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We relate the collective dynamic internal geometric degrees of freedom to the gauge fluctuations in
v =1/m(m odd) fractional quantum Hall effects. In this way, in the lowest Landau level, a highly
nontrivial quantum geometry in two-dimensional guiding center space emerges from these internal
geometric modes. Using the Dirac bracket method, we find that this quantum geometric field theory is a
topological noncommutative Chern-Simons theory. Topological indices, such as the guiding center angular
momentum (also called the shift) and the guiding center spin, which characterize the fractional quantum
Hall (FQH) states besides the filling factor, are naturally defined. A noncommutative K-matrix Chern-

Simons theory is proposed as a generalization to a large class of Abelian FQH topological orders.
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I. INTRODUCTION

The discovery of the fractional quantum Hall effects
(FQHE) delivered a new area of condensed matter
physics—the two-dimensional strongly correlated electron
physics [1]. After Laughlin’s trial wave function [2], several
phenomenological effective theories were proposed for the
FQHE [3-5]. In particular, Wen presented a pure Abelian
Chern-Simons (CS) theory to describe the topological order
in a number of FQH states [5]. In view of the need of the
lowest Landau level (LLL) projection, the noncommutative
Chern-Simons theory [6] seems to be a candidate for better
description. However, the microscopic origin of the Chern-
Simons gauge fluctuations is not yet clear.

In this paper, we will show that the Chern-Simons gauge
fluctuations originate from the collective fluctuations in
electron position around the guiding center (which will be
defined in the next section). These collective fluctuations that
give rise to a fluctuating geometry were recently noticed by
Haldane [7]. Since the guiding center coordinates become
noncommuting in the lowest Landau level [8], we further
show that a highly nontrivial two-dimensional quantum
geometry emerges in the guiding center space from these
collective dynamic internal geometric degrees of freedom
and is consistent with the noncommutative Chern-Simons
gauge theory to the first-order expansion of the noncommu-
tative parameter. The latter is shown to provide additional
topological observables naturally in distinguishing different
fractional quantum Hall states besides the filling factor [7].
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The attempt of finding a geometric description for FQH
liquid was inspired by the study of Hall viscosity [9,10].
Haldane noticed that the Galilean metric g“Gb of the electron
band mass may be generically different from the Coulomb
metric ¢¢” of the unscreened Coulomb potential in cases
lacking the rotational symmetry. Then the Laughlin state
for the FQHE is determined by pseudo-potentials given in
the background of a variational metric g(“)b that interpolates
between g‘éb and ¢g??, which makes the correlation energy
minimal. The metric fluctuation 5¢*°(x, ¢) is identified as
the collective dynamic internal geometric degrees of free-
dom [7]. An important question in this approach is how to
formulate the dynamics that governs the geometric fluctu-
ations in the effective theory at long distances. The main
difficulty is the fact that after the lowest Landau level
projection, the guiding center coordinates become non-
commutative, as emphasized in [8] or in the book [11]. In
this paper, we report our results on this topic, in an
approach that deals with the noncommutativity of guiding
center coordinates in a way different from Haldane’s [7].
We show that these collective dynamic internal geometric
degrees of freedom give rise to a (two-dimensional)
quantum geometry.

We study the FQHE in the lowest Landau level using the
zero band mass limit, namely m;, — 0. The advantage of
taking this limit is that we do not need to face the
complications due to the derivatives appearing in the
guiding center operator. The m; — 0 limit imposes a
second-class constraint that the kinematic momentum
7z, = 0. Upon quantization, conventional commutators
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are replaced by the Dirac brackets, and the electron
coordinates (in two dimensions) become noncommutative
under the Dirac brackets [12]. The kinetic energy term in
the Hamiltonian is set to zero when m;, — 0, but there are
residual collective quantum fluctuations of the electron
position which are described by the topological quantum
mechanics with a pure Chern-Simons Lagrangian [12]. For
a many-body system, in the continuum limit we write the
position field of electrons to be the sum of the guiding
center position field and the position fluctuation around the
guiding center, the effective Lagrangian can be transformed
into an Abelian Chern-Simons theory in the two-
dimensional guiding center coordinate space. Due to the
area-preserving symmetry of the guiding center plane (the
continuum version of relabeling the discrete electrons), we
will have another constraint derived from the conserved
quantity associated with the area-preserving symmetry.
This adds a Lagrange multiplier term that helps us complete
the Abelian Chern-Simons Lagrangian. The resulting
effective Chern-Simons theory is exactly identical to the
first-order expansion in the noncommutative parameter of
the noncommutative Chern-Simons theory. This suggests
us that the noncommutative Chern-Simons theory may be a
better description for the physics in the lowest Landau level
than the commutative Chern-Simons theory.

It is natural to relate the above mentioned position
fluctuations of electrons to the metric fluctuation
5g°%(x, 1) around the guiding center metric gi” in the
Haldane’s proposal. Our observation is that if we identify
the spatial gauge fluctuation with the zweibein fluctuations
of the metric 69‘”’, the noncommutative Chern-Simons
Lagrangian turns out to be a theory of two-dimensional
geometry with a flat time. The area-preserving constraint
becomes a solution to the field equations for the emergent
geometry. Here the emergent geometry is a dynamic one—
due to the collective position fluctuations relative to the
guiding center—not an external one as introduced by Wen
and Zee [13]. Furthermore the emergent quantum geometry
inspires the identification in our unified approach of two
important topological indices for the FQHE, which were
proposed before separately in Refs. [7,13,14]: (i) the shift
which was thought of as an ’orbital angular momentum’ of
the guiding center and is related to the filling factor; (ii) the
guiding center spin, or the ’spin’ of the guiding center,
which is a topological index characterizing the Laughlin
state besides the filling factor. We can also generalize our
results to hierarchical FQH states, giving a geometric
description for the gauge fluctuations in the K-matrix
Chern-Simons theory.

This paper is organized as follows: in the following
section, we will first review the guiding center description
of FQHE. Then we show the emergence of the Chern-
Simons action as the dynamic degrees of freedom of
guiding center at the lowest Landau level in two ways,
namely, by means of both a Dirac bracket and a Moyal
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x-product. In Sec. III, we will use the Dirac bracket method
to discuss the emergent geometry arising from the non-
commutative Chern-Simons gauge theory, and we will
generalize our results to other FQH states in K-matrix
formalism in Sec. IV. In Appendix A, we present a short
introduction to noncommutative geometry. The quantum
geometric interpretation of the emergent noncommutative
Chern-Simons theory of the lowest Landau level is
discussed in Appendix B.

II. EMERGENCE OF CHERN-SIMONS
GAUGE THEORY

A. Review of guiding center description of FQHE

The two-dimensional interacting electron gas in a
perpendicular magnetic field is described by the
Lagrangian

-3 !

i<j [ggbxijuxijb]l/z '
(1)

Here we used Einstein’s summation convention for a,
b =1, 2 labeling two-dimensional coordinates; x;, is the
position and x;, the velocity, respectively, of the ith
electron, and x;;, = x;, — x;,. We have assumed that the
effective band mass tensor is of the form mbgg”, which
defines both the band mass m,, and the “Galilean metric”
g% with the condition det(g;) = 1. The metric g is the
Coulomb metric arising from the small momentum behav-
ior of the Coulomb potential for electron-electron inter-
actions, if there is microscopic anisotropy (due to, e.g., the
environment of the two-dimensional electron gas). Both g,
is assumed unimodular: det(g,.) = 1; this fixes the value of
the dielectric constant e. Introducing the two metrics allows
us to deal with the more general cases with spatial
anisotropy. (The usual Laughlin wave function approach
has assumed the rotational symmetry or spatial isotropy.)
A,, is the vector potential of the external uniform magnetic
field B. In the symmetric gauge, A, = Be,,x"/2. For
simplicity, we take the units e=hA=c=Ip=1 (I
being the magnetic length). The kinematic momenta
n, = —id, + A, are noncommutative: [7,,, 7 ;] = i€,0;;.
Define the guiding center operators as:

N
my .. . .
L= 21: g [7 XigXip + xiaAib]
p

A

Yia = Xq — €ab”§)' (2)

The physical meaning of ¥, is that it represents the
position of the center, the guiding center, of the cyclotron
motion of the i-th electron. Notice that the guiding center
operators commute with the kinematic momenta x,:
[Yp, 7;,) = 0. This implies that the guiding center coor-
dinates describe the degrees of freedom (for a single
electron) within the lowest Landau level. In the case when
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g. # gg, there will be an emergent metric g, that minimizes
the correlation energy [7]. The gy is called the guiding
center metric, since they are defined for the degrees of
freedom in the LLL [7]. Several examples with g, # gg
were studied, and the g, has been worked out explicitly in
refs. [15-19].

Classically, the position of a two-dimensional electron in
a perpendicular uniform magnetic field can be decomposed
into that of its guiding center plus a cyclotron motion
around the guiding center. We use y;, to denote the guiding
center coordinates; ¥;, are the corresponding quantum
operators. The electron position then can be decomposed
nto

Xig = Yia + 5xia(t)’ (3)

where 8x;,(t) is the electron position deviation from y,,,
which are the dynamic degrees of freedom and have both
the kinematic and collective origins. In the lowest Landau
level, the kinematic part is frozen since the kinematic
energy part is projected out, while the collective modes
survive and depend only on y, the guiding center. We write
the collective degrees of freedom as

Xig = Yia + eeaba? (yv t)7 (4)

where a” is actually a Chern-Simons gauge potential as will
be shown below. The constant 6 is takentobe 8 = 1 /v = m
for later convenience.

Define the zweibein efj, by go.» = €gaq€fy Witha =1, 2
the frame index. Since g, is symmetric and unimodular, the
vector x;, may be written as

_ a a
Xia = Xia€0q = Yia€ia- (5)

e$, looks like a local zweibein. However, it is difficult to
locally define a zweibein or a metric in a discrete system.
This motivates us to study an emergent geometry in the
continuum effective theory which is discussed in detail in
Sec. IIL.

B. The zero band mass limit and Dirac brackets

We now exhibit the noncommutativity of the coordinates
in the lowest Landau level. In the zero band mass limit
my;, — 0, the kinetic energy vanishes, which projects the
system to the lowest Landau level. The degrees of freedom
related to x;,, the “left-handed ones” [7], are frozen in the
Hamiltonian. Here, we would like to emphasize that the
dynamic degrees of freedom are not totally congealed in
the sense of a topological quantum mechanics which
involves in the collective dynamic degrees of freedom,
i.e., replacing the free Lagrangian in Eq. (1) by
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Ly = inaAia = EZ € XigXip, (6)
i=1 i=1

which describes the Chern-Simons quantum mechanics of
the electrons subject to the second class constraints [12]
7ig = Py —Ajy ~ 0. (7)
Here ~ stands for being set to zero merely after calculating
the commutation relations [7;,, 7;,] = i8;;€,, [12]. Owing

to the second class constraints, quantization should be
carried out by using Dirac brackets [20-22],

{011, 05} p = (011, 03] = (011, 71| CE [y, 0o, (8)

where C¢ are defined by C§|my, m,] = 6884, ie.,
C% = —ie® ;. Due to the noncommutative nature of
the operators in quantum mechanics, here we shall empha-
size that after quantization, the Dirac bracket method could
suffer from the ordering of operators [22]. With the Cif’
being constant in our special case, this ordering problem
may disappear, though the application of a Dirac bracket in
quantum theory, in general, is still delicate. Keeping this in
mind, we have

{xia?ij}D = i€u,0;), )

which reflects the noncommutativity of electron positions
in the lowest Landau level. This noncommutativity tells us
that the geometry of the lowest Landau level is better
described as a noncommutative geometry and there are
some collective modes. The existence of the collective
modes is due to the nonzero [x;,, x,,] p; otherwise, the Dirac

bracket would be zero. Since [r;,, ¥ »] = 0, Dirac brackets
of ¥,,’s are the same as the usual commutators:

A

Vi YViodp = [Via. Y] = —i€asi. (10)

From Eq. (9) and Eq. (10), we show that not only the
electron position space but also the guiding center space is
noncommutative in the lowest Landau level. This suggests
us that we shall use a formalism that deals with coordinate
noncommutativity. We have two choices: one is the Dirac
bracket formalism and the other is the Moyal * product
[23]. In order to keep the consistency of logic and to keep
our derivation fundamental, we shall continue using the
Dirac bracket formalism. The relationship between the
Dirac bracket formalism and the Moyal * product method
will be discussed at the end of this section. We will show
that these two methods are parallel and consistent with
each other.
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C. Continuum limit and Chern-Simons gauge theory

In order to discuss the emergent geometry in the lowest
Landau level, we first consider the continuum limit of the
system. Starting from the identity for an arbitrary function
of x,

S r) = [ axdate = xf o) = [ duploi) 00
(11)

where p(x;x;) = > ;6(x — x;). Because we will discuss the

physics in the guiding center space, we transform the above

equation from the position space x to the guiding center
space y, and obtain

s = [ @y o= x)s
- / dypoy: ) f (x()). (12)

where y,, are the guiding center coordinates, given by (2),

- eabﬂ'{?’ (13)

Ox
d _
. <3y>

Thus, the continuum form of the Lagrangian (6) in guiding
center space is given by

N 1N
_ ~a _ ab :
Ly= E X{Ajq = 3 E € XjaXjp

i1 =

1
—/dxp(x)ie“bxajcb

Yia = Xia

and

po(y3yi) = p(x(y;yi)) ) (14)

N / dypo(y) %eabxa(y, 1)xp(y, 1), (15)

where for later convenience we have abbreviated p(x; x;)
as p(x).

In the following, we only consider the situation that there
is no vortex excitation. With this assumption, we know that
the guiding center density, p, = ﬁ is always uniform.
The (quantum) incompressibility of the FQH liquid implies
that the residual dynamic degrees of freedom are totally
determined by the collective modes, so the requirement that
the x fields are the functions of the guiding center
coordinates y only is justified.

We follow a similar treatment in Ref. [6]. Let us consider
the area-preserving transformation in the guiding center
coordinates, the x field behaves like a scalar field and the
Lagrangian (15) is invariant under this area-preserving
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transformation. This area-preserving symmetry comes from
relabeling the electrons in the discrete version [6]. Also this
symmetry is a gauge symmetry, whose physical origin lies
in the lowest Landau level projection, as we now argue.
Classically, if one needs to determine the position of the
guiding center, one will need to know both the position and
the momentum of the electron, as in the definition of
guiding center (2). But after the lowest Landau level
projection, the kinematic energy part is suppressed.
Therefore, we lose the information about the momentum
of electron. The ambiguity in determining the position of
the guiding center is the physical origin of this emergent
gauge symmetry.
Under an infinitesimal area-preserving transformation,

OA(y)

y;z:ya"i_ea . (16
where A is an arbitrary gauge function. Then,
Ox, OA
x, = e,y e 92 (17)
dy Oyq

According to Noether’s theorem, there is a conserved
quantity © associated with this area-preserving symmetry,

oL A
=0 ox, = Po d’ye pex, O%q a— .
8y a ay b

)
5%, 2

(18)

Since O is conserved, i.e., ® =0, and A is an arbitrary
function, we can conclude that (after integrating by parts)

4190 ety O%a\\ _ @ (1 caO%O%c
dt \2 0y, Cav€ “Oy,) ) dt 2 Cav® Oy, Oy,

4 (aa2)) o )

This tells us that the Jacobian between x and y is
independent of time. In the absence of vortices, this
Jacobian is chosen as unity[6], i.e.,

det <g—§> =1 (20)

From Eq. (14), we conclude that by choosing the deter-
minant det(0x/dy) = 1, the electron density p(x) equals
the guiding center density py(y) and becomes a constant
after the lowest Landau level projection when there are no
vortices, which means that the electrons form an incom-
pressible fluid in both guiding center space and the electron
coordinate space.

Another ingredient we need to discuss is the generali-
zation of Dirac brackets in their continuum form if we
project the system to the lowest Landau level. In the
continuum limit, Eq. (7) becomes
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(x(y)) = P*(x(y)) —A*(x(y)) ~ 0, (21)

where the notation f(x(y)) means that any function of the
electron position space x can be written as a composite
function of the guiding center space y and because
det(0x/dy) = 1, the coordinate transformation form x to
y is one to one. The commutation relation of the IT s is

[1(y). T (y')] = ie®*8(y = y"). (22)

where we have assumed the canonical commutation
relation:

[P(y). X" ()] = i6“°8(y — ). (23)

Here we shall keep in mind that the X“(y) is a field and
P%(y) is its conjugate momentum field.

In order to define the Dirac bracket in the continuum
limit, we shall first solve the following equation:

/ dy'[l1(y), TI(y)] Cep (v ") = 836(y = »").  (24)
Because of Eq. (22), it is easy to find that

Cap(y.Y') = —ie,6(y = ¥'), (25)

which is also consistent with the discrete version, namely,
C4 = —ie“®5,. Then we can define the Dirac bracket in
the continuum limit,

{01(01), 02(32)}p = [01(31), O2(y2)]
= [ dyay[04(). I WIC ()M (). O2)
(26)
How to deal with [0 (y,),I1,(y)] is a little bit tricky. In the
following, we will only encounter fields that are functions

of the electron position field X; therefore, we will only
consider the O, field as a function of X, then

90, (X)
ox“

[0,(X,), I, (x)] =i 5(X; —x). (27)

Now we shall regard the field X“ in the 9X“ as the electron
coordinate x¢, i.e., Ox“. Then,
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{01(Y)), 05(Y2)}p
ab 90, (x(Y,)) 00,(x(Y1))

=6(Y,=-Y,)i

(Y, =Yy)ie o -

Y Y
= 5(Y1 — Y2) det @ b 801( 1) 802<b 1)
9y ay* ady
. 001(Y)00,(Y)

=56(Y, =Y ab 1 ’ -

( 1 2)16 aya (C)yb ( )

where we have wused the ordinary commutator

[0,(X(Y})),0,(X(Y,))] =0 and detdx/dy = 1. In the
following, Eq. (28) will be the definition of the Dirac
bracket in the continuum limit. From Eq. (28), we can
directly calculate that

{xa (), % (") }p = i€apd(y" = ¥"), (29)

which is a natural generalization of the discrete version (9).

With all the preparations above, we can now show the
emergence of a noncommutative Chern-Simons theory
which describes the collective behavior of the system after
the lowest Landau level projection. Recall that Eq. (20) is
actually a constraint imposed by the area-preserving
symmetry; therefore, we shall introduce a Lagrange multi-
plier ay to add the constraint (20) into (15), then the
Lagrangian (15) becomes

_@ ab 2 . _ 1 €ab
Lo=12e [ 3| (=50 Grwaods o 52

(30)

where we used the notation [-, -], for the “Poisson” bracket
[6], which is defined as

{F(y).G(y)}p = €0,F0,G. (31)

One can verify the area-preserving condition (20) by
calculating the equation of motion of a,. The “Poisson”
bracket is an analog of the Poisson bracket defined in the
phase space. Because now we are dealing with noncom-
mutative geometry, here we can think of the guiding center
coordinates {y,} as some kind of phase space. We shall
emphasize the difference between our treatment and the
treatment in [6]. The key difference of the underlining
physics is that the area-preserving symmetry here is
fulfilled by the diffeomorphisms in the guiding center
description, while the diffeomorphisms in [6] are explained
as the Eulerian description of a fluid.

Substituting the continuum version of Eq. (4), i.e.,
X4 = Ya + Oepa’(y, 1), into Eq. (30) and using the Dirac
bracket (28) instead of the Poisson bracket, we have
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Ly = %/ d*y(0*c“lay0.a, + 0*¢“Ya 0, a,
S2

— 0*c“la.0yay + P e elayd, a,0,ap)

1 0
=2 /s d’>yetvr <aﬂayap + geabaﬂﬁaaﬁbaﬂ)

(32)

Here 4 =0, 1, 2 and the Lagrange multiplier a, is
identified as the zero component of Chern-Simons potential
while the position fluctuations as the spatial components of
the gauge potential. Although we added the Lagrange
multiplier a, by hand, after a careful calculation, the final
Lagrangian (32) is symmetric in a,, a;, and a,. One can
verify the correctness of (32) quickly by calculating the
equation of motion of @y, which turns out to be the
constraint equation (20). R? is compactified, for conven-
ience, to a sphere S? because the gauge potential a, = 0 at
ly| = co. This is required by vanishing of the position
fluctuations at the infinity. This also gives the gauge
invariance of L [6].

Therefore, we have shown the emergence of the
Chern-Simons theory, i.e.,

1 0
Ly = el d>yetr <a”(9yap + 3¢ baﬂaaayaba/,>,
(33)
with the gauge transformation
0A
da, = By + 60{a,, A}p, (34)
and the constraint equation becomes
a 861[, 0
e <8_y“ — 5 1da: ab}o) =0. (35)

The gauge transformation (34) and the constraint equa-
tion (35) will remind us of the noncommutative Abelian
Chern-Simons theory. The results here shed some light on
the equivalence between the method of the Dirac bracket
and the noncommutative * product. As mentioned before,
we will now discuss the relationship between them in the
following subsection.

D. Relationship with noncommutative geometry

Now we use the language and techniques of noncom-
mutative geometry for the problem of many electrons in the
lowest Landau level. We will derive results similar to
Eq. (33), (34), and (35) from the perspective of non-
commutative geometry, which suggests the consistency
between the Dirac bracket and the Moyal *-product. For
our purpose, it is more convenient to examine a continuum

PHYSICAL REVIEW D 93, 125005 (2016)

field theory instead of the N-body quantum mechanics. In
the latter framework, the many-body wave function lives in
a higher-dimensional space with 2N coordinates. However,
in the framework of a field theory, one is able to use fields
living in the space of only a pair of coordinates to describe
the collective behavior of a many-body system. Therefore,
noncommutative geometry becomes suitable for making
the transition from a discrete particle formulation to field
theory (a short introduction to noncommutative geometry is
presented in Appendix A).

Thus, we proceed to describe the degrees of freedom of
the system of electrons in the lowest Landau level by
introducing the electron “position fields” x,(y, 1) (a = 1, 2)
living in the noncommutative plane R”. This plane has two
continuous coordinates y = (yy, y,), which we identify to
be the guiding center coordinates in the lowest Landau
level. For the fields x,(y, t), the coordinates (y;, y,) play a
role similar to the particle label i/ in the main text. We will
argue that a natural Lagrangian of the theory is given by

1 :
Lo=3 / & ypoex,(v. 1) * (v, 1), (36)
1 i d Ox
~— | g2 ab J)Xxp(v, 1) + =60 —det| — | |,
2A2 Wo{€ Xa(y: 1) (v, 1) + 56— e(ay>]
(37)

with the *-product defined by Eq. (A2) for functions or
fields dependent on y, (a,b =1,2):

700 4 900) = exp |06 3

JO 4890y +m)ley—o- (38)

We need the *-product here to enforce the noncommuta-
tivity of the guiding center coordinates after the lowest
Landau level projection. As one will see, the *-product of
two functions at the same Yy is sufficient for our following
treatments for the action and equations of motion of an
emergent noncommutative Chern-Simons gauge theory.

If we expand the *-product to the zeroth order and
choose the density function to have the form py(y;y;) =
>°:6%(y — y;) (with i the particle label), then Eq. (36) will
reduce to Eq. (6). This tells us that the Lagrangian (36) is a
reasonable continuum limit of the discrete Lagrangian (6),
which incorporates as well the noncommutativity of elec-
tron positions in the lowest Landau level as well.
Equation (37) is the first-order expansion in the non-
commutative parameter € of the *-product.

We will assume that there are no vortices. This incom-
pressible FQH fluid implies that the collective modes are
the residual dynamic degrees of freedom after the lowest
Landau level projection.
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Now let us consider the area-preserving symmetry.
Under an infinitesimal area transformation,

OA(y)

ab a—yb ’ (39)

Ya=DYat+E€

where A is an arbitrary gauge function. Then x’ transforms as
O0x 0A
Ox, = —2% | €og=—o

‘7 Oy < “ 8yd>

Ox, OA i

~ __+_9 cd ef
Ay dyy 2 €

Px, O°A
Oycdy® Oyloyl "

(40)

Although defining the area-preserving diffeomorphism in
noncommutative space conceptually is delicate, we can
consider power expanding 0 terms to the first order and
study the corrections due to the infinitesimal area-preserving
transformation. Therefore, let us focus on the linear-order
termin (40), i.e., the first term; we will deal with the nonlinear
contribution later. The conserved quantity ® associated with
this area-preserving symmetry is

_SLg
6%,

or, 08
0y, 0y,

_Po 2

© 2

5xa yedcxdeab (41)

Since ® is conserved, i.e.,

d /)0/ 5 Ox,. OA
S Pyedexge,, —<o—) =0 42
dt (2 y€ xdeab aya ayb ’ ( )

and A is an arbitrary function, which means that,
d (1 0 - Oxg\\ d (1 ccd Ox,. 0xy4
dt \2 0y, “coy,)) T dit\2" "y, oy,

- % (det (g—’;» 0. (43)

Then we can choose this Jacobian to be unity, which is a new
constraint for the system,

det (g—);) =1. (44)

Requiring the Jacobian to be unity is a reasonable constraint
in our treatment since, as one can easily check, it leads to

[xa<y)’xb(y)]* = ieeab’ (45)

to the first order in 6.
We introduce a Lagrange multiplier a, to add the
constraint (44) into (37), then the Lagrangian (37) becomes
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Ly= Po eb d’y
2 R?

(300 = g e o+ 520 (49

27po

with {-,-}p stands for the “Poisson” bracket [6], which is
defined as

{F(y).GO)}p = €?0,F0,G. (47)

By varying a,, one can check the area-preserving condition
(44). Since we are using the language of noncommutative
geometry, we can regard the guiding center space {y,} as
phase space, then, the “Poisson” bracket used here becomes
an analog of the Poisson bracket defined in classical
mechanics.

Substituting the continuum version of Eq. (4), ie.,
X4 = Yo + Oea”(y, 1), into Eq. (46), we have

o, 0
- Huvp Z pab
L_ 0 ) d*ye <aM8Da/, + 3¢ aﬂaaayﬁhap> . (48)

Here =0, 1, 2 and the Lagrange multiplier a, is
identified as the zero-component of Chern-Simons poten-
tial while the position fluctuations as the spatial compo-
nents of the gauge potential. Because we have only
considered the linear contribution of (40) to the constraint
equation (44), we shall propose to replace the “Poisson”
bracket in (46) with the noncommutative bracket to
incorporate the higher-order contributions to (40). Then
we come up with the noncommutative Chern-Simons
Lagrangian,

1
Ly=—

o
B v s dzyef‘”/’ (a/‘ * 8”aﬂ + S Ay * ay * ap>- (49)

3
If we expand the Lagrangian (49) to the first order in 6, it is

identical to Eq. (48). The corresponding noncommutative
gauge transformation becomes

Sa, — OA
oy*

+ 0la,, Al,, (50)

and the constraint equation becomes

Oa, 0
ab _b_ - —

By comparing the noncommutative Lagrangian (48), the
noncommutative gauge transformation (50), and the con-
straint equation (51) with Eq. (33), (34), and (35), we can
find that the results are consistent and parallel with each
other in both formalisms. As a final remark of this section,
to facilitate the comparison with the usual (commutative)
field theory in the limit & — 0, we have used an expansion
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of the x-product (A2) up to first order in the noncommu-
tativity parameter 6, though the € expansion is formal and
its convergence is not evident.

III. EMERGENT GEOMETRY FROM
CHERN-SIMONS GAUGE THEORY

A. Geometric description for Chern-Simons theory

Now we show that a quantum geometry emerges from
the gauge theory (33). To this end, we define the fluctuating
unimodular metric g,, (¥, ) = goap + 69up = €%, Where
the zweibein is parametrized by the gauge field, i.e.,

eg = (ega + 29/9012€ab5bcegcac)/\/N7’ (52)
which is the continuous version of (4) with the normali-
zation factor N, = 1+ 20a,a,/ gy, such that det g =
detg,, = 1. Here we have used a modified Einstein
summation convention; i.e., we also sum over the situation
when there are one up dummy index and two down dummy
indices [e.g., the index ¢ in (52)]. Since g, is a symmetric
and unimodular tensor, the gauge field can also be
expressed by the zweibein with no redundancy, i.e., the
number of degree of freedom is the same. Let us multiply
€p4q to both sides of (52), and pick out the cases of a = 1,
d=1and a =2, d =2, respectively:

efeora = (9011 + 299012612612)/\/1\/ )
e5eny = (9022 +V 29901262101)/\/ N,,.

Therefore, we can write the results in a more compact form,

ap = €hc56d(904d - gddc(e))/\/ 209012, (53)

where G, = e e, and C(e) is the positive solution of the

equation (G119 + 9512)C* = (Ga2g011 + G119022)C — 1 =0.
(In fact, C = /N, in the a;, parametrization.)
The spin connection corresponding to e is given by

Q, = €"e%9,ep,/2,
Q; = e’ eiDiepa/2 = (€ €i0iepn — € Dugni) /2, (54)
where D, is the covariant derivative with the Levi-Civita

connection I'¢,. The corresponding Gauss curvature R is
defined as

1
R= eahaagb = EeahGCd(aae(gabed{l - acaagdb)' (55)

Then we can rewrite the Chern-Simons Lagrangian (32),
in terms of the spin connection €, €; and Gauss
curvature R, as
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1 2
LO e d2y |:ao 0 aa(gaac)

drv [

Jo12
QZC2 b2 C
_ It (ea 9
0 (€ ) Y90aa 99012 tgbb

1
+ J(e) <R + 3 eabecdaaacgbd> ao] . (56)
where
J(e) = Ny = (1 +20a,a,/ gor2)*- (57)

If we expand J(e) = 1 + O(a), the coefficient of the Gauss
curvature in Eq. (56) is J(e)/4nv = 1/4nv + O(a). To the
zeroth order of the Chern-Simons field, this gives a correct
shift S = 1/v = 6 = m for the v = 1/m Laughlin state on
a sphere [13]. L,, = §/2 is a topological invariant and is
identical as the guiding center orbital momentum [13].
And also we can rewrite the L (56) in terms of the gauge
field a,,

1
_ 2 0
LO = /5:2 d y |:47”/ eHr aﬂaya,,

” (1 ! Q.0 58
+§ <2—9+E0102>€ a ha0+"‘:|» (58)
where - - - are terms containing the Levi-Civita connection
as well as terms with a factor 9,(1/,/N,).

The Lagrangian (56) describes an unusual quantum
geometry in the guiding center space with a flat time.
The emergent geometric field equation looks highly non-
trivial, which reads

1 V2
R+ =e®edd 8. gy + —— - 94(G,.C) =0. (59
2 9bd J(e)\/% ( ) ( )

In the Chern-Simons gauge field parametrization, Eq. (59)
is simplified to the constraint equation,

€9, a, — 0" ec40,a,0,a,/2 = 0, (60)

which is the first-order expansion in 6 of Eq. (35). Solving
this equation provides a solution of the geometric field
equation (59).

B. Guiding center spin

Now we discuss the effect of the Chern-Simons field in
J(e). Define the operator § by

§ = 6%a1a2/go1n = —6.x'8.x%/ gor2. (61)

where §.x% = e’ a;,. We call § the guiding center spin
operator by the following argument. Recall the guiding
center rotation generator L, defined by L, = gabA“b [7],
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where A (x) = i S (Y4 —x), (Y2 — x)}. The Lie alge-

bra of the A® operators is s/(2,R). Similarly, in the
continuum theory, we consider the following generators:

1
AT = =3 / d*ypoS.x?(y)6.x" (y). (62)

We can check that, A“® is symmetric, i.e., A%’ = A%, and
after the lowest Landau level projection, we shall consider
the Dirac bracket between the As instead of the ordinary
commutation relation. We can calculate their Dirac brackets
explicitly, for example,

i 6
{AT A, = Z/d2y2—ﬂ6"baa<azaz)8b(a1al)-

Now we use the constraint equation (60) and the fact that
the density of elections p, = €**9,a,, and we get

i 62
{AT, A2, = E/d2y5(4a1a26€“b80a28ha1)
- _i(A12€12 £ ARZel2 4 AIZ612 4 A12¢12)
> )
(63)

Similarly the results for {A'', A2}, and {A?2, A'?},, can
be written in a compact form:

{A Aty = =2 (e 4 At 4 (a <> b)), (64)

Equation (64) is the Lie algebra of s/(2, R), same as given
in [7]. Therefore, we can interpret the A“® operators as the
continuum analog to Haldane’s A“’. The guiding center
spin 5 was defined by the expectation value of A% in the
Laughlin state [7]:

Al]im (A®)/N = 5980 /2. (65)

Therefore, (5) =35 since g)?> = —go;o. In our continuum
formulation, we use § to approximate § and consider
(a,) = 0. Thus, Eq. (57) can be approximated by

(J(e)) /4w~ (L,, +5)?/2aL,. (66)

Then 5 indeed plays a role of ‘spin’ added to the ‘orbital
angular momentum’ in the above way. It is a topological
invariant which characterizes the FQH state in addition
to the filling factor [7,14]. For v=1/m, L, = m/2,
§=—-(m-1)/2and J,, =L, +5 = 1/2 [7]. Notice that
Jo12 1s zero for a rotationally invariant system. This is why
the guiding center spin was not found in the previous
studies based on the usual Laughlin wave function.
However, the guiding center spin is still well-defined even
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for a system with rotational invariance because of the
cancellation of gy, in Eq. (66). A parallel analysis of the
emergent quantum geometry and guiding center spin in
the language of noncommutative geometry is presented in
Appendix B to show the consistency between the Dirac
bracket and the noncommutative geometry methods.
Through the area-preserving symmetry, the exotic quantum
geometry is encoded in the guiding center coordinates
(¥1,¥2). One can reveal its noncommutative nature through
the Moyal *-product or the Dirac bracket for the target-
space field x (or the zweibein fields e).

IV. POSSIBLE GENERALIZATION
TO OTHER FQH STATES

In the K-matrix theory of Abelian FQH states, the
electron is divided or decomposed into a set of particles
with charge vector t4 (A=1,...,K) for K being the
dimensions of the K matrix [5]. The charge vector relates
to the filling factor via v = K3 515. The particle positions
are x,4. Then a Hubbard-Stratonovich-like transformation
can be applied to the single electron Lagrangian (6):

LeVO = eab(jc? - xaTA)KAB(xE - beB) - eabxaxb/2~

The vector T is chosen so that TAK ,zT8 = 1/2; i.e., it

relates to the charge vector by T, = K318 /v/2v. L, then
reads

Le.() = €”h)'62KABxf - €uh).f‘2KABTBXb - G“b)'caTAKABxE.

Using the equation of motion of the x4 and the symmetric
property of the K matrix, we have

%, Th = 0. (67)

Putting this solution into L, and dropping out a total time
derivative term, we have

Le,() = G“hXQKABxg. (68)

In this way, we transform a single electron problem to a free
theory of particles described by K-matrix Chern-Simons
mechanics. If we also have a variational metric g, for these
K-matrix FQH states using pseudopotentials, we can follow
the similar track that we have used to obtain the Laughlin
state to obtain a K-matrix Chern-Simons gauge theory.
Finally, we will have the Lagrangian of the K-matrix
Chern-Simons gauge theory:

Lyo=—— [ d®y(e"’a}d,af + 0e®e'layd,altdya¥).

A

Similarly, we can discuss the shift and guiding center spin
of these states as before. From the Lagrangian (58), we
have
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K,p 1
Ly = /52 d’y < n B e g ay0,a8 +—2 sce®Q,0,a§
0°K ygatal
+ %e“bﬂuabao 4+ > (69)

Here we introduce the spin vector s as defined in [13], the
shift § will be S =2(tK"'s.)/v on sphere. Now let us

focus on the guiding center spin term <M) as in (65).

If we take the elementary droplet point of view, and borrow
Haldane’s expression for the guiding center spin [7], it is
determined by

where n,,(g,7) is the occupation of the guiding center
orbitals and L,, is the corresponding angular momentum.
For an “electron-type” v = p/q(p < q) state, the elemen-
tary droplet has ¢ orbitals with the first p = rankK orbitals
filled, and the total angular momentum will be,

p-1 2
. 2n+1 p
L = ; ) = 7 (71)

The reference angular momentum is given by assigning
each ¢ orbital with a factor p/q,

q—
p n—l—l pq

*E (72)
q

ref -

Therefore, the guiding center spin § for the electron-type
state is

Pao,—1). (73)

= Liy = Liy = ;

(p—q) =

(]S}

For a “hole-type” p/q state, the elementary droplet also has
q orbitals, but with the last p = rank K orbitals filled, the
total angular momentum will be

g-1 2
2n+1 2pg-—p
Liy= > = .

2 5 5 (74)
n=q-p

The reference angular momentum is the same as in Eq. (72):

=P (75)

Then the guiding center spin s for the hole-type state is

- P pPq
= thy—rh=2g-p =21-0). ()
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These two results for guiding center spin are also in
coincidence with (70) if we take the configuration of the
elementary droplet as before. From these two results, we
notice the following properties of guiding center spin [14]:

(1) it is odd under particle-hole transformation,

(2) itis negative for electron-type states and positive for

hole-type states,

(3) it is zero for empty and full filled Landau levels.
To make these statements clearer, we present some exam-
ples. For the hole-type v = 2/3 state, rank K = 2, there are
three orbitals in the elementary droplet and the last two
orbitals are filled, or the occupation function n,, is ng = 0
and n; = n, = 1 as defined in Eq. (70). The corresponding
guiding center spin is

L —3+5 21+3+5 =1. (77)
et \2"2) " 3\2"2"2) "~

Similarly, for the electron-type v = 2/5 state, rank K = 2,
the elementary droplet consists of five orbitals with the first
two orbitals filled. The occupation function n,, is ng = n; =
1 and n, = ny = ny, = 0, and the guiding center spin is

‘—L _L — l_|_§ _g 1+§+§ z_|_9
ST R T kel = \5T5 ) 5 3T
-3 (78)

The above examples are the same as those given by
Haldane [14].

V. CONCLUSIONS

We identify the electron position fluctuation around its
guiding center in a given Laughlin state with the collective
dynamic internal geometric fluctuation which is the origin
of the gauge fields in the Chern-Simons theory. By using
the Dirac bracket method, we show that the noncommu-
tative Chern-Simons theory is a better description than the
usual commutative Abelian Chern-Simons theory in the
lowest Landau level. There is a quantum geometry emerg-
ing from the Chern-Simons gauge fluctuations. The shift
and guiding center spin were naturally defined. We have
used the zero mass limit to do the lowest Landau level
projection. Therefore, the application to higher Landau
level physics remains open. We discuss the possible
generalization to other fractional quantum Hall states with
the emergence of K-matrix formalism and its guiding
center spin. The even denominator filling factor FQH
states are beyond our reach at this moment.

ACKNOWLEDGMENTS

The authors thank Zheng-Cheng Gu, Long Liang, and
Kun Yang for useful discussions. X. L. is grateful for the
warm hospitality of the Department of Physics of Fudan
University where this work was completed. This work was

125005-10



NONCOMMUTATIVE CHERN-SIMONS THEORY AND EXOTIC ...

supported in part by the 973 program of the MOST of
China (Grant No. 2012CB821402), the NNSF of China
(Grants No. 11174298 and No. 11474061), and the United
States National Science Foundation through Grant
No. PHY-1068558.

APPENDIX A: A BRIEF INTRODUCTION
TO NONCOMMUTATIVE GEOMETRY

In this appendix, we demonstrate that by starting with a
noncommutative geometric approach to the guiding center
space, which uses merely the usual star product, one can
achieve the same (noncommutative) Chern-Simons theory
without using Dirac brackets. This implies that the Dirac
bracket method and that of noncommutative geometry are
parallel and consistent with each other. In order to make our
paper self-contained, first we shall give a brief introdu-
ction to noncommutative geometry [11,24]. On a two-
dimensional noncommutative space, the coordinates satisfy
a Heisenberg-like commutation relation,

[xavxb] = iaeab’ (Al)
where 0 is a constant and €, is the Levi-Civita symbol. We
caninterpret this commutation relation in two ways [24]. One
way is to think x, as operators in a Hilbert space and they
satisfy the noncommutative relation (A 1). From this point of
view, the noncommutative space can be interpreted as a
generalization of the phase space in the usual quantum
mechanics. The other way is the deformation quantization
[25,26]. We can regard the coordinates x, as ordinary
functions and they generate a noncommutative algebra of
functions on the space. In other words, we are able to develop
a classical field theory from this perspective. The fields
themselves are ordinary functions of formally commuting
variables {x, }, but the local products in the field algebra are
defined by (or deformed to) the Moyal s-product [23],

j o 0
110+ 908) = exp [ 506 22 |+ €+ o

(A2)

Therefore, the commutator is defined by using the
*-product:

Using these definitions, one can easily check
[Xa, Xple = X4 % X — X % X, = 10€4,. (A4)

With the help of the *-product, the action principle and
equations of motion can be straightforwardly generalized to
noncommutative geometry [11]. The key difference from
the usual field theory is that whenever we have the
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multiplication between two fields, we shall use the
x-product (A2) instead of the usual product. For instance,
we shall write the scalar ¢* interaction as ¢ * ¢ * ¢ * ¢.
Although we usually will have more interaction vertices in
a noncommutative field theory [24], the higher-order
(derivative) terms are controlled by the s-product and
organized in a mathematically neat way. The noncommu-
tativity of the spacial coordinates (A4) implies that there is
a minimal uncertainty area,

Ax'Ax? ~ 0. (AS)
The minimal uncertainty area has a physical meaning in
fractional quantum Hall effect; namely, it is the area
occupied by a single electron [6]. This relation actually
give us some kind of regularization, like a lattice constant in
a lattice field theory. Therefore, when we calculate the
quantum amplitudes, we choose a regularization that is
consistent with the one imposed by the minimal uncertainty
area. Another profound feature of this minimal uncertainty
area or of any noncommutative field theory, is the UV-IR
entanglement [24,27,28].

APPENDIX B: GUIDING CENTER SPIN

If we expand the noncommutative Lagrangian (49) to the
first order in the noncommutative parameter 6, we will have
the same results as in the Dirac bracket approach, namely, the
Lagrangian (33). Therefore, the discussions of the emergent
geometry will be similar to those in Sec. III which we will not
repeat here. The only difference we shall emphasize is in the
A operators which is needed to define the guiding center
spin in the language of noncommutative geometry. As
before, the guiding center operator § is defined by

§ = 0%ajay/ go1n = —6.x'5.x%/ gora. (B1)

where 5.x% = 0e“a;,. In Ref. [7], Haldane defined the

guiding center rotation generator L, by L, = gahf\"b, with

A (x) = #Z,{(?? —x),(¥? —x)}. The A“® operators
B

form an s/(2, R) algebra. Similarly, in the description of
noncommutative geometry, we consider the following gen-
erators:

1
AP =3 / d*yped.x(y) x 8.xb(y).  (B2)

Let us write down all the components of A’ to the first order
of 9,

All — _9_2

Pyata?,
5 yaa

(B3)

Alzze_2

1
7 d’y <a1a2 + Eee“b(')aazahal) , (B4)
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2
A2 = —%/ d*ya*a?, (B5)
6> 1
A% :2/d2y<ala2 —296“b8aa28ba1). (B6)

We shall also notice that, because of the constraint
equation (60), we have

/d2y9€“b8aa28ha1 :/dzye“baaab = /dzypo =N,
(B7)

where N is the total particle number of electrons. Therefore,

0> N
A2 = 2 2vala? 4+

5 (/d ya' a® + 2),

62 N
A12 :?(/ dzya1a2—5>.

We can symmetrize A'> and A?! by defining
AP =7 = (A2 + A?'). We can also calculate the non-
commutative brackets between A%’ (A'! = A1, A?? = A22),
Because A”’ = A" and [A“?, A°] = —[A°/, A“"), there are
only three independent commutators, i.e., [_/~Xl b /~\22],

[/~\”,/~\12], and [/N\ZZ,JN\IZ]. We can calculate all of them
explicitly. For example,

(B8)

(B9)
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~1 s i &
A" A7), = Z/dzyZﬁbaa(azdz)ab(aﬂl)'

Using the constraint equation (60), we notice that the density
of elections p, = €*9,a,,, and we get

o~ i o2

A" A7), = %/ d2y5(4a1029€ab8a025b01)

= i (]\126'2 + A2 4 A2%e12 4 ]\126]2)
5 )

(B10)

Similarly, we can calculate [A'", A'?], and [A**, A'?],, and
we have

A, A, = —é (A%ebd 4 AMee 1 (a o b)).  (BII)

Equation (B11) is the Lie algebra of s/(2, R), the same as
given in [7] and also consistent with Eq. (64). Therefore, we
can also interpret the A operators as the continuum analog
to Haldane’s A%’ and have the same interpretation of the
guiding center spin as in Eq. (65). If we use the original
asymmetric A®?, we still have the s/(2, R) algebra for the
noncommutative bracket [A®?, A9], .
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