Gk + q,iwy, + ivy)G(k,iw,)
k,n

1 1

= —2u2T 7.28
s kz;iwn“"iVn_fk—i-q iwy, — €k ( )

The minus sign originates from Fermionic loop . We consider such contour integral

/c f(z)Hian L o lim  Res <f(z) 1 ! > (7.29)

— Ek4q X — €k z2—wpU{ek+1—ivn, ek} 2+ Wy —Egt4q 2 — Ek

Hence, we can derive the susceptibility as

X(q,vn) Z I 5’”‘1 ) (7.30)

an €k+q - Ek)

This result meets with Linhard response function.

‘We notice that

Z Res f( 1 . Z — Wnp 1 1
Z+iv, —eppqz—en/) efle—wn)efen +1 2 +iv, —€pyq 2 — €k

2—2n
1 1
== 7.31
B;iwn—kiyn— iw, — €k ( )

Ek+q 1Wn

We substitute Eq(7.31) into (7.29), the result is obvious.

7.5 Path integral

7.5.1 Coherent state
7.5.2 Bosonic path integral

In this section , we will derive bosonic path integral fromalism. Our start point is partition function . We consider
write partition function into coherent state

dzdz _
7 =Tr (e PM) = / ;dfe*zqz | e=BH | ) (7.32)
T

We consider divide Bo;tzmann factor e=## into time slices e 7 = (e=27H)" . By using of completenes

relation of coherent state, the partition function (7.33) could be written into

dZZle 7zz —AT —AT —AT
Z =T () /H o € lew e AT ey ) (ev o e 8T zna) -z [ 8T 20)  (7.33)

The hamiltonian H is the polynomials about operator b, b’ with normal order. However, the Boltmann
factor is not normal order . In other words, we cann’t replace Boltmann factor by ¢ number equivalents.

(zi | e 2™ | zip1) = (2 | 1 = ATHDY, D) | 2e21) = (21 | 1 — ATH|[Zk, 26-1] | 2641) = €471 (1 — ATH |z, 25_1])
Zipzk—1—ATH[Z,25-1] (734)
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We substitute (7.34) into (7.33) . The partition function becomes >

N-1 _
— / H dzkdz), 6(2i+1_2i)2i_ATH[2k;zk—l]
Pt 27i
Furthermore, we take limit N — to continumm limits.

N N B
Z(5i+1 — %)z — ATH|[Zk, 25-1] Z ZH‘I — ATH %, 2p—1] — —/ dr (20z+ H|[Z, z])
0

k=0 k=

We define functional measurement as

The partion function could be written into

Z:/D[Z,z]e*S S/Oﬂdr(zaerH[Z,z])

7.5.3 Gaussian path integral

A most important path integral is Gaussian path integral . We start from action Sg

B
Sg = /0 ATZ.(7)(07 + hap)za(T)

The action (7.39) could be written into Matsubara representation .

B
Sy — / 720 (7) (D5 + hag) 2 (7)5(r — )

B ) ,
== Z zg(iv), 1Vn+ha5)zﬁ(iyn)/0 drelvn—vi)T

wn,w

= Z5(ivn) (vn + hap) 23 (ivn)

ivy,

Claim 7.2 ,

We have such identity for coherent state integral

/H dzrdzy o ZaMapzs _ 1
2mi det (M)

Proof. Let’s consider the unitary transformation for quadratic form z,Mqg23.

ZaMopzs = 2a(UTUMUTU)apzs = 2, UMU )apzy = Y Az 2,

n=1

2Zn = 2o
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Hence, the integral (7.41) could be calculated as

dondZ s yes / Tdzdz - % e 1
FaMapz = _ 7.43
/H 27i kl;-[l omi det(M) (7.43)

Hence, we can write down the partion function as

1

~ det(d; + h) (7.44)

7.5.4 Fermonic path integral

We introduce the Grassmann coherent state to formulate fermioinc path integral. By the same way, we can write
down the fermionic path integral .

We introduce the Grassmann variables to formulate fermionic path integral . The Grassmann varibales
satisfies to anti-commutating propeties

{6,631 =0 {&.&}=0 {&¢&}=0 (7.45)

Furthermore, the Grassmann varibales also sati-commutate with fermioonic operators

{giacj} = {flacj} = {57/70_7} = {52763} =0 (746)

Definition 7.5.1: .

Fermionic coherent state | ) is defined as

|6 =e ¢ |0) = (1—&ch) | 0) (7.47)

The fermionic coherent state definition (7.5.4) could be generalized into many particles

— Y giel
(6,60 &)= T |0) (7.48)

If the function could be expanded into power series with Grassmann variables, then we call this function
is Grassmann anlytical function.

P(E) = 1ho + 1€ + o + -+ (7.49)

We give the diffrentiation and integration rules for Grassmann variables .

De(§) =1 0:(86) = —¢€ (7.50)

The Eq(7.50) tells us anti-commutation relation between J¢ and Og.

{0k, 5‘5} = 0¢0¢ + 0:0: = 0 (7.51)
Eq(7.50) suggests suh definition
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/dgl = /dgagg =0 /dgg =1 (7.52)

Thus, integration and differentiation is same for Grassmann varibales

O = / i (7.53)

Now we try to find resolution identity
1= [deagu(e) || ()= (7.54)

The inner product could be defined as
(19) = [ dédgeSF€)9(6) = [ dde €| (fo-+ A& +916) = Ffo + o (7.55)

—+ Cases }

We give some cases about resolution identity of fermionic coherent states

M

IEigiw(gh 52; En) | 517627 e €n> (756)

— / f[ldgdge

we consider annihilating fermion on coherent states

cl&) =c(0)—&c | 0)=€]0) =& &) = (€] = (e -
&) =cl(1—-€&t)[0)=cl|0)=-0: &) = (E|c=0(]|=
‘We consider matrix element on the coherent states
(€ c| 9) = [ didge™(¢ | ¢ | €N(E | ) = [ dEdge(e | ¥) = [dE(E | 9) =0ep(®
(€| ct | ) = [dédge56(E | ct | E)(€ | ¥) = [ dEdEE(E | ) = [ dEdE(L — EE)E(E | ) = EDgvb(€)
The evaluation pf density operator NV could be wriiten as
(1,6, & | N | 51,52, £n) ZNZ (€1.62, &0 | clei | 51,52, Zﬁ (€1,62, & | ci | &1,60, En)

<£17§2)' fn |§1;€27 51)527' fn |§17€27 517&27' fn |€17£27' §n>

1=

<§17§2a . gn | (& | 517527 €n>
_;gl <§1a€27 gn |§17§27 §n>

(7.58)

We consider general form of hamiltonian

H = Zszc c; + VZC C1.CkCi (7.59)
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Hy=> el +V Y &P & (7.60)
5 ik

In most cases , we need to evaluate the Grassmann Gaussian integal .

Theorem 7.1 .

N o
_ — > & MijE+EiCi+Ci&s
Z[C,¢) = /Hdgld&e i3 (7.61)

i=1

Proof. Firstly , we consider more simple form , namly

— &M, N _ _
/ H dEdee / [t = Motyaon) (1 = Moo

/Hdgzdfz a'(l 150‘ 1)51)( 0(2) 250‘ 2)52) ( Ma‘(n),nga'(n)fn)

= /H d&;d€;dé1 My 1) 1601 (— Moy (2) 2802)62) * - (—Mo(n) no(n)&n)
="

N
= //H dgigo(l)ga@) t EU(R)MO'(l),lMO'(Q),2 T Mo’(n),n
1=2
— det(M) (7.62)

Now we consider the shft the varibales &;

> (@ + @) Mij(n; + ) + Y Gilns + i) + (7 + @a)iGi = Zm il = Zm G+ Z Mija;)
ij i
Z(@ TF Z a; Mji)n; + Z a; Mo + Z G + @G (7.63)
i j ij i
We let (; + M;jo; = 0, then (7.63) turns into
> (i + @) My = Z 7 Mijn; + Z GM;'¢ - Z MGG = Y GMG'G (7.64)

ij

Hence, the Eq(7.61) could be derived with Eq(7.62)

B
- / DE.ge = /0 dr (€0€ + HIE, €]) (7.65)

By the same way , the fermionic path integral could be derived as
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Question 3

Please review the process on section (7.5.2) to derive Eq(7.65)

7.6 Fluctuatio -dissipatio theorem

7.6.1 Kramers-Kronig theorem

The Kramers-Kronig theorem related the real part and imgnary part of susceptibility. The susceptibility is the
frequency space has such form

X(@) = F (-T(A®), AW DO~ 1) = F(-T(A®D, AWE))) » FO( 1) (7.66)
F(t) = lim OOO dtet(—sHiw)y — lim —— =i <£ — iﬂé(w)) (7.67)

We substitute (7.67) into (7.66)
) = FOC )« FO) = - [ i (2~ 10 =) ) ') (7.68)

Accrodin to (7.68), we can derive

B O R RNIE
T W 0 w2 — w2

: o0 2 m 1 / 1 o0 2 1 Ceq /
- i/ = ) (C:;)dw’—f/ e (f;’)dw’ (7.69)
™ Jo we —w ™ Jo we —w
Hence, we could derive Kramers-Kronig relation
1 [ 2w (W)
Rx(w) = —— —
Oy e (7.70)
Sy(w) = © / 2R W) '
X T 0 w2 — w2
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