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Quantum Electrodynamics
Lagrangian density for QED ,

L= 07" (13— eAu) () = mf () (x) — 3 FuF™

Equations of motion are

(i’y"a,, — m) P(x) = eAy non-linear coupled equations
WF" = epy'y
Quantization
Write L= Lo + Lint
. 1 v
Ly = 1,0(:7“8]4 —m)l,b— ZF}H/FV
Liw = —epy'ypA,

where Lo, free field Lagrangian, L;,; is interaction part.
Conjugate momenta for fermion

oL 4
—_— = X
309,) ¥, (%)
For em fields choose the gauge
= —
V-A=0

Conjugate mometa
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From equation of motion
9, F% = ep'y = —V2A° = epty

A% is not an independent field ,

!
Aoze/dsx/wwxci)w(x’,r) _ef £t
an|x — %) |% — x'

Commutation relations
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where

Commutators involving Ag

= 3x" (T = =
700, (7)) e | 2 o )y (7o) (7] - - )

Hamiltonian density
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o oL
"= St T L

= 9 (=W Vapm)p+ 5 (?2+§2) +E VA +epr'pA,

and

Ao does not appear in the interaction,
But if we write

—

— — — —
E =E +E where E; = —V A VE = ——
Then
1 3. (B2, g2\ _ 1 3*2/3 72 B2
E/dx(E +B)75/de,+ o (£ + B?)
longitudinal part is
1 t)o(y,t ) .
= /d3xE;2 =< /d3xd3yw Coulomb interaction
2, 47T, X =7y

Without classical solutions, can not do mode expansion to get creation and annihilation operators We can only
do perturbation theory.
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N
Recall that the free field part A satisfy massless Klein-Gordon equation

O0A© =0
The solution is
A% 0 / e S (ko W[k, A + a* (k, 1)
X, = Y f ’ ,
2w(2m)3 5

E(k,A), A=1,2 with k-EékA)=0

Standard choice

N
w=ko=|k|

Bk A) Bk A)=0,,, E(—k1)=—&(k,1), &(—k2) =8k 2)

It is convienent to write the mode expansion as,

d*k

M0~ | i

where
eulk,A) = (0,E(k, 1))
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Photon Propagator
Feynman propagatpr for photon is

Dy (x,x') = (O[T (Ay (x) A (x'))[ 0)
= 0(t—t)(0|As(x)A, (x)]0)+6(t' —t) (0] A, (x') Ay (x)] O)

From mode expansion,

(0144 (4, ()] ) Tk
e (X0 A (X - (2n)3 2w 2w, V2wiewy |

Bhd3K e
- /m L enlki e (K A') 8% (k= K) e
AN

Zey (k. Mey (K, ') <o| (k, \e~™)a* (K, A )

)

3
— /(L Zeﬂ (k, Aey (k, A )e~Kx=x)

27‘[)32wk
Note that ,
/ dko oiko(t-) —i%e”“’“’t> for t>t
27 ) K —w?+ie ik w(t=t)  for f >t
We then get

—ik-(x'—
/(d“k e k(¥ ‘X> _ —i/( d*k {G(t_tl)e—ik(x—x/)+9<t_t/)efk(x—x/)}

2m)* k% +ie 271)32wy
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and

3 7 o ’
(O|T (A () A, (X))|0) = /(2:)73;” Y eu(k, Aeu(k, A)[O(t — t')e 6D 4 g(t — /) ek
AN

1 —ik(x'=x) 2
= i/ ("7’(87_ Y (ks A)ep (K, A) = iDyy (x,X')
d*k e ik (K=x) 2
D,x,x’:/ (k, Aen (K, A
(o ( ) (27.[> T K2 tie A; ;4 )

polarization vectors €,(k,A), A = 1,2 are perpendicular to each other. Add 2 more unit vectors to form a
complete set

~ - . "
7" = (1,0,0,0), kl‘:%
(k-m)* =k
completeness relation is then,
2 A A
2 (kNeu(k, A) = —guw — 1,11, — kb
B kke (k-77) (k;ﬂ?., + ﬂ},kv) K2,1,
T kR (k1) = K2 (k) — K2
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If we define propagator in momentum space as

d*k ik (<!
Dv ) / =/ —:k-(x —x)DW k
v (X, x") (271)46 w (k)
then
. 2
Dy (K) = o | g — —k ) (b, k) K,
S G (key)* = k2 (ko) — k2

terms proportional to k;, will not contribute to physical processes and the last term is of the form J,0 d,0 will
be cancelled by the Coulom interaction..
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Feynman rule in QED
The interaction Hamiltonian is ,

Hipe = e / dExpytpA,

The Feynman propagators, vertices and external wave functions are given below.

_iguu
q>+ie p

VAV

_19}"# [ AANNANAe
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- U(p’ S) © v ;
o - v(p, 5)
e et
u(p, s) . v(p, s)
p P
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ete = utyu~
Total Cross Section
momenta for this reaction

Use Feynman rule to write the matrix element as

Mlete = ) = B (e ulos) (B ) K ) (—ier') v (ki)

a2
ie* _ _
= ?V(P’,S’)V’W(PVS)U(k’,f')v,,\/(kvr)
where g = p+ p’. Notet that electron vertex have property,

auv(p)7"u(p) = (p+p), v(p) v u(p) = v(p") (F+#)u(p) =0
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This shows the term proportional to photon momentum g/ will not contribute in the physical processes.
For cross section, we need M* which contains factor (vy/u)”
- + + -
(T"u)" = u" (7)) (10)" v = w1V = i’y
More generally,
(vlw)" = alv, with T =°Ttq0

It is easy to see

Yu =Yu
Y5 = = Vs
g = b

unpolarized cross section which requires the spin sum,

L (pos) i (ps) = (F+m)p

Yova(p.s) vp(p.s) = (= m)yg

s

This can be seen as follows.

i 1 1 4B
Lueomes = Erm( 5 )End(1 -£ ):<E+m>< "
s E+m s E+m (E+m)2
_ E+m —0-p o
= ( ¢p  —E+m )*'”’"
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Similarly for the v—spinor,

7 . o P B
Lueoues = Erm( FHr Jud( & -1 )=Eem( g7 E
s m _1
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A typical calculation is,

trace of product of v matrices.

Tr (33 4,)
= (a1-a)Tr(s-
= 0 n odd

With these tools

Lo

(P2 8") (1) ap up (P 5) p (P, 5) (V") vir (P2 5)

) (V) ap (B + Mgy (V) o Ve (P2 5)

(1) ap (B M)y (V") g (F = M)
Tr [y (f+m) 7" (¢ — m)]

Tr(y") =0
Tr(y'y") = 4g™

Tr (7“7 ¥ 7“) =4 (g‘“ g —g"g” +g*"‘g”“)

) =

(a1-a3) Ti

7Z|Me e —utu )!2:—4Tr

spin

(Institute)

(‘1 4,1) +(ar-an) Tr (42613 ‘?/n—l) , n even

[(F{ - me) 7" (B + me) 7‘/} Tr [(l/ + mV) Tu (HJF ml‘) 'YV]
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Tr (' = me) o (F+ me) ']

Tr [(’/+’"u)7u (’/*mu)WV}

for energies > m,,.

1
2 LIMeter =)

spin’

In center of mass,

= Tr(gv"e] - m* Tr [y
= 4[prp —g" (p-p)+pip"] - 4m§gw

= T Kk - miTr 1]

= 4[KPK — g (k- K')+ K'KY] — 4m2gh

= s; [(p~k) (p’~k’) +(p' - k) (p~k')]

pu = (E,0,0,E), p;,:(E,0,0,fE)

k= (E,?) -

and

—

|fweseth:0,E:‘k

7 =(p+p) =4E,

- <E, —?) . with k-2 = Ecosf

p'k=p"k’=E2(1—cos(9),

p/-k:p~k/ = E?(1+cosh)

(Institute)
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Then

Z M2

spm

Note that under the parity 6 — 7 — 6.

The cross section is

do =

~| =

8e* 1., 2 4 2
= IeE [E (1—cosb)” + E (1+c059)]

= e*(1+cos?f)

this matrix element conserves the parity

d3k a3k

1 1 4 ¢4 /
2E2E 2T pHR —k k) 2 M (2m)32w (27)320/

spm

use the d—function to carry out integrations . introduce the quantity p, called the phase space, given by

d3k d3K
— 2 454 /o Kk — k/ _ar g
e /( 70t ) (2m)32w (271)32w’
1 d3k 1 R k2dkd Q) dQ)
- W./‘S@E W)t T B ./A(E_ W) o T mm

The flux factor is

1 3 1
~EEV (pr-p2)” — mim3 = §2Ez =2

The differential crossection is then

(Institute)

do = 24E2< Zl )32n2

Slide.06 QED
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Or

do a?

g0 @(1+c0529)

2
e’ . . L

where & = e is the fine structure constant. The total cross section is
T

_ _ a’r
olee = p'u) =34

Or
2

4
oete —putp™) = v with s = (p1 + p2)® = 4E2

3s
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ete”— hadrons
One of the interesting procesess in e" e~ collider is the reaction

Te~ — hadrons

e
According to QCD, theory of strong interaciton, this processes will go through

ete” —qq

and then gq trun into hadrons. Since coupling of 7 to qq differs from the coupling to ™~ only in their
charges cross section for qq as

4o’
3s

o(ete” = qq) :3(03) 3(Q§)¢7(e+e’ —utp)

Qq is electric charge of quark g. The factor of 3 because each quark has 3 colors. Then

o(ete” Ahadrans (Z 2)
— = Q

o(ete — putu~

Summation is over quarks which are allowed by the avaliable energies. e. g., for energy below the the charm
quark only u, d, and s quarks should be included,

et (34 (3) (3] -2

which is not far from the reality.
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T

F I/ b(25) T(18,25,35)

2 5— _
g :::;};L+;}:+:}:+:+:+}}:|:$J | ? ! H}" # ]
T
af r ]

1f ]
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ep — ep,
e(k)+p(p) — e(K)+p(p)

Proton has strong interaction. First consider proton has no strong interaction and include strong interaction
later. The lowest order contribution is ,

—igu
2

Me+p — e+p)=u(p,s)(—iey")u(p,s) ( ) a(k', r') (—iey")u(k,r)

o2
ie* . _
= @i u(ps)a(k )y (kor)

(Institute) Slide.06 QED 20/



where g = k — k’. For unploarized cross section, sum over the spins ,
1 e ,
FLIMetp—etp)l= 7 L M)A (F M)y ] Tr (K + me) 7, (K4 me) 7" |
spin

Again neglect m,. Compute the traces

Tr (Ko k| = 41KVK — g (k) + KK

Tr [(ff + M) " (g+ M) 7] = 4[p"p" —g" (p-p') + p'p"] + 4Mg""

Then
Y [M(e+p—etp)f= i: {8[e-k) (oK) + (6 k) (k)] —8M2 (k- &)}

spin

Q
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More useful to use the laboratoy frame
pu=(M,0,0,0), K = (E,?) . K= (E’, k’)

Then
p-k = ME, p.k' = ME', k-k' = EE' (1 —cosf)
pk=(p+k—K)k=pk +k-K, pk=(p+k—kK)k=pk—k-K
= (k—K)* = -2k k' = —2EE' (1 — cosf)

Differential cross section is

111 it , 2 d3p' a3k
e e TN R St g 52—7; M Gy, 22k
The phase space is
d3pl d3k’
= 2m)st k—p — K)o o 1
p / (r)'s*(p+ k= —K) s 2yl 6
a3k
= 6 ( ko — k
i / Potko =0 ko) 5o

where

— -\ 2 — N\ 2
P(I):\/MZJr(BJrk*k') :¢M2+<k—k'>
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Use the momenta in lab frame,

1 k" dk'dQ)
= 5 [6(M+E—-pj—FE) ——Frr—
e an / (M+E=p—E) 5 oE
1 dQE'dE’
= 5 [6(M+E-pj—FE)—"F—
4772 / (M+ Po ) ph
Let
x=—E+p}y+E
Then , , ,
dpg po+ E' — Ecosf
= dE (1 ) = g (EEE
and , ,
. dQE' dx 1 dQE
=-— [éd(x—M =—
P 4n2/ (x )(p6+E’7Ec059) 4712 M+ E (1 — cos®)
From the argument of the §—function we get the relation, M = x = —E + p} + E’

From momentum conservation

- -\ 2
pE = M? + (k - k’) = M?+ E? + E”? — 2EE' cosf
and from energy conservation

p2=(M+E—E) =M+ E2+E? — 2EE' + 2ME — 2ME'
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Comparing these 2 equations we can solve for E’,

£ - ME _ E
E(1—cosf)+ M 1+ 2E sm2§
M 2
The phase space is then
o= dQ) ME _dQ E?

472 (M+E(1—cos6))?  4n2 ME

The flux factor is 1

| = WP' k=1
The differential cross section is then
11 1 d3p' a3k

do= > — - (2m)*s* k—p —K)> ———

T g 2k PP K= sg,' (2n)%2p; (2m)32K
Or
do 1 1 E?1 E 1 e / /
-— = - __ = - = k) (p -k k) (p-k )| —8M? (k- K
d0 4ME4n2ME4):‘ <E> T6m2M2 4{8[(" )(” )Hp >(p )] 8 ( >}
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It is staightforward to get

do
dQ

Or

(Institute)

[(p-k) (6K )+ (6 k) (p )| = M2 (k- K)
[(p-k)(P+k k’) K+ (p-K)(p+k—K) k=M (k-K)]
2EE'M? + (k- K') (p-q— M?)

2EE'M? + M?EE’ (1 — cos6) (—2‘7—1\;2 - 1)

0 P . ,0
17 g2 20 2 U
2EE'M [cos 5 e sin 2]

E'\? o2 1 oot @ b
= (f) Wi.szEEM {cos E—Wsm 3

4EE'sin® -
( sin >

2 pr 2
o B 1 [COSQG q 29}

4 E3 _ ,0 2 a2 2

sin® —
2

2V 7 2 0

do «? 1 Sy TomE" 3

d0 T aE2 0 2E\ L, 0

sin > 1+ m sin 2

Slide-06 QED



Now include the strong interaction. Use the fact that the 7ypp interaction is local to parametrize the ypp
matrix element as

H v
¥ 11} = a6, ) 7R (@) + R ()| wlpis)  with = pp

Lorentz covariance and current conservation have been used. Another useful relation is the Gordon
decomposition

(P+P’)“ + i (p/ 7P)1/] u(p)

a(p')y,u (p) = a(p') [ om om

This can be derived as follows. From Dirac equation
(F=mu(p)=0,  ap)(F -m) =0

and
a(p' )y (f—mu(p) =0,  a(p') (¢ — m)y'u(p) =0

Adding these equations,
2mu(p)y,u(p) = alp') (wH #'m,) u(p) = a(p) (p”v,m + p”’%n) u(p)
= alp) <p"(% {mom}+ % [70m)) +P’V(% {rom}- % [W,,m,])> u(p)

From this we get

(ptp)" | id™ (P —p),
2m + 2m “|ulp)

a(p')y,u (p) = a(p') [
F1(q?), charge form factor
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F (qz) , magnetic form factor .
Note that F; (qz) =1land F, (qz) = 0 correspond to point particle.
The charge form factor satifies the condition F; (0) = 1. From

Qlp) =Ip)

we get
(¢'1Qlp) = (¢lp) = 2E (27)° 5* (i —

(Institute) Slide-06 QED
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On the other hand from Eq(2) we see that

(plelp) = /d3 P [Jo (x)|p) /d3X<P o (0)] p) &'/ =0)
— @0 (p—p) dlp.$)70u(p.5) Fi (0)
— 260218 (b5 ) Fi(0)

compare two equations = F; (0) = 1. To gain more insight, write Q in terms of charge density
Q= / d3xp (x / d3xdo (x

(P |40 ()| p) = € (p' 4o (0)] p) = € F1 (¢°) (P’ ') rou (p, 5)

F1 (q?) is the Fourier transform of charge density distribution i.e.

)~ [dPxp (e i

Then

Expand F; (g?) in powers of g2,
Fi(q%) = F1(0) + ¢*F{ (0) + - --

F; (0) is total charge and Fj (0) is related to the charge radius.
Calulate cross section as before,

: ; P 0
do o2 {Cos2 > (m) [G2— (q?/4M?) G2] — . <in? EGAZA
m = @ s'n4§ 1+ 2E sin? 9

in* 3 o i :
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where

e
Ge=Fi+ 41 5F2

Gy=F+F
Experimentally, Ge and Gy have the form,

6u (@) _ 1

Ge (¢%) ~ =~
E (q ) p (1 - c72/0.7GeV2)2

®3)

where 3z, = 2.79 magnetic moment of the proton. If proton were point like, we would have Gg (q2)

=Gpn (q2) =1

Dependence of g2 in Eq(3) == proton has a structure. For large g° the elastic cross section falls off rapidly
as G ~ Gy ~ g~ *.
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Compton Scattering

Two diagrams contribute,

(k) +e(p) — v (K)+e(p)

k K
k k'
p p' p P
The amplitude is given by
Mlre—re) = alp)(—ier")ey () o (<ier") e (W) u(p)
el (e () —— ,/ — (—iey) el (K) u p)
Put the - matrices in the numerator,
M= i, 517 L )+ it 1y P )

(Institute)
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Using the relations,

we get

(Institute)

(g +m)y"u(p) =2p"u(p),

oo K 2(pe)d | —eid +2(p-e
M = —iei(p) 2p-k + 2p- K
Slide-06 QED
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The photon polarizations are,
eo=(0€), with k=0 =
Lab frame , p, = (m,0,0,0), = (p-¢) = (p-€¢) =0 and

Iy

M = —ieta(s!) | 5%

Summing over spin of the electron

spin
The cross section is given by

1 1
72 T@”) Hlp+k—p —K)5

I\J
—-

do =

phase space

p= [@m)fet(p+k—p ~K)

is exactly the same as the case for ep scattering and the resul
_dQ w”?
0= mw
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(o, E’) . with

B uw

o = e m) [ KO g m [ 25

2p-k  2p-k

2p -k

d*p

spm

d3p/ d3 k'

(2m)°2p5 (27)°2K5

t is

+

e -k

o'
2p- k'

d3K

=0,

I}

?
Z M (27)32p) (271)32k
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It is straightforward to compute the trace with result,
do 2 (N[0 w 2
— = — = — + — +4(e-€) =2
dQ 4m2(w) {w+w’+ (e-€)
This is Klein-Nishima relation. In the limit w — 0,

do «? 2
a0 = m &)

o, . .
here — is classical electron radius.
m
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For unpolarized cross section, sum over polarization of photon,

Y [e(k,A)-€ (K A) =1 [E’(k,A).? (k',A’)]2

AN AN

Since ¢ (k,1), ¢ (k,2) and ¥ form basis in 3-dimension, completeness relation is
ZE,‘ (k, )l) Sj (k, )\) = (5,*1' — /A(,'IA(j
X

Then )
Y[ kA) € (K A)] " = (65— kiky) (65— Ki) = 1+ cos?6

L)
AN

where k - k' = cosf. The cross section is

dr & (W[ | w 28
a2 \w) |t "

The total cross section,

na? /1 1 1 1-2°

o= 71dz{ = + - 5}

m?2

At low energies, w — 0, we

and at high energies
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