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Introduction: WZW term and ®-term

Example: 0+1 dimensional O(3) NLSM

1
S, — [ dr (0,7

—+

Hamiltonian: H ~ g(L)* E~gl(l+1)

Ground state: IGS) = |l = 0)

Nondegenerate ground state, gapped spectrum
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Introduction: WZW term and ®-term

Example: 0+1 dimensional O(3) NLSM, plus WZW term:

S = / dr 2(0,70)? + 2 WIii(7)]
J g

W is proportional to the solid angle on the

sphere enclosed by the closed loop.

Wli(r)] = i /d’?’ (1 —cosf(1)) O,(T)

dr
Wli(r)] = j—ﬁ /dT (=1 —cosb(7)) O- ()

k has to be an integer.
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Introduction: WZW term and ®-term

Example: 0+1 dimensional O(3) NLSM, plus WZW term:

S = / dr 2(0,70)? + 2 WIii(7)]
J g

W is proportional to the solid angle on the

sphere enclosed by the closed loop.

 k
Wli(r)] = o / dudr €gpe€,,m" 9" d,n"

8 .
i(r,u), 7n(r,1)=q(r) 7(r,0)=32

k has to be an integer.
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Introduction: WZW term and @-term
Example: 0+1 dimensional O(3) NLSM, plus WZW term:

1 1k
S = / dr —(0,7)% + 2x / dudr S—Eﬁmqmnﬂ' 9,m’d,n°
. q . T

This is equivalent to a point particle moving
on a sphere with 2kz flux through the sphere.

The Landau level degeneracy: k+1. Notice the
Difference from the flat space.

This is the model describing a single spin, with S = k/2.
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Introduction: WZW term and ®-term

Breaking O(3) symmetry down to inplane O(2) symmetry

1 1S,
L= /dr (00 + o D
: g 2T

The WZW term reduces to the ®-term
®=kr

I GRS
Hamiltonian: H~gln— —
2T

When k is odd, the ground state is doublet degenerate, otherwise no
degenerate. Topological term increases the degeneracy.
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Introduction: WZW term and ®-term

Let us consider 1+1d. Take 1d AF spin chain, define 7 ~ (—1)’S,

_ 1S,
2(—1)4"];.:1-?,21:1-’[??:(7')] i~ / dr dx ;—%fﬂfm@mﬂ”‘@”ﬂ”@ynﬂ
j [

Spin chain is described by the 1+1d O(3) NLSM with ® =27 S
(Haldane). _ By
1 —+ 2 ?(H) a b e
L= _(aun) T ——€abe €T 8;;” (1;‘?/1

8

Without ®-term, NLSM is gapped, disordered, and nondegenerate.
According to LSM theorem, spin-1/2 chain is either gapless or two
fold degenerate i.e. when ®=m, the NLSM is either gapless or two
fold degenerate.
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L= (3 + Ceucun' G dn® 1410

The ®-term gives phase factor exp(i®) to every instanton.
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| 10
L= (3 + Ceucun' G dn® 1410

Gapless CFT, NN AF spin-1/2 chain

Gapped, 2-fold deg, J;-J, spin chain
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1 10

I = ﬁ(aiﬁ)g + > fﬂhrqmn”c‘)ﬂﬂ”c‘) n‘ 1+1d

Gapless CFT, NN AF spin-1/2 chain

Gapped, 2-fold deg, J;-J, spin chain

For NN spin-1/2 chain, the Neel order parameter and VBS order
parameter have the same scaling dimension Y2. Thus...

= (i, Q)

1 1k
S = /d’?’dﬂ’: E(quz}”')QA—?ﬂ /ffudrdr 9 Fﬂfwdfﬂpﬂ@ﬂaﬂ Nox pqz}d

0
—— ) O _— g
gapless
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Goal:

The goal of this work, is to understand the effect of the ® term on
the 2+1 dimensional principal chiral model defined on compact
simple Lie groups, such as SU(N), SO(N), Sp(N), with m; =

e,

o drd’z eu,tr[(U0,U)VUTO,U)(UT0,U)]

1
S = /deEI ‘Etl‘[aubrT(j“Lf]

Let us take U in SU(2) group. U=¢"Lys+ip -

10
S = /dfrd? (8“@) 53 /de T €abedCpup®” H@‘r’(ﬁ‘yqafﬁp@
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10 . | | |
/ dr d?m Cabed Cpvp ';9& aﬂ @b a:.f ';9{: aﬂ @d

1
— 2, a2
J.S’_*/d’?'dﬂf E((j“@) +]_21.T2*

Under time-reversal transformation, ® becomes — ®. The bulk
physics (correlation, spectrum) is identical for ® and ®+2Kk .

We focus on the time-reversal invariant case, where ® = k.

® = 2k=, bulk equivalent to ® = 0.

0 ; 00
order —¢u—@ D g, gapped,
O(4) WF no degeneracy

fixed point
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10
1272

1
S = /mﬂm E(aﬁqﬁﬂ)z +

2 - (b L v
drd°x Eahc:cif;wp';z}ﬂ @ ay';z}rap@

® = 7, Instantons will matter

Conclusion: two generic possibilities:

g,* 9,*
1: order O———‘———‘———OO g
gapless
0 g* 00
2: order —¢ue—@ — g, gapped,

2-fold degenerate
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Let us come back to investigate 1+1d O(3) NLSM:

1 10
—+ 2 - ] [ g
L= _(a_un) + Eﬂ.hrzf_fmnﬂ aﬂﬂ}ayﬂr

8T

Based on our knowledge of spin chains, this model is either gapless
or two-fold degenerate when ® = .

We will investigate this model without using spin-chain, and then
apply the same argument to 2+1d NLSMs.
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1 S

L — ‘E(aﬂﬁ)g + S_ﬂfﬂ.fmf;wnﬂaﬂnhaﬂnﬂ 1+1d
®=n
®=0 ®=2n
Bulk gapped Bulk gapped
No edge states Edge NLSM +
WZW with k = 1.
AN PN

Spin-1/2 state
Localized at the edge
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1 1
L= 20 + ewecun®dntont 141
O=x
®=0 ®=2n
< ®

Now tune ® from 2z to O, the spin-1/2 edge states have to
disappear at some O, and the edge states can only be destroyed
through a bulk transition, because single spin-1/2 is stable against
discrete symmetry breaking, if O(3) symmetry is preserved.
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1 S

L — ‘E(aﬂﬁ)g + S_ﬂfﬂ.fmf;wnﬂaﬂnhaﬂnﬂ 1+1d
O=nxn
®=0 O =2n
AN A
O
< ®

Possibility 1: a second order bulk transition, bulk gap closes at ® = .
While approaching this transition, the edge state becomes more and
more delocalized, eventually continuously absorbed by the gapless
bulk state at ® = w. System is gapless when ® = .
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L= (0 + ot Qurtant  1+1e
O=x
®=0 ®=2n

< ®

Possibility 2: a first order bulk transition, bulk level crossing ® = .
The edge state disappears suddenly, and the system is two fold

degenerate at ® = .
Two possibilities precisely consistent with LSM theorem.
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| 10
L= (3 + Ceucun' G dn® 1410

\IRIRER

=0 O=n O0=21 ©=3n =0 O=n O0=21 ©=3rn
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L= (3 + Ceucun' G dn® 1410

=0 O=n O0=21 0©=3xn
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1O

1
S = /d’?’dgﬂf E(aﬂgﬁﬂ')g + [dfrri?m €abed €pvp D" ;Igbf’ayqbcﬁpq_z}d 2+1d

1272
®=n
®=0 ®=2n
Bulk gapped Bulk gapped
No edge states Edge O(4) NLSM +
WZW with k = 1.
AN\ A\
X X

SU(2), CFT at the edge
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1 6
S = /deg'T E(aﬂﬁbﬂ)z + 1;;_2 deE-T F—ahﬂdf;wp@ﬂauﬁf’bayécapﬁﬁd 2+1d
O=xn
0=0 O =2n

< ®

Now tune ® from 2z to O, the gapless edge state has to disappear.
Again, the edge state cannot disappear without going through a
bulk transition, because gapping a 1+1d SU(2), CFT, one has to
break O(4) ~ SU(2) x SU(2) down to SU(2).
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10 5 o b e d
1272 [ dTd"x €abed€uvp P’ 0P 0,9 Oy 2+1d

S = / drd*x é(aﬂgz}ﬂ-)? —
Possibility 1: a second order bulk transition, bulk gap closes at ® = .
While approaching this transition, the edge state becomes more and
more delocalized, eventually continuously absorbed by the gapless

bulk state at ® = .

9,* 9,*
1: order 0—_—.———.—_—00 g
gapless

Possibility 2: a first order bulk transition, bulk level crossing ® = .
The edge state disappears suddenly, and the system is two fold
degenerate at ® = .
0 g 00
2: order —¢u—@ — g, gapped,
2-fold degenerate
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1 &
S = /deg'T E(aﬂﬁbﬂ)z + 1;;_2 deE-T F—ahcza‘f;wp@ﬂ ;Lﬁbbay@cap@d 2+1d
i ; 5 ; gt 2 fold 2 fold
o—o >~<—~ 0—0—0—
: : : : S : : : : S
=0 O=n1 O0=2n ®=3n =0 O=n1 O0=21 ®©=3n

Xu and Ludwig, to appear soon
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S = [d*rdz —Tr[@ U'o, U]+%

drd*z €.,,tx[(U0,U) U0, U)U0,U)]

Generalization to 2+1d principal chiral model

R

0- , >¢<—¢

4

=0 O=n O0=21 ©=3n

9

A

2 fold 2 fold

NN

0—0—>0—0

L

=0 O=n O0=21 ©=3rn

Xu and Ludwig, to appear soon
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How to generate the 2+1d O(4) NLSM with ®-term?

N
L= Z VaVuOptha + M Pl e, a=1---4

o=l
Integrate out the fermions, obtain O(4) NLSM with ® = N.
Abanov, Wiegmann, 2000.

A true condensed matter physicist should not assume O(4)
symmetry at the beginning, we should make it emerge by itself.

T + . T = — J_
L=1vvy,(0, —itA,)Y+m )&y - + F—?( F,)°

Integrate out fermion, obtain O(4) NLSM with ® = &, O(4) symmetry
emerge. Senthil, Fisher, 2005.
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) ‘ |
L= wT;L(a!L — ?’Aﬁt)w +m 14{,1{}'1/1} T+ F_Q(F.lw)g

Step 1: Integrate out fermion:

1 1
P_?(F y)? + imHopf ] + iA,, — - €abe Carpn” O,m"0,n"

1
L = g(@ﬁ)z -+

—

Step 2: take CP(1) representation of O(3) vector: 7 = 275z

1 + 1 7 1T , | |
L= —[(0, —ia,)z|* + E_E(Ew)g + 5 5 €uptu Oy Ap + 1972 —— Cabed Gurp®” 8 0,5 00"

—

Step 3: Integrate out gauge field: ¢ = (Re[z1], Im[21], Re[22], Im[zo])

1 | 10 | ba ica
S = /d’?'dzﬂf E(ﬂﬂgz}“)z + 53 drd’x Eahﬂdfﬂqu}“au@hayqf@p@d
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1 0
L= (3, + o €apc€undn"O,n’ 1+1d
g &

O=mn e — > g, gapped, 2-fold

The two degenerate ground states correspond to the states with ® =0
and ® = 2z. We can view O as a dynamical field, and these two states
are two different condensates of ©.

O(x
S = /d’?’dﬂ? i (T) 0, P(x)
. 27
1 a b c
D ('T ) 5 du €upcn” Opn’ Jyn”

® and ® are conjugate variables. What is ®?
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1 0
L= (3, + o €apc€undn"O,n’ 1+1d
g &

O=n —  eeees) ) > g, gapped, 2-fold

The two degenerate ground states correspond to the states with ® =0
and ® = 2z. We can view O as a dynamical field, and these two states
are two different condensates of ©.

What is ®? n* ~cosp n? ~singp
Breaking O(3) down to O(2):

/dﬂ: O(z) ~ /d:r 0

The two degenerate states are two coherent
states of kink, total O(4) symmetry can emerge.
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1. . 10 an iba ico
S = / dr %z E(aﬂ@ ) + 92 / drd* T €aped€unpy®* 0,00, ¢ (%q_ad 2+1d
g*
0 o0
ordeqy —¢ueems—@ D d, gapped,

2-fold degenerate

The same idea can be generalized to the 2+1d O(4) NLSM.

The two degenerate ground states, correspond to two different
coherent states of the following quantity:

a b L c o a b ¢
(I)(J:;y) ~ [ du Eabed P 8;1:'39 aty@ u@ ™~ EabeTl den y T
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| R 3k
S - [ d33:§(8“1;)2 + % [ d’ud.’l'd’yd’?' Fﬂbcdef;wpgifrﬂaﬂifrh aﬂvrcapprdaﬂ L’rﬁ

+u (Z(V“)2 - (VE')E) u breaks O(5) to O(4) x Z,

Conjecture: Z2,0rdered

O(4) NLSM, @ ==

- —_— = Sy
O(5) ordered / g

O(5) NLSM + WZW

u
O(4) ordered
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| R 3k
S - [ d33:§(8“1;)2 + % [ d’ud.’l'd’yd’?' Fﬂbcdef;wpgifrﬂaﬂifrh aﬂvrcapprdaﬂ L’rﬁ

+u (‘Z(V“‘)2 —(V*)? - (Vﬁ')z) u breaks O(5) to O(3) x O(2)

a=1

Conjecture: O(2),ordered, VBS

Senthil, Fisher 2005 CP(1) model (noncompact)

—¢ammn——— Q— =) o
O(5) ordered / \ g
O(5) NLSM + WZW Deconfined QCP
u

O(3) ordered, Neel Moon, Xu, to appear



9

S = [r}’fm’2 —’rr[a“U 0,U]

A
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Conclusion:

IT \T

o >Q<—Q

L]

=0 O=n O0=21 ©=3n

9

A

?O [r}’frdz::r ot [(U9,U)(U'0,U)(U'9,U))

2 fold 2 fold

NN

0—0—>0—0

L

=0 O=n O0=21 ©=3rn

Xu and Ludwig, to appear soon



