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e+e− → µ+µ−

>>>fff^̂̂ÝÝÝ

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ ���ÙÙÙ000���ÚÚÚ???ØØØyyy¢¢¢¥¥¥���333������«««äääNNNþþþfff|||–>>>^̂̂|||



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ­­­���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

...���KKKFFFþþþ
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LMaxwell = −1
4

Fµν(x)Fµν(x)− Jµ(x)Aµ(x) − JµAµ = ~J · ~A− ρφ

Lfree vector = −1
4

Fµν(x)Fµν(x) +
1
2

M2A2(x) Fµν(x) = ∂µAν(x)− ∂νAµ(x)

I >>>^̂̂|||´́́"""���þþþ���¥¥¥þþþ|||

I ÔÔÔ���|||±±±>>>^̂̂666������ªªª???\\\>>>^̂̂|||���...���KKKFFFþþþ

555���ééé¡¡¡555

I """���þþþ¥¥¥þþþþþþfff|||äääkkk555���ééé¡¡¡555: Aµ(x)→ A′µ(x) = Aµ(x) + ∂µΩ(x)

I 555���ééé¡¡¡555������666ÅÅÅðððµµµ ∂µJµ = 0

\\\\\\¤¤¤���fff ������ÍÍÍÜÜÜµµµ Jµ(x) = eψ(x)γµψ(x) = J†µ(x)

LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x)

¤¤¤���fff���555���CCC���µµµ ψ(x)→ ψ′(x) = e−ieΩ(x)ψ(x) [Q, ψ(x)] = −eψ(x)
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LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) Fµν = ∂µAν − ∂νAµ

þþþfffzzz A0(x) = 0 ÑÑÑ���i0+���∫
DAµDψDψ δ[A0]ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

⇒
∫
DAµDψDψ

∫
D[∂0Ω] e−i

∫
d4x λ

2 [∂0Ω]2
δ[A0+∂0Ω]ei

∫
d4x{− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/−eA/(x)−M]ψ(x)}

=

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 A2
0+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

ØØØÓÓÓ555������ÀÀÀJJJ F[Aµ(x)] = 0
I âââÔÔÔ[[[555��� (Lorentz gauge): F[Aµ(x)] = ∂µAµ(x)

I ¥¥¥ÔÔÔ555��� (Coulomb gauge): F[Aµ(x)] = ∇ · ~A(x)

I ]]]���555��� (Temporal gauge): F[Aµ(x)] = A0(x)

I ¶¶¶555��� (Axial gauge): F[Aµ(x)] = A3(x)

I NNN���555��� (Unitary gauge): F[Aµ(x)] = φ(x)− φ†(x)

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ ���ÙÙÙ000���ÚÚÚ???ØØØyyy¢¢¢¥¥¥���333������«««äääNNNþþþfff|||–>>>^̂̂|||



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ­­­���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

...���KKKFFFþþþ

þþþfff>>>ÄÄÄåååÆÆÆ

LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) Fµν = ∂µAν − ∂νAµ

þþþfffzzzOOO���: δ(f (x)) =
∑

i

1
|f ′(xi)|

δ(x− xi) ⇒
∫ ∞
−∞

dx δ(f (x)) =
∑

i

1
|f ′(xi)|

∆(A) ≡
∫
DΩ δ[F(Aµ + ∂µΩ)] = Det−1M(A) F[Aµ(x)] = 0 ������ÄÄÄ F[Aµ+Bµ] = F[Aµ]+F[Bµ]

M(A; x, y) ≡ δF[Aµ(x) + ∂µΩ(x)]

δΩ(y)
=
δF[∂µΩ(x)]

δΩ(y)
=���AµÃÃÃ'''! ∆−1

∫
DΩ δ[F(Aµ+∂µΩ)]=1

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}
ÑÑÑ���i0+���

A′µ=Aµ+∂µΩ
======= ∆−1

∫
DAµDψDψ

∫
DΩ δ{F[A′µ]} ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

ψ′=e−ieΩψ
====== ∆−1

∫
DA′µDψ

′Dψ′
∫
DΩ δ{F[A′µ]} ei

∫
d4x {− 1

4 F′µν(x)Fµν′(x)+ψ′(x)[i∂/ −eA/ ′(x)−M]ψ′(x)}

= ∆−1
∫
DΩ

∫
DAµDψDψ δ{F[Aµ]}ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}
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LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) Fµν = ∂µAν − ∂νAµ

þþþfffzzz F[Aµ(x)] = 0 ÑÑÑ���i0+���∫
DAµDψDψ δ{F[Aµ]}ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

⇒
∫
DAµDψDψ

∫
D[F[∂µΩ]]e−i

∫
d4xλ2 F2[∂µΩ]δ{F[Aµ]+F[∂µΩ]}ei

∫
d4x{−1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/−eA/(x)−M]ψ(x)}

=

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 F2[Aµ(x)]+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

ØØØÓÓÓ555������ÀÀÀJJJ F[Aµ(x)] = 0
I âââÔÔÔ[[[555��� (Lorentz gauge): F[Aµ(x)] = ∂µAµ(x)

I ¥¥¥ÔÔÔ555��� (Coulomb gauge): F[Aµ(x)] = ∇ · ~A(x)

I ]]]���555��� (Temporal gauge): F[Aµ(x)] = A0(x)

I ¶¶¶555��� (Axial gauge): F[Aµ(x)] = A3(x)

I NNN���555��� (Unitary gauge): F[Aµ(x)] = φ(x)− φ†(x)
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX^̂̂þþþ|||nnnØØØ ÑÑÑ���i0+���∫
d4x {−1

4
Fµν(x)Fµν(x)− λ

2
[∂µAµ(x)]2 + ψ(x)[i∂/ − eA/ (x)−M]ψ(x)}

=

∫
d4x {−1

2
(∂µAν − ∂νAµ)∂µAν − λ

2
[∂µAµ]2 − eAµψγµψ + ψ[i∂/ −M]ψ}

=

∫
d4x {1

2
Aµ[gµν∂2 − (1− λ)∂µ∂ν ]Aν − eAµψγµψ + ψ[i∂/ −M]ψ}

=

∫
d4x {1

2
AµiD−1,µν

0 Aν − AµJµ + ψ[i∂/−M]ψ} iD−1,µν
0 = gµν∂2−(1−λ)∂µ∂ν Jµ = eψγµψ

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 (A+iJD0)µiD−1,µν
0 (A+iD0J)ν+ i

2 JµDµν0 Jν+ψ[i∂/ −M]ψ}

= C ×
∫
DψDψ e−

e2
2
∫

d4xd4y [ψ(x)γµψ(x)]Dµν0 (x,y)[ψ(y)γνψ(y)] +i
∫

d4x ψ(x)[i∂/ −M]ψ(x)

Dµν0 (x, y) =
i
∂2

x
[gµν − (1− 1

λ
)
∂µx ∂

ν
x

∂2
x

]δ(x− y) C =

∫
DAµ e

i
2
∫

d4x AµiD−1,µν
0 Aν
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX^̂̂þþþ|||nnnØØØ∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

= C ×
∫
DψDψ e−

e2
2
∫

d4xd4y [ψ(x)γµψ(x)]Dµν0 (x,y)[ψ(y)γνψ(y)] +i
∫

d4x ψ(x)[i∂/ −M]ψ(x)

Dµν0 (x, y) =
i
∂2

x
[gµν − (1− 1

λ
)
∂µx ∂

ν
x

∂2
x

]δ(x− y) C =

∫
DAµ e

i
2
∫

d4x AµiD−1,µν
0 Aν

FierzCCC���

δξξ
′
δζζ
′

= aζξδξ
′ζ′ + bζξ(γ5)

ξ′ζ′ + cζξµ (γµ)ξ
′ζ′ + dζξµ (γµγ5)

ξ′ζ′ + f ζξµν(σµν)ξ
′ζ′

üüü>>>ÓÓÓ���¦¦¦δζ
′ξ′ , (γ5)

ζ′ξ′ , (γµ′)
ζ′ξ′ (γµ′γ5)

ζ′ξ′ (σµ′ν′)
ζ′ξ′ = i

2 [γµ′ , γν′ ]
ζ′ξ′

δζξ = 4aζξ (γ5)
ζξ = 4bζξ (γµ′)

ζξ = 4cζξµ′ (γµ′γ5)
ζξ = −4dζξµ′ (σµ′ν′)

ζξ = −8f ζξµ′ν′

δξξ
′
δζζ
′
=

1
4

[
δζξδξ

′ζ′+(γ5)
ζξ(γ5)

ξ′ζ′+(γµ)ζξ(γµ)ξ
′ζ′−(γµγ5)

ζξ(γµγ5)
ξ′ζ′+

1
2

(σµν)ζξ(σµν)ξ
′ζ′
]
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX^̂̂þþþ|||nnnØØØ∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

= C ×
∫
DψDψ e−

e2
2
∫

d4xd4y [ψ(x)γµψ(x)]Dµν0 (x,y)[ψ(y)γνψ(y)] +i
∫

d4x ψ(x)[i∂/ −M]ψ(x)

Dµν0 (x, y) =
i
∂2

x
[gµν − (1− 1

λ
)
∂µx ∂

ν
x

∂2
x

]δ(x− y) C =

∫
DAµ e

i
2
∫

d4x AµiD−1,µν
0 Aν

δξξ
′
δζζ
′
=

1
4

[
δζξδξ

′ζ′+(γ5)
ζξ(γ5)

ξ′ζ′+(γµ)ζξ(γµ)ξ
′ζ′−(γµγ5)

ζξ(γµγ5)
ξ′ζ′+

1
2

(σµν)ζξ(σµν)ξ
′ζ′
]

[ψ(x)γµψ(x)][ψ(y)γνψ(y)] = ψξ′(x)[γµψ(x)]ξψζ(y)[γνψ(y)]ζ′δ
ξξ′δζζ

′

=
1
4

[
[ψ(x)γνψ(y)][ψ(y)γµψ(x)]+[ψ(x)γ5γνψ(y)][ψ(y)γ5γµψ(x)]+[ψ(x)γσγνψ(y)][ψ(y)γσγµψ(x)]

−[ψ(x)γ5γσγνψ(y)][ψ(y)γ5γ
σγµψ(x)] +

1
2

[ψ(x)σσργνψ(y)][ψ(y)σσργµψ(x)]

]
= · · · · · ·
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX¥¥¥þþþ|||nnnØØØ ÑÑÑ���i0+���∫ n∏
i

[dθidθi] e
∑n

ij θiMijθj =

∫ n∏
i

[dθidθi] e
∑n

ijk θiU
∗
ik akUkjθj Mij =

n∑
k

U∗ikakUkj

=

∫ n∏
i

[dθ
′
i dθ
′
i ] e

∑n
k θ
′
kakθ
′
k θ′k =

n∑
j

Ukjθj θ
′
k =

n∑
i

U∗ikθi

n∏
i

[dθidθi] =
n∏
i

[dθ
′
i dθ
′
i ]

=

∫ n∏
i

[dθ
′
i dθ
′
i ]

n∏
k

eθ
′
kakθ
′
k =

∫ n∏
i

[dθ
′
i dθ
′
i ]

n∏
k

[1 + θ
′
kakθ

′
k] =

∫ n∏
i

[dθ
′
i dθ
′
i ]

n∏
k

[θ
′
kakθ

′
k]

=

∫ n∏
i

[−dθ
′
i θ
′
i dθ′i θ

′
i ai] =

∏
i

(−ai) = Det(−M) = eTr ln(−M)

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

=

∫
DAµ eTr ln[i∂/ −eA/ (x)−M]+i

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2} IIIuuuÐÐÐOOO���111���ªªª������{{{���

1+1���QED£££Schwinger���...¤¤¤°°°(((���)))ÒÒÒ´́́ÏÏÏ���ÙÙÙ111���ªªª���±±±îîî���¦¦¦ÑÑÑ§§§¿¿¿���(((JJJééé111fff|||´́́���ggg���666 !
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)))¤¤¤���¼¼¼������666ØØØ

������¼¼¼êêê)))¤¤¤���¼¼¼

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 Aµ[gµν∂2−(1−λ)∂µ∂ν−i0+]Aν−eAµψγµψ+ψ[i∂/−M+i0+]ψ−JµAµ+Iψ+ψI}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 Aµ iD−1,µν
0 Aν−eAµψγµψ+ψiS−1

0 ψ−JµAµ+Iψ+ψI}

iD−1,µν
0 = gµν∂2 − (1− λ)∂µ∂ν − i0+ iS−1

0 = i∂/−M + i0+

= e
−i
∫

d4x e δ
−iδJµ(x)

δ
−iδI(x) γ

µ δ
iδI(x)

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD−1,µν
0 Aν+ψiS−1

0 ψ−JµAµ+Iψ+ψI}

= e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x)

∫
DAµDψDψ ei

∫
d4x{ 1

2 (A+iJD0)µiD−1,µν
0 (A+iD0J)ν+(ψ−iIS0)iS−1

0 (ψ−iS0I)+
i
2 JµDµν0 Jν+iIS0I}

= C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD−1,µν
0 Aν+ψiS−1

0 ψ]

Dµν0 (y, z) =
i

∂2
y − i0+

[gµν − (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− z) S0(y, z) =
i

i∂/y −M + i0+
δ(y− z)
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δW[J, I, I]
δJµ(x)

= −Aµc (x)
δW[J, I, I]
δIl(x)

= ψc,l(x)
δW[J, I, I]
δIl(x)

= −ψc,l(x)

Γ[Ac, ψc, ψc] ≡ W[J, I, I]−
∫

d4x [−Jµ(x)Aµc (x) + Il(x)ψc,l(x) + ψc,l(x)Il(x)]

δΓ[Ac, ψc, ψc]

δAµc (x)
= Jµ(x)

δΓ[Ac, ψc, ψc]

δψc,l(x)
= Il(x)

δΓ[Ac, ψc, ψc]

δψc,l(x)
= −Il(x)

∫
d4y

δ2W[J, I, I]
δJµ(x)δJν′(y)

∣∣∣∣
J=I=I=0

δ2Γ[Ac, ψc, ψc]

δAν′c (y)δAνc (x′)

∣∣∣∣
Ac=A0, ψc=ψ0, ψc=ψ0

= −δ(x− x′)gµν∫
d4y

δ2W[J, I, I]
δIl(x)δIl”(y)

∣∣∣∣
J=I=I=0

δ2Γ[Ac, ψc, ψc]

δψc,l”(y)δψc,l′(x′)

∣∣∣∣
Ac=A0, ψc=ψ0, ψc=ψ0

= −δ(x− x′)δll′

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
J=I=I=0

= −
∫

d4x′d4y′d4z′
δ2W[J, I, I]

δJµ(x)δJµ′(x′)
δ2W[J, I, I]
δIl(y)δIl1 (y′)

δ2W[J, I, I]
δIl′(z)δIl2 (z′)

∣∣∣∣
J=I=I=0

× δ3Γ[Ac, ψc, ψc]

δAµ
′

c (x′)δψc,l1
(y′)δψc,l2 (z′)

∣∣∣∣
Ac=A0, ψc=ψ0, ψc=ψ0

yyy²²²������
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Z[J, I, I] = eiW[J,I,I] = C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

Dµν0 (x, y) =
i

∂2
x − i0+

[gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y) S0(x, y) =
i

i∂/x −M + i0+
δ(x− y)

������¼¼¼êêê: δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
J=I=I=0

≡ iDµν(x, y) = iDµν0 (x, y) +ppp���???���

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
J=I=I=0

≡ −iS(x, y) = −iS0(x, y) +ppp���???���

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
J=I=I=0

≡ Gµ(x, y, z) =

∫
d4x′D0,µν(x, x′)[S0(y, x′)ieγνS0(x′, z)]ll′+ppp���???���∫

d4z
δ2Γ[A, ψ, ψ]

δψl”(x′)δψl′(z)
δ2W[J, I, I]
δIl′(z)δIl(y)

∣∣∣∣
I=I=0

= −δl”lδ(x′ − y)

∫
d4z

[
δ2Γ[A,ψ,ψ]

δψl”(x′)δψl′ (z)
δ3W[J,I,I]

δJµ(x)δIl′ (z)δIl(y)
−
∫

d4y′ δW[J,I,I]
δJµ(x)δJν (y′)

δ3Γ[A,ψ,ψ]

δAν (y′)δψl”(x′)δψl′ (z)
δ2W[J,I,I]
δIl′ (z)δIl(y)

]
I=I=Jµ=0

= 0

δ3W[J,I,I]
δJµ(x)δIl(y)δIl′ (z)

∣∣∣∣
J=I=I=0

= −
∫

d4x′d4y′d4z′ δW[J,I,I]
δJµ(x)δJν (x′)

δ3Γ[A,ψ,ψ]

δAν (x′)δψl′1
(z′)δψl1

(y′)
δ2W[J,I,I]

δIl1
(y′)δIl(y)

δ2W[J,I,I]
δIl′ (z)δIl′1

(z′)

∣∣∣∣
J=I=I=0
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Z[J, I, I] = eiW[J,I,I] = C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

Dµν0 (x, y) =
i

∂2
x − i0+

[gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y) S0(x, y) =
i

i∂/x −M + i0+
δ(x− y)

������¼¼¼êêê: δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
J=I=I=0

≡ iDµν(x, y) = iDµν0 (x, y) +ppp���???���

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
J=I=I=0

≡ −iS(x, y) = −iS0(x, y) +ppp���???���

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
J=I=I=0

≡ Gµ(x, y, z) =

∫
d4x′D0,µν(x, x′)[S0(y, x′)ieγνS0(x′, z)]ll′+ppp���???���

Gµ(x, y, z)=
∫

d4x′d4y′d4z′Dµν(x, x′)[S(y, y′)iΓν(x′, y′, z′)S(z′, z)]ll′

δ3Γ[A, ψ, ψ]

δAµ(x)δψl(y)δψl′(z)
≡−Γµll′(x, y, z)=−eγµll′δ(z−x)δ(y−x)+ppp���???���

Γ[A, ψ, ψ] =

∫
d4x{−1

4
FµνFµν−

λ

2
[∂µAµ]2+ ψ[i∂/− eA/−M]ψ}+ppp���???���
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Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

= C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD−1,µν
0 Aν+ψiS0ψ]

Dµν0 (y, z) =
i

∂2
y − i0+

[gµν − (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− z) S0(y, z) =
i

i∂/y −M + i0+
δ(y− z)

Z[J,I,I]=Ce
e
∫

d4x δ
δJµ(x)

δ
δI(x)γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]+i
∫

d4x[−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0

=Ce
e
∫

d4x δ
δJµ(x)

δ
δI(x)γ

µ δ
δI(x) e

i
∫

d4yd4z[− i
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν(z) +i δ
δψ(y) S0(y,z) δ

δψ(z)
]
ei
∫

d4x[−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0

= Ce
i
∫

d4yd4z[− i
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν(z)+i δ
δψ(y) S0(y,z) δ

δψ(z)
]
ei
∫

d4x[−eAµψγµψ−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0
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Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/(x)−M]ψ−JµAµ+Iψ+ψI+i0+ term}

= Ce
i
∫

d4yd4z[− i
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν (z) +i δ
δψ(y) S0(y,z) δ

δψ(z)
]
ei
∫

d4x[−eAµψγµψ−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD−1,µν
0 Aν+ψiS−1

0 ψ]

Dµν0 (y, z) =
i

∂2
y − i0+

[gµν − (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− z) S0(y, z) =
i

i∂/y −M + i0+
δ(y− z)

(Ψ−0 ,Ψ
+
0 ) = C′ × e

∫
d4yd4z [ 1

2
δ

δAµ(y) Dµν0 (y,z) δ
δAν(z) +S0(y,z) δ2

δψ(z)δψ(y)
]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

(Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )

= C × e
∫

d4yd4z [ 1
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
[ψl1 (x1)ψl′1

(x′1) · · ·ψln (xn)ψl′n
(x′n)

× Aµ1 (y1) · · ·Aµm (ym)] e−i
∫

d4x eAµψγµψ
∣∣∣∣

Aµ=ψ=ψ=0
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(Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )

= C × e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
[ψl1 (x1)ψl′1

(x′1) · · ·ψln (xn)ψl′n
(x′n)

× Aµ1 (y1) · · ·Aµm (ym)] e−i
∫

d4x eAµψγµψ
∣∣∣∣

Aµ=ψ=ψ=0

I ééé(Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )C,III

ÑÑÑn���������:::x1 · · · xn,zzz:::ÚÚÚÑÑÑ���^̂̂ÑÑÑ¤¤¤������,,,,			n���������:::x′1 · · · x′n,zzz
:::ÚÚÚÑÑÑ���^̂̂???¤¤¤������§§§m���������:::y1 · · · ym,zzz:::ÚÚÚÑÑÑ���^̂̂111fff���

I ééék������ppp���^̂̂,©©©OOO333k���������:::z1, · · · , zkÚÚÚ\\\���ppp���^̂̂ººº:::,zzz���ººº:::
ÚÚÚÑÑÑ���^̂̂111fff���!!!���^̂̂ÑÑÑ¤¤¤������ÚÚÚ���^̂̂???¤¤¤������

I òòòÚÚÚÑÑÑ���n + k^̂̂ÑÑÑ¤¤¤���������n + k^̂̂???¤¤¤������üüüüüü���ëëë,¿¿¿òòòm + k^̂̂111fff
���üüüüüü���ëëë§§§������¤¤¤kkk���UUU���ÿÿÿÀÀÀØØØ���ddd���ëëë���ããã

I zzzééé¤¤¤���fffëëë������LLLS0,ll′(x, x′),zzzééé111fffëëë������LLLDµν0 (x, x′),zzz���ººº:::
���LLL−ieγµll′ ,III���ééé¤¤¤kkkººº:::������������III¦¦¦ÈÈÈ©©©

I XXXããã¥¥¥ÑÑÑyyyééé¡¡¡���ëëë���,LLL¦¦¦±±±ééé¡¡¡ÏÏÏfff. µµµ444¤¤¤���������)))���			−1ÏÏÏfff
������ ���uuu���ÆÆÆ
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AAA^̂̂µµµQED¥¥¥ÛÛÛêêê���111fff|||���������¼¼¼êêê���"""���

(Ψ−0 ,T Aµ1(x1)Aµ2(x2) · · ·Aµ2n+1(x2n+1)Ψ+
0 )C = 0
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{{{XXX(Furry)½½½nnn

������¼¼¼êêê¥¥¥���¹¹¹ÛÛÛêêê���ººº������µµµ444¤¤¤���fff���ããã���ppp---���"""

yyy²²²:
C = iγ2γ0 = −C−1 CγµC−1 = −γT

µ S0(x, y) =
i

i∂/x −M + i0+
δ(x− y)

CS0(x, y)C−1 =
i

−i∂/T
x −M + i0+

δ(x− y) =
i

i∂/T
y −M + i0+

δ(x− y) = ST
0 (y, x)

tr[γµ1 S0(x1, x2)γµ2 S0(x2, x3)γµ3 · · · γµn S0(xn, x1)]

= tr[Cγµ1C
−1CS0(x1, x2)C−1Cγµ2C

−1CS0(x2, x3)C−1Cγµ3 · · · γµnC
−1CS0(xn, x1)C−1]

= (−1)ntr[γT
µ1 ST

0 (x2, x1)γ
T
µ2 ST

0 (x3, x2)γ
T
µ3 · · · γ

T
µn ST

0 (x1, xn)]

= (−1)ntr[S0(x1, xn)γµn · · · γµ3 S0(x3, x2)γµ2 S0(x2, x1)γµ1 ]

tr[γµ1 S0(x1, x2)γµ2 S0(x2, x3)γµ3 · · · γµ2n+1 S0(x2n+1, x1)]ÚÚÚ
tr[S0(x1, x2n+1)γµ2n+1 · · · γµ3 S0(x3, x2)γµ2 S0(x2, x1)γµ1 ]

������������§§§ÎÎÎÒÒÒ������§§§���ppp---������
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������¼¼¼êêê������ppp'''ééé

Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

¤¤¤���fff|||���²²²£££∫
DAµDψDψ {[i∂/− eA/(x)−M]ψ(x) + I(x)} ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+··· } = 0[
[i∂/x − ieγµ

δ

δJµ(x)
−M]

δ

δiI(x)
+ I(x)

]
Z[J, I, I] = 0

i(i∂/x −M)
δZ[J, I, I]

Z[J, I, I]δI(x)
+ eγµ

δ2Z[J, I, I]
Z[J, I, I]δJµ(x)δI(x)

− I(x) = 0

(i∂/x −M)
δW[J, I, I]
δI(x)

− ieγµ
δ2W[J, I, I]
δJµ(x)δI(x)

+ eγµ
δW[J, I, I]
δJµ(x)

δW[J, I, I]
δI(x)

+ I(x) = 0

(i∂/x −M)ll′
δ2W[J, I, I]
δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJµ(x)δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ δll”δ(x− y) = 0
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¤¤¤���fff���Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

(i∂/x −M)
δW[J, I, I]
δI(x)

− ieγµ
δ2W[J, I, I]
δJµ(x)δI(x)

+ eγµ
δW[J, I, I]
δJµ(x)

δW[J, I, I]
δI(x)

+ I(x) = 0

(i∂/x −M)ll′
δ2W[J, I, I]
δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJµ(x)δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ δll”δ(x− y) = 0

W0 = i
∫

d4xd4y I(x)S0(x, y)I(y) S0(x, y) = i(i∂/x −M + i0+)−1δ(x− y)∫
d4z (i∂/x−M)ll′δ(x−z)

δ2W[J, I, I]
δIl′(z)δIl”(y)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJµ(x)δIl′(x)δIl”(y)

∣∣∣∣
Jµ=I=I=0

− δll”δ(x−y) = 0∫
d4z S−1

0,ll′(x, z)Sl′l”(z, y)− ieγµll′Gµ,l′l”(x, x, y)− δll”δ(x− y) = 0

S−1(x, z)−S−1
0 (x, z) = −ieγµ

∫
d4y Gµ(x, x, y)S−1(y, z) = eγµ

∫
d4y1d4y2Dµν(x, y1)S(x, y2)Γ

ν(y1, y2, z)
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¤¤¤���fff���Schwinger-Dyson���§§§

S−1(x, z)− S−1
0 (x, z) = eγµ

∫
d4y1d4y2Dµν(x, y1)S(x, y2)Γν(y1, y2, z) ≡ Σ(x, z)

S = (S−1
0 + Σ)−1 = S0(1 + ΣS0)−1 = S0 − S0ΣS0 + S0ΣS0ΣS0 + · · ·
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Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

111fff|||���²²²£££∫
DAµDψDψ{[gµν∂2−(1−λ)∂µ∂ν ]Aν−eψγµψ−Jµ} ei

∫
d4x{−1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+···}=0

{−[gµν∂2
x − (1− λ)∂µx ∂

ν
x ]

δ

δiJν(x)
− eγµll′

δ2

δIl(x)δIl′(x)
− Jµ(x)}Z[J, I, I] = 0

i[gµν∂2
x − (1− λ)∂µx ∂

ν
x ]

δZ[J, I, I]
Z[J, I, I]δJν(x)

− eγµll′
δ2Z[J, I, I]

Z[J, I, I]δIl(x)δIl′(x)
− Jµ(x) = 0

−[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δW[J, I, I]
δJν(x)

− ieγµll′
δ2W[J, I, I]
δIl(x)δIl′(x)

+ eγµll′
δW[J, I, I]
δIl(x)

δW[J, I, I]
δIl′(x)

−Jµ(x) = 0

[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δ2W[J, I, I]
δJν(x)δJσ(y)

∣∣∣∣
Jµ=I=I=0

+ ieγµll′
δ2W[J, I, I]

δJσ(y)δIl(x)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ gµσδ(x− y) = 0
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111fff���Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

−[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δW[J, I, I]
δJν(x)

− ieγµll′
δ2W[J, I, I]
δIl(x)δIl′(x)

+ eγµll′
δW[J, I, I]
δIl(x)

δW[J, I, I]
δIl′(x)

−Jµ(x) = 0

[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δ2W[J, I, I]
δJν(x)δJσ(y)

∣∣∣∣
Jµ=I=I=0

+ ieγµll′
δ2W[J, I, I]

δJσ(y)δIl(x)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ gµσδ(x− y) = 0

W0 = 1
2

∫
d4xd4y Jµ(x)iDµν0 (x,y)Jν(y) iD−1,µν

0 (x,z)=[gµν∂2
x−(1−λ)∂µx∂

ν
x ]δ(x−z)∫

d4z[gµν∂2
x−(1−λ)∂µx∂

ν
x ]δ(x−z)

δ2W[J, I, I]
δJν(z)δJσ(y)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJσ(y)δIl′(x)δIl(x)

∣∣∣∣
Jµ=I=I=0

+gµσδ(x−y)=0

−
∫

d4z D−1,µν
0 (x, z)Dνσ(z, y)− ieγµll′Gσ,l′l(y, x, x) + gµσδ(x−y) = 0

D−1,µν(x, z)− D−1,µν
0 (x, z) = ie

∫
d4y tr[γµGσ(y, x, x)]D−1,σν(y, z)

= −e
∫

d4yd4y′ tr[γµS(x, y)Γν(z, y, y′)S(y′, x)]
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111fff���Schwinger-Dyson���§§§

D−1,µν(x, z)−D−1,µν
0 (x, z)=−e

∫
d4yd4y′ tr[γµS(x, y)Γν(z, y, y′)S(y′, x)]︸ ︷︷ ︸

¤¤¤���fff���ÚÚÚººº������)))���üüüKKKÒÒÒ���ppp---���


���

=Πµν(x, z)

D = (D−1
0 + Π)−1 = D0(1 + ΠD0)−1 = D0 − D0ΠD0 + D0ΠD0ΠD0 + · · ·
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111fff���Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

D−1,µν(x, z)− D−1,µν
0 (x, z) = −e

∫
d4yd4y′ tr[γµS(x, y)Γν(z, y, y′)S(y′, x)] = Πµν(x, z)

ýýý���444zzzÜÜÜþþþµµµ������ÄÄÄgggUUU£££oblique¤¤¤

S(x, y) = 〈ψ(x)ψ(y)〉 Γµ(z, y, y′) ≈ eγµδ(y− z)δ(y′ − z)

Πµν(x, z) ≡ −e
∫

d4y tr[γµS(x,y)Γν(z, y, y′)S(y′, x)]

oblique
====⇒ −e2tr[γµ〈ψ(x)ψ(z)〉γν〈ψ(z)ψ(x)〉] = 〈 ψ(x)eγµψ(x)ψ(z)eγνψ(z) 〉

= 〈 Jµem(x)Jνem(z) 〉 Jµem(x) ≡ −ψ(x)eγµψ(x)
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111fff|||���¤¤¤���|||���éééXXX

−[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δW[J, I, I]
δJν(x)

− ieγµll′
δ2W[J, I, I]
δIl(x)δIl′(x)

+ eγµll′
δW[J, I, I]
δIl(x)

δW[J, I, I]
δIl′(x)

−Jµ(x) = 0

−
∫

d4z iD−1,µ′ν
0 (x′, z)

δW[J, I, I]
δJν(z)

− ieγµ
′

ll′
δ2W[J, I, I]
δIl(x′)δIl′(x′)

+ eγµ
′

ll′
δW[J, I, I]
δIl(x′)

δW[J, I, I]
δIl′(x′)

− Jµ
′
(x′) = 0

W0 = 1
2

∫
d4xd4y Jµ(x)iDµν0 (x,y)Jν(y) iD−1,µν

0 (x,z)=[gµν∂2
x−(1−λ)∂µx∂

ν
x ]δ(x−z)

δW[J, I, I]
δJµ(x)

+

∫
d4z D0,µµ′(x, x′)

[
eγµ

′

ll′
δ2W[J, I, I]
δIl(x′)δIl′(x′)

+ieγµ
′

ll′
δW[J, I, I]
δIl(x′)

δW[J, I, I]
δIl′(x′)

−iJµ
′
(x′)
]

=0

δ2W[J, I, I]
δJν(y)δJµ(x)

∣∣∣∣
Jµ=I=I=0

+e
∫

d4z D0,µµ′(x, x′)γµ
′

ll′
δ3W[J, I, I]

δJν(y)δIl(x′)δIl′(x′)

∣∣∣∣
Jµ=I=I=0

− iD0,µν(x, y) = 0

δ3W[J, I, I]
δIl1(x1)δIl2(x2)δJµ(x)

+eγµ
′

ll′

∫
d4zD0,µµ′(x,x′)

[
δ4W[J, I, I]

δIl1(x1)δIl2(x2)δIl(x′)δIl′(x′)
+

iδ2W[J, I, I]
δIl2(x2)δIl(x′)

δ2W[J, I, I]
δIl1(x1)δIl′(x′)

]
Jµ=I=I=0

======= 0
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111fff|||���¤¤¤���|||���éééXXX

δ3W[J, I, I]

δIl1
(x1)δIl2

(x2)δJµ(x)
= ieγµ

′
ll′

∫
d4z D0,µµ′ (x, x′)

[
i

δ4W[J, I, I]

δIl1
(x1)δIl2

(x2)δIl(x′)δIl′ (x′)
−

δ2W[J, I, I]

δIl2
(x2)δIl(x′)

δ2W[J, I, I]

δIl1
(x1)δIl′ (x′)

]
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Ward-Takahashi-Taylorððð���ªªª

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

555���CCC���: Aµ → Aµ + ∂µΩ ψ → e−ieΩψ∫
DAµDψDψ{−λ[∂2Ω][∂µAµ]−Jµ[∂µΩ]+ieΩ(ψI−Iψ)}ei

∫
d4x{−1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+···}=0∫
DAµDψDψ{−λ∂2∂µAµ+∂µJµ+ie(ψI−Iψ)}ei

∫
d4x{−1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+···}=0

{λ∂2
x∂
µ
x

δ

iδJµ(x)
+ ∂µx Jµ(x) + ie[I(x)

δ

iδI(x)
− I(x)

δ

iδI(x)
]}Z[J, I, I] = 0

λ∂2
x∂
µ
x
δW[J, I, I]
δJµ(x)

+ ∂µx Jµ(x) + ie[I(x)
δW[J, I, I]
δI(x)

− I(x)
δW[J, I, I]
δI(x)

] = 0

−λ∂2
x∂
µ
x
δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= ∂ν,xδ(x−y) ⇒ ∂2
x∂
µ
x

δ2W[J, I, I]
δJµ(x)δJµ1 (x1) · · · δJµn (xn)

∣∣∣∣
Jµ=I=I=0

n≥2
==== 0

−λ∂2
x∂
µ
x

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= ie
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]
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Ward-Takahashi-Taylorððð���ªªª

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

λ∂2
x∂
µ
x
δW[J, I, I]
δJµ(x)

+ ∂µx Jµ(x) + ie[I(x)
δW[J, I, I]
δI(x)

− I(x)
δW[J, I, I]
δI(x)

] = 0

−λ∂2
x∂
µ
x
δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= ∂ν,xδ(x− y)

−λ∂2
x∂
µ
x

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= ie
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]

111fff|||ppp���©©©þþþÃÃÃþþþfff???���: Dµν0 (x, y) = i
∂2

x−i0+ [gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y)

∂µ,xiDµν(x, y) = − ∂νx
λ∂2

x
δ(x− y) = ∂µ,xiDµν0 (x, y)

���ppp���^̂̂ººº���µµµ

−λ
∫

d4x′d4y′d4z′∂2
x∂
µ
x Dµν(x, x′)S(y, y′)iΓν(x′, y′, z′)S(z′, z) = eS(y, z)[δ(x−z)− δ(x−y)]

∂µ,xΓ
µ(x, y, z) = eS−1(y, z)[δ(y− x)− δ(z− x)]

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ ���ÙÙÙ000���ÚÚÚ???ØØØyyy¢¢¢¥¥¥���333������«««äääNNNþþþfff|||–>>>^̂̂|||



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ­­­���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

������¼¼¼êêê������ppp'''ééé

Ward-Takahashi-Taylorððð���ªªª

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

λ∂2
x∂
µ
x
δW[J, I, I]
δJµ(x)

+ ∂µx Jµ(x) + ie[I(x)
δW[J, I, I]
δI(x)

− I
δW[J, I, I]
δI(x)

] = 0

111fff|||ppp���©©©þþþÃÃÃþþþfff???���: Dµν0 (x, y) = i
∂2

x−i0+ [gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y)

∂µ,xiDµν(x, y) = − ∂νx
λ∂2

x
δ(x− y) = ∂µ,xiDµν0 (x, y)

���ppp���^̂̂ººº���µµµ ∂µ,xΓ
µ(x, y, z) = eS−1(y, z)[δ(y− x)− δ(z− x)]

Γµ0 (x, y, z) = eγµδ(y− x)δ(x− z) iS−1
0 (y, z) = (i∂/y −M + i0+)δ(y− z)

eS−1
0 (y, z)[δ(y− x)− δ(z− x)] = −ie[δ(y− x)− δ(z− x)](i∂/y −M + i0+)δ(y− z)

= e[δ(y− x)− δ(z− x)]∂/yδ(y− z) = −e∂/zδ(y− x)δ(y− z)− e∂/yδ(z− x)δ(y− z)

= −eδ(y− x)∂/zδ(x− z)− eδ(z− x)∂/yδ(y− x) = eδ(y− x)∂/xδ(x− z) + eδ(z− x)∂/xδ(y− x)

= e∂/x[δ(y− x)δ(x− z)] = ∂µ,xΓ
µ
0 (x, y, z)
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������¼¼¼êêê������ppp'''ééé

nnn:::ººº���Ward-Takahashi-Taylorððð���ªªª���CCC///LLL���

111fff|||ppp���©©©þþþÃÃÃþþþfff???���: Dµν0 (x, y) = i
∂2

x−i0+ [gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y)

∂µ,xiDµν(x, y) = − ∂νx
λ∂2

x
δ(x− y) = ∂µ,xiDµν0 (x, y)

−δW[J, I, I]
δIl1(x1)δIl2(x2)δJµ(x)

+eγµ
′

ll′

∫
d4zD−1

0,µµ′(x,x′)
[

iδ2W[J, I, I]
δIl1(x1)δIl2(x2)δIl(x′)δIl′(x′)

+
δW[J, I, I]
δIl2(x2)δIl(x′)

δW[J, I, I]
δIl1(x1)δIl′(x′)

]
Jµ=I=I=0

======= 0

−λ∂2
x∂
µ
x

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= ie
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]

eγµll′∂µ

[
− δ2W[J, I, I]
δIl1 (x1)δIl2 (x2)δIl(x)δIl′(x)

+ i
δW[J, I, I]
δIl2 (x2)δIl(x)

δW[J, I, I]
δIl1 (x1)δIl′(x)

]
Jµ=I=I=0

= e
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y)

= i
e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]

Aµ(x)Aν(y) e−i
∫

d4x eAµψγµψ

e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

= iD0,µν(x, y) + i
∫

d4x1d4y1D0,µµ1 (x, x1)(−)Πµ1ν1 (x1, y1)D0,ν1ν(y1, y)

+i
∫

d4x1d4y1d4x2d4y2D0,µµ1 (x, x1)Π
µ1ν1 (x1, y1)D0,ν1µ2 (y1, x2)Π

µ2ν2 (x2, y2)D0,ν2ν(y2, y) + · · ·

= i[D0(1−ΠD0 + ΠD0ΠD0 +· · ·)]µν(x, y)= i[D0(1 + ΠD0)
−1]µν(x, y)=[i(D−1

0 + Π)−1]µν(x, y)

SD���§§§µµµD−1 − D−1
0 = Π

Πµν(x, y) = (−1)tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

= −e2tr[γµ(i∂/x −M + i0+)−1δ(x− y)γν(i∂/y −M + i0+)δ(y− x)] + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

= −e2tr[γµ(i∂/x −M + i0+)−1δ(x− y)γν(i∂/y −M + i0+)δ(y− x)] + O(e4)

= −e2
∫

d4pd4q
(2π)8 e−i(p−q)·(x−y)tr[γµ(p/−M + i0+)−1γν(q/−M + i0+)] + O(e4)

Πµν(p) = −e2
∫

d4q
(2π)4 tr[γµ(p/+ q/−M + i0+)−1γν(q/−M + i0+)] + O(e4)

= −e2
∫

d4q
(2π)4 tr[γµ

p/+ q/+ M
(p + q)2 −M2 + i0+

γν
q/+ M

q2 −M2 + i0+
] + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = −e2
∫

d4q
(2π)4 tr[γµ

p/+ q/+ M
(p + q)2 −M2 + i0+

γν
q/+ M

q2 −M2 + i0+
] + O(e4)

1
AB =

∫ 1
0

dx
[(1−x)A+xB]2 trγµγσγνγρ = 4(gµσgνρ − gµνgσρ + gµρgνσ)

1
[(p+q)2−M2+i0+](q2−M2+i0+)

=

∫ 1

0

dx
{x[(p+q)2−M2+i0+]+(1−x)(q2−M2+i0+)}2

=

∫ 1

0

dx
[(q + xp)2 −M2 + i0+ + p2x(1− x)]2

tr[γµ[p/+ q/+ M]γν(q/+ M)] = 4[(pµ + qµ)qν + (pν + qν)qµ − gµν(p + q) · q + M2gµν ]

Πµν(p) = −4e2
∫ 1

0
dx
∫

d4q
(2π)4

(pµ + qµ)qν + (pν + qν)qµ − gµν(p + q) · q + M2gµν

[(q + xp)2 −M2 + i0+ + p2x(1− x)]2 + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= D−1
µν(x, y) = [i(D−1

0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = −4e2
∫ 1

0
dx
∫

d4q
(2π)4

(pµ + qµ)qν + (pν + qν)qµ − gµν(p + q) · q + M2gµν

[(q + xp)2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

���êêê���555zzz
===== −4e2

∫ 1

0
dx µ4−D

∫
dDq

(2π)D

(pµ+qµ)qν+ (pν+qν)qµ − gµν(p+q)·q + M2gµν

[(q + xp)2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

q→q−xp
===== −4e2

∫ 1

0
dx µ4−D

∫
dDq

(2π)D [q2 −M2 + i0+ + p2x(1− x)]−2{[(1−x)pµ+qµ](qν−xpν)

???ØØØ��������� + [(1− x)pν + qν ](qµ − xpµ)− gµν [p(1− x) + q] · (q− xp) + M2gµν}+ O(e4)

= −4e2
∫ 1

0
dx µ4−D

∫
dDq

(2π)D

2[(x−1)xpµpν + qµqν ]− gµν [p2(x−1)x + q2] + M2gµν

[q2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

qµqν→ gµν

D q2

====== 4e2
∫ 1

0
dx µ4−D

∫
dDq

(2π)D

(1−x)x(2pµpν− p2gµν) + (1− 2
D )gµνq2 −M2gµν

[q2 −M2 + i0+ + p2x(1− x)]2 + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = 4e2
∫ 1

0
dx µ4−D

∫
dDq

(2π)D

(1−x)x(2pµpν− p2gµν) + (1− 2
D )gµνq2 −M2gµν

[q2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

Wick===ÄÄÄµµµ q0 = iqD
E ~q = ~qE

Πµν(p) = 4e2
∫ 1

0
dxµ4−D

∫
d~q

(2π)D

∫ ∞
−∞

dq0 (1− x)x(2pµpν − p2gµν) + (1− 2
D )gµνq2 −M2gµν

[(q0)2 −~q ·~q−M2 + i0+ + p2x(1− x)]2

= −4e2
∫ 1

0
dxµ4−D

∫
d~q

(2π)D

∫ −i∞

i∞
dq0 (1− x)x(2pµpν − p2gµν) + (1− 2

D )gµνq2 −M2gµν

[(q0)2 −~q ·~q−M2 + i0+ + p2x(1− x)]2

= 4ie2
∫ 1

0
dxµ4−D

∫
d~qE

(2π)D

∫ ∞
−∞

dqD
E

(1− x)x(2pµpν−p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[−q2
E −M2 + i0+ + p2x(1− x)]2

= 4ie2
∫ 1

0
dx µ4−D

∫
dDqE

(2π)D

(1− x)x(2pµpν − p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[q2
E + M2 − i0+ − p2x(1− x)]2

+ O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = 4ie2
∫ 1

0
dx µ4−D

∫
dDqE

(2π)D

(1−x)x(2pµpν− p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[q2
E + M2 − i0+ − p2x(1− x)]2

+ O(e4)

∫
dDqE = ΩD

∫∞
0 κD−1dκ

∫ 1
0 dx xα−1(1− x)β−1 ≡ B(α, β) = Γ(α)Γ(β)

Γ(α+β)

(
√
π)D=[

∫ ∞
−∞

dxe−x2
]D=

∫
dDqE e−q2

E =ΩD

∫ ∞
0

dκ κD−1e−κ
2
=

ΩD

2

∫ ∞
0

dκ2 (κ2)
D
2 −1e−κ

2
=

1
2

ΩDΓ(D/2)

∫ ∞
0
dκ

κD−1

(κ2+ν2)2 =
1
2

∫ ∞
0
dκ2 (κ2)

D
2 −1

(κ2+ν2)2

x= ν2

κ2+ν2
=====

1
2

(ν2)
D
2−2
∫ 1

0
dx x1−D

2(1−x)
D
2−1=

1
2

(ν2)
D
2−2Γ(

D
2

)Γ(2−D
2

)

∫ ∞
0
dκ

κD+1

(κ2+ν2)2 =
1
2

∫ ∞
0
dκ2 (κ2)

D
2

(κ2+ν2)2

x= ν2

κ2+ν2
=====

1
2

(ν2)
D
2−1
∫ 1

0
dx x−

D
2(1−x)

D
2=

1
2

(ν2)
D
2−1Γ(1+

D
2

)Γ(1−D
2

)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = 4ie2
∫ 1

0
dx µ4−D

∫
dDqE

(2π)D

(1−x)x(2pµpν− p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[q2
E + M2 − i0+ − p2x(1− x)]2

+ O(e4)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −2Γ(

D
2

)Γ(2−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −1Γ(1+

D
2

)Γ(1−D
2

)

Πµν(p) = 4ie2
∫ 1

0
dx ΩDµ

4−D
∫ ∞

0

κD−1dκ
(2π)D

(1−x)x(2pµpν− p2gµν)− (1− 2
D )gµνκ2 −M2gµν

[κ2 + M2 − i0+ − p2x(1− x)]2

ΩD= 2π
D
2

Γ(D/2)
======

4ie2π
D
2 µ4−D

(2π)DΓ(D/2)

∫ 1

0
dx{[(1−x)x(2pµpν−p2gµν)−M2gµν ][M2−i0+−p2x(1−x)]

D
2 −2

×Γ(
D
2

)Γ(2−D
2

)− gµν(1− 2
D

)[M2 − i0+ − p2x(1− x)]
D
2 −1Γ(1+

D
2

)Γ(1−D
2

)}

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ ���ÙÙÙ000���ÚÚÚ???ØØØyyy¢¢¢¥¥¥���333������«««äääNNNþþþfff|||–>>>^̂̂|||



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ­­­���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

111fffDDDÂÂÂfff

i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) =
4ie2πD/2µ4−D

(2π)DΓ(D/2)

∫ 1

0
dx {[(1−x)x(2pµpν−p2gµν)−M2gµν ][M2−i0+−p2x(1−x)]

D
2 −2

×Γ(
D
2

)Γ(2−D
2

)− gµν(1− 2
D

)[M2−i0+−p2x(1−x)]
D
2 −1Γ(1+

D
2

)Γ(1−D
2

)}+O(e4)

(1− 2
D )Γ(1+ D

2 )Γ(1− D
2 ) = −Γ( D

2 )Γ(2− D
2 )

=
4ie2πD/2µ4−D

(2π)DΓ(D/2)
Γ(

D
2

)Γ(2− D
2

)

∫ 1

0
dx [M2 − i0+ − p2x(1− x)]

D
2 −2

×{[(1− x)x(2pµpν − p2gµν)−M2gµν ] + gµν [M2 − i0+ − p2x(1− x)]}+ O(e4)

= (p2gµν − pµpν)
(−i)e2µ4−D

2D−3πD/2 Γ(2−D
2

)

∫ 1

0
dx (1− x)x [M2−i0+−p2x(1−x)]

D
2 −2 + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = (p2gµν−pµpν)
(−i)e2µ4−D

2D−3πD/2 Γ(2− D
2

)

∫ 1

0
dx (1−x)x [M2−i0+−p2x(1−x)]

D
2 −2+O(e4)

Πµν(p) = (p2gµν − pµpν)π(p2) pµΠµν(p) = 0

π(p2) = − ie2µ4−D

2D−3πD/2 Γ(2− D
2

)

∫ 1

0
dx (1− x)x [M2 − i0+ − p2x(1− x)]

D
2 −2 + O(e4)

Πµν(x, y) = (−gµν∂2
x + ∂µx ∂

ν
x )π(−∂2

x )δ(x−y) iD−1,µν
0 (x, y) = [gµν∂2

x − (1−λ)∂µx ∂
ν
x ]δ(x−y)

(D−1
0 + Π)µν(x, y) = −i{(gµν∂2

x − ∂µx ∂νx )[1− iπ(−∂2
x )] + λ∂µx ∂

ν
x }δ(x− y)

(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C = Dµν(x, y) = { i

∂2
x [1− iπ(−∂2

x )]
[gµν − ∂µx ∂

ν
x

∂2
x

] +
1
λ

∂µx ∂
ν
x

∂4
x
}δ(x− y)
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(Ψ−0 ,TAµ(x)Aν(y)Ψ+
0 )C =−i

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= { i
∂2

x [1−iπ(−∂2
x )]

[gµν− ∂
µ
x ∂

ν
x

∂2
x

]+
1
λ

∂µx ∂
ν
x

∂4
x
}δ(x−y)

π(p2) = − ie2µ4−D

2D−3πD/2 Γ(2− D
2

)

∫ 1

0
dx (1− x)x [M2−i0+−p2x(1−x)]

D
2 −2 + O(e4)

I Γ(2− D
2 )

D→4
====⇒ 1

2−D/2 − γ + O(2− D/2) γ = 0.5772157
π(p2)3331 + 3������������)))uuuÑÑÑ!

I π(p2)ÃÃÃ444:::VËËË���???���ØØØKKK���111fff���þþþ 1+1���µµµM =0¦¦¦111fff¼¼¼������þþþ���

I ËËË���???���¦¦¦111fff���ÅÅÅ¼¼¼êêêcccõõõ


������ÏÏÏfff 1
1+iπ(0)

A
D
2 −2 = e( D

2 −2) ln A D→4
===⇒ 1 + (

D
2
− 2) ln A + O((

D
2
− 2)2)

π(p2) = − ie2µ4−D

2π2 [
1

2− D/2
− γ + · · · ]

∫ 1

0
dx (1− x)x

[
[M2−i0+−p2x(1−x)]

4π

] D
2 −2

+ O(e4)

= − ie2

12π2

[
1

2− D/2
− γ − 6

∫ 1

0
dx (1− x)x ln

[M2−i0+−p2x(1−x)]

4πµ2

]
+ O(e4)
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~~~^̂̂������555zzz

���êêê���555zzz 1999cccììì������ÔÔÔnnnøøø∫
d4q

(2π)4 V µ4−D
∫

dDq
(2π)D ���CCC,������ÊÊÊ333333���ÈÈÈ©©©������ggg,eee***¿¿¿���γÝÝÝ


, γ5kkk¯̄̄KKK

���êêê���555zzz¥¥¥ÃÃÃ���ggguuuÑÑÑ���∫
dDqE = ΩD

∫ ∞
0

κD−1dκ
∫ 1

0
dx xα−1(1− x)β−1 ≡ B(α, β) =

Γ(α)Γ(β)

Γ(α+ β)∫ ∞
0

dκ2 (κ2)
D
2 −1+n

κ2 + ν2

x= ν2

κ2+ν2
=====−(ν2)

D
2−1+n

∫ 0

1
dx x−

D
2−n(1−x)

D
2−1+n = (ν2)

D
2−1+nΓ(

D
2

+n)Γ(1−D
2
−n)

dκ2 = −ν
2

x2 dx
1

κ2 + ν2 =
x
ν2 κ2 = ν2x−1(1− x)∫ ∞

0
dκ2 (κ2)

D
2 −2+n = lim

ν→0

∫ ∞
0

dκ2 (κ2)
D
2 −1+n

κ2 + ν2 = lim
ν→0

(ν2)
D
2−1+nΓ(

D
2

+n)Γ(1−D
2
−n)

D
2 −2+n>−1

====== 0
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~~~^̂̂������555zzz

���êêê���555zzz 1999cccììì������ÔÔÔnnnøøø∫
d4q

(2π)4 V µ4−D
∫

dDq
(2π)D ���CCC,������ÊÊÊ333333���ÈÈÈ©©©������ggg,eee***¿¿¿���γÝÝÝ


, γ5kkk¯̄̄KKK

ÄÄÄþþþ���äää���555zzz ∫
d4qE

(2π)4 V
Ω4

(2π)4

∫ Λ

0
dqE q3

E ØØØ���CCC

Pauli-Villars���555zzz
1

(p + q)2 −M2 + i0+
V

1
(p + q)2 −M2 + i0+

− 1
(p + q)2 − Λ2 + i0+

���êêê���555zzz���ÄÄÄþþþ���äää���ppp���: 1
2−D/2 − γ + ln 4πµ2 ⇔ ln Λ2

2πD/2µ4−D

(2π)DΓ(D/2)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1

16π2 (
ν2

4πµ2 )
D
2 −2Γ(2−D

2
) =

1
16π2

[
1

2− D/2
− γ + ln

4πµ2

ν2

]
2π2

(2π)4

∫ Λ

0
dκ

κ3

(κ2 + ν2)2 =
1

16π2

∫ Λ2

0
dκ2 κ2

(κ2 + ν2)2 =
1

16π2 [ln
Λ2

ν2 + 1]
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'''uuu���ÄÄÄþþþÈÈÈ©©©¥¥¥���ÄÄÄþþþ²²²£££

I ÂÂÂñññÈÈÈ©©©ÚÚÚéééêêêuuuÑÑÑÈÈÈ©©©���±±±???111ÄÄÄþþþ²²²£££

I ���555uuuÑÑÑÚÚÚ���ggguuuÑÑÑÈÈÈ©©©ÄÄÄþþþ²²²£££������������kkk������

I nnnggg±±±þþþuuuÑÑÑÄÄÄþþþ²²²£££���������$$$���������������óóóggguuuÑÑÑ���

éééêêêuuuÑÑÑµµµ 1
A2B2 = 6

∫ 1
0 dx x(1−x)

[xA+(1−x)B]4∫
d4q
[

1
[(q + p)2 − m2]2 −

1
[q2 − m2]2

]
=

∫
d4q

[q2 − m2]2 − [(q + p)2 − m2]2

[(q + p)2 − m2]2[q2 − m2]2

= 6
∫

d4q
∫ 1

0
dx x(1− x)

−2(q2 − m2)(p2 + 2q · p)− (p2 + 2q · p)2

[(xp + q)2 − m2 + p2x(1− x)]4

= 6
∫

d4q
∫ 1

0
dx x(1− x)

−2[(q− xp)2 − m2][p2 + 2(q− xp) · p]− [p2 + 2(q− xp) · p]2

[q2 − m2 + p2x(1− x)]4

x↔1−x
===== 0 ÙÙÙ¥¥¥|||^̂̂


 x(1− x)

x↔1−x
===== x(1− x) 2x− 1 x↔1−x

===== 1− 2x

���ÈÈÈ¼¼¼êêê©©©fff = −2q2(1−2x)p2 + (8x−4)(q·p)2 − 2(x2p2−m2)(1−2x)p2 − p4(1−2x)2

∼ [−2(1− 2x)x2 − (1− 2x)2]p4 = (2x− 1)(2x2 − 2x + 1)p4 = (2x− 1)[2x(x− 1)− 1]p4
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���555uuuÑÑÑµµµ 1
A2B2 = 6

∫ 1
0 dx x(1−x)

[xA+(1−x)B]4∫
d4q
[

q · p
[(q+p)2−m2]2 −

(q− p) · p
[q2−m2]2

]
=

∫
d4q
[

q·p{[q2−m2]2 − [(q+p)2−m2]2}
[(q+p)2 − m2]2[q2 − m2]2 +

p2

[q2−m2]2

]
=

∫
d4q
[ ∫ 1

0
dx

6x(1− x)q · p[−2(q2 − m2)(p2 + 2q · p)− (p2 + 2q · p)2]

[(xp + q)2 − m2 + p2x(1− x)]4 +
p2

[q2−m2]2

]
=

∫
d4q
[∫ 1

0
dx

6x(1−x)(q−xp)·p{−2[(q−xp)2 − m2][p2 + 2(q−xp)·p]− [p2 + 2(q−xp)·p]2}
[q2 − m2 + p2x(1− x)]4 + · · ·

���ÈÈÈ¼¼¼êêê©©©fff = 6x(1− x)q·p[−4q2q·p + 4q·p(1−2x)p2 − 4(x2p2−m2)q· p− 4q·p(1−2x)p2]

−6(1−x)x2p2{−2q2(1−2x)p2+(8x−4)(q·p)2−2(x2p2−m2)(1−2x)p2−p4(1−2x)2}
∼6x(1−x)[−q4p2−(x2p2−m2)q2p2]−6(1−x)x2p2{3q2p2−2m2p2−p4[x2(1−2x)+(1−2x)2]}

éééêêêuuuÑÑÑ��� =

∫
d4q
[∫ 1

0
dx
−6x(1−x)[q2− m2+ p2x(1−x) + m2− p2x(1−x)]2p2

[q2 − m2 + p2x(1− x)]4 +
p2

[q2−m2]2

]
OOO���uuuÑÑÑ���

====⇒
∫

d4q
[ ∫ 1

0
dx

−p2

[q2 − m2 + p2x(1− x)]2 +
p2

[q2−m2]2

]
= 0
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���ggguuuÑÑÑµµµ 1
A2B2 = 6

∫ 1
0 dx x(1−x)

[xA+(1−x)B]4∫
d4q
[

qµqν

[(q+p)2−m2]2 −
(qµ−pµ)(qν−pν)

[q2 − m2]2

]
=

∫
d4q
[

qµqν

[(q+p)2−m2]2 −
qµqν + pµpν

[q2−m2]2

]
=

∫
d4q
[ ∫ 1

0
dx 6x(1−x)

qµqν [−2(q2−m2)(p2+2q·p)−(p2+2q·p)2]

[(xp + q)2 − m2 + p2x(1− x)]4 − pµpν

[q2−m2]2

]
=

∫
d4q
[ ∫ 1

0
dx
{−2[(q− xp)2 − m2][p2 + 2(q− xp) · p]− [p2 + 2(q− xp) · p]2}

[q2 − m2 + p2x(1− x)]4

×6x(1− x)(qµqν − xqµpν − xpµqν + x2pµpν)− pµpν

[q2 − m2]2

]
OOO���uuuÑÑÑ���

====⇒
∫

d4q
[ ∫ 1

0
dx

24q2q · px2(1− x)(qµpν + pµqν)

[q2 − m2 + p2x(1− x)]4 − pµpν

[q2 − m2]2

]
=

∫
d4q
[ ∫ 1

0
dx

12q4x2(1− x)pµpν

[q2 − m2 + p2x(1− x)]4 −
pµpν

[q2 − m2]2

]
= pµpν

∫
d4q
[ ∫ 1

0
dx

6q4x(1− x)

[q2 − m2 + p2x(1− x)]4 −
1

[q2 − m2]2

]
OOO���uuuÑÑÑ���

====⇒ 0
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���ggguuuÑÑÑ���555���ééé¡¡¡555

Πµν(p) = −2ie2
∫ 1

0
dx Ω4

∫ Λ2

0

κ2dκ2

(2π)4

(1− x)x(2pµpν − p2gµν)− 1
2 gµνκ2 −M2gµν

[κ2 + M2 − i0+ − p2x(1− x)]2

=−2ie2Ω4

(2π)4

∫ 1

0
dx
[
− 1

2
gµνΛ2+2(1−x)x(pµpν−p2gµν) ln[

Λ2

M2−p2x(1−x)
+1]

+[
3
2

M2gµν−(1−x)x(2pµpν− 1
2

p2gµν)
Λ2

Λ2+M2−p2x(1−x)
]

]
Ward-Takahashi-Taylorððð���ªªª: ∂µ,xDµν(x, y) = ∂µ,xDµν0 (x, y)

Dµν0 (x, y) =

∫
d4p

(2π)4 e−ip·(x−y)Dµν0 (p) Dµν0 (p) =
−i
p2 [gµν − (1− 1

λ
)

pµpν

p2 ]

Dµν(p) = [D−1
0 (p) + Π(p)]−1µν(p) Πµν(p) = p2gµνπ(p2)− pµpνπ1(p2)

iD−1,µν(p) = −p2[1− iπ(p2)]gµν + [1− λ− iπ1(p2)]pµpν
π=π1=0

======= iD−1,µν
0 (p)

Dµν(p) =
−i

p2[1− iπ(p2)]

[
gµν +

pµpν [1− λ− iπ1(p2)]

p2[λ− iπ(p2) + iπ1(p2)]

]
pµDµν(p) = pµDµν0 (p) = −i

pν

λp2 ⇒ π1(p2) = π(p2) Πµν(p) = (p2gµν− pµpν)π(p2)

555���ØØØCCC555BBB+++���ggguuuÑÑÑ���
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y)

= −i
e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
ψl(x)ψl′(y) e−i

∫
d4x eAµψγµψ

e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

= −iS0,ll′(x, y)− i
∫

d4x1d4y1S0,ll1 (x, x1)(−1)Σl1l′1
(x1, y1)S0,l′1l(y1, y)

−i
∫

d4x1d4y1d4x2d4y2S0,ll1 (x, x1)Σl1l′1
(x1, y1)S0,l′1l2 (y1, x2)Σl2l′2

(x2, y2)S0,l′2l′(y2, y) + · · ·

=−i[S0(1− ΣS0 + ΣS0ΣS0 +· · ·)]ll′(x, y)=−i[S0(1 + ΣS0)
−1]ll′(x, y)=−i[(S−1

0 + Σ)−1]ll′(x, y)

SD���§§§µµµS−1 − S−1
0 = Σ

Σll′(x, y) = [(−i)eγµS0(x, y)D0,µν(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

= e2{γµ(i∂/x−M−i0+)−1δ(x−y)γν
1

∂2
y−i0+

[gµν−(1− 1
λ

)
∂µ,y∂ν,y
∂2

y
]}ll′δ(y−x) + O(e4)
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y) = −i[(S−1
0 + Σ)−1]ll′(x, y)

Σll′(x, y) = [(−i)eγµS0(x, y)D0,µν(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

= e2γµ(i∂/x −M − i0+)−1δ(x− y)γν
1

∂2
y − i0+

[gµν− (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− x) + O(e4)

= e2
∫

d4pd4q
(2π)8 e−i(p−q)·(x−y){γµ 1

p/−M−i0+
γν
−1

q2+i0+
[gµν− (1− 1

λ
)

qµqν
q2 ]}ll′+O(e4)

¤¤¤ùùù555���: λ = 1 1
AB =

∫ 1
0

dx
[(1−x)A+xB]2

Σ(p) = −e2
∫

d4q
(2π)4 γ

µ p/+ q/+ M
(p + q)2 −M2 + i0+

γµ
1

q2 + i0+
+ O(e4)

= −e2
∫

d4q
(2π)4

∫ 1

0
dx

γµ(p/+ q/+ M)γµ
{x[(p + q)2 −M2 + i0+] + (1− x)(q2 + i0+)}2 + O(e4)

= 2e2
∫

d4q
(2π)4

∫ 1

0
dx

p/+ q/− 2M
{x[(p + q)2 −M2 + i0+] + (1− x)(q2 + i0+)}2 + O(e4)
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y) = −i[(S−1
0 + Σ)−1]ll′(x, y)

Σll′(x, y) = [(−i)eγµS0(x, y)D0(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

Σ(p) = 2e2
∫

d4q
(2π)4

∫ 1

0
dx

p/+ q/− 2M
{x[(p + q)2 −M2 + i0+] + (1− x)(q2 + i0+)}2 + O(e4)

= 2e2
∫

d4q
(2π)4

∫ 1

0
dx

p/+ q/− 2M
[(q + xp)2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)

= 2e2µ4−D
∫

dDq
(2π)D

∫ 1

0
dx

p/+ q/− 2M
[(q + xp)2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)

= 2e2µ4−D
∫

dDq
(2π)D

∫ 1

0
dx

(1− x)p/+ q/− 2M
[q2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)

Wick===ÄÄÄµµµ
∫

dDq→ i
∫

dDqE = iΩD
∫∞

0 κD−1dκ q2 → −κ2 ΩD = 2πD/2

Γ(D/2)

Σ(p) =
4iµ4−De2πD/2

Γ(D/2)(2π)D

∫ ∞
0

κD−1dκ
∫ 1

0
dx

(1− x)p/− 2M
[−κ2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C = [i∂/x −M − i0+ + Σ(i∂x)]

−1δ(x− y)

Σ(p) =
4iµ4−De2πD/2

Γ(D/2)(2π)D

∫ ∞
0

κD−1dκ
∫ 1

0
dx

(1− x)p/− 2M
[κ2 − x(1− x)p2 + xM2 − i0+]2 + O(e4)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −2Γ(

D
2

)Γ(2−D
2

)

Σ(p) =
2ie2µ4−DΓ(2− D

2 )

(4π)D/2

∫ 1

0
dx[(1− x)p/− 2M][−x(1− x)p2 + xM2 − i0+]

D
2 −2 + O(e4)

Γ(2−D
2

)
D→4

==⇒ 1
2−D/2

−γ+O(2−D/2) A
D
2−2 D→4

==⇒ 1+(
D
2
−2) ln A+O((

D
2
−2)2)

Σ(p)=
ie2

8π2

[
(

1
2−D/2

−γ)(
1
2

p/−2M)−
∫ 1

0
dx [(1−x)p/−2M] ln

x(x−1)p2+xM2−i0+

4πµ2

]
+O(e4)
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=
e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
Aµ(x)ψl(y)ψl′(z)e−i

∫
d4x eAµψγµψ

e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

=

∫
d4x′ D0,µν(x, x′)S0,ll1 (y, x′)ieγνl1l2 S0,l2l′(x′, z) +

∫
d4x′d4y′d4z′ D0,µν(x, x′)

×S0,ll1 (y, y′)ieγµ
′

l1l2
S0,l2l3 (y′, x′)(−i)eγνl3l4 S0,l4l5 (x′, z′)(−i)eγν

′
l5l6 S0,l5l′(z′, z)D0,µ′ν′(y′, z′) + O(e5)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

nnn���ººº���

Γν(x, y, z) = eγνδ(y− x)δ(x− z)− e3γµ
′
S0(y, x)γνS0(x, z)γν

′
D0,µ′ν′(y, z) + O(e5)

= eγνδ(y−x)δ(x−z) + ie3γµ
′
(i∂/y−M−i0+)−1δ(y−x)γν(i∂/x−M−i0+)−1δ(x−z)γν

′

× 1
∂2

y−i0+
[gµ′ν′− (1− 1

λ
)
∂µ′,y∂ν′,y

∂2
y

]δ(y−z) + O(e5)
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nnn���ººº���
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

Γν(x, y, z) = eγνδ(y−x)δ(x−z) + ie3γµ
′
(i∂/y−M−i0+)−1δ(y−x)γν(i∂/x−M−i0+)−1δ(x−z)γν

′

× 1
∂2

y−i0+
[gµ′ν′− (1− 1

λ
)
∂µ′,y∂ν′,y

∂2
y

]δ(y−z) + O(e5)

= eγν
∫

d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z) + ie3
∫

d4pd4p′d4q
(2π)12 e−ip·(y−x)−ip′·(x−z)−iq·(y−z)

×γµ
′
(p/−M−i0+)−1γν(p/′−M−i0+)−1γν

′ −1
q2+i0+

[gµ′ν′− (1− 1
λ

)
qµ′qν′

q2 ] + O(e5)

=

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+ie3
∫

d4q
(2π)4γ

µ′ 1
p/+q/−M−i0+

γν
1

p/′+q/−M−i0+
γν
′ −1
q2+i0+

[gµ′ν′−(1− 1
λ

)
qµ′qν′

q2 ]+O(e5)
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+ie3
∫

d4q
(2π)4γ

µ′ 1
p/+q/−M−i0+

γν
1

p/′+q/−M−i0+
γν
′ −1
q2+i0+

[gµ′ν′−(1− 1
λ

)
qµ′qν′

q2 ]+O(e5)

¤¤¤ùùù555���µµµ λ = 1 1
ABC = 2

∫ 1
0 dx

∫ x
0 dy 1

[Ay+B(x−y)+C(1−x)]3

= eγν − ie3
∫

d4q
(2π)4

γµ(p/+ q/+ M)γν(p/′ + q/+ M)γµ
[(p + q)2 −M2 + i0+][(p′ + q)2 −M2 + i0+](q2 + i0+)

+ O(e5)

=eγν−2ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

γµ[(p/+ q/)γν(p/′ + q/) + M(p/+ q/)γν + Mγν(p/′ + q/) + M2γν ]γµ
{y[(p+q)2−M2+i0+]+(x−y)[(p′+q)2−M2+i0+]+(1−x)(q2+i0+)}3

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

(p/′ + q/)γν(p/+ q/)− 2M(pν + qν)− 2M(p′ν + qν) + M2γν

[q2+ 2yp · q + 2(x− y)p′ · q + yp2+ (x− y)p′2− xM2+ i0+]3 +O(e5)
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+ 4ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

(p/′+q/)γν(p/+q/)− 2M(pν+qν)−2M(p′ν+qν)+M2γν

[q2+2yp·q+2(x−y)p′ ·q+yp2+(x−y)p′2−xM2+i0+]3 +O(e5)

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

(p/′+q/)γν(p/+q/)− 2M(pν+ p′ν+2qν)+M2γν

{[q+yp+(x−y)p′]2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+i0+}3+O(e5)

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy
∫

dDq
(2π)D

µ4−D (p/′+q/)γν(p/+q/)− 2M(pν+ p′ν+2qν)+M2γν

{[q+yp+(x−y)p′]2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+i0+}3+O(e5)

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy µ4−D

∫
dDq

(2π)D

[
[(1−x+y)p/′−yp/+q/]γν[(1−y)p/+(y−x)p/′+q/]−2M[(1−2y)

×pν +(1−2x+2y)p′ν+2qν]+M2γν
]
{q2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+ i0+}−3+ O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) ΩD =
2πD/2

Γ(D/2)

Γν(p,p′)=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy µ4−D

∫
dDq

(2π)D

[
[(1−x+y)p/′−yp/+q/]γν[(1−y)p/+(y−x)p/′+q/]+M2γν

−2M[(1−2y)pν+(1−2x+2y)p′ν+2qν]
]
{q2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+ i0+}−3+O(e5)

=eγν− 8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν

−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{−κ2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+ i0+}−3+O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −2Γ(

D
2

)Γ(2−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −1Γ(1 +

D
2

)Γ(1−D
2

)∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −2Γ(1 +

D
2

)Γ(2−D
2

)

Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′) ∆2 ≡ [yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

Γνdiv(p, p′) =
8µ4−De3πD/2

Γ(D/2 + 1)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD+1dκγν [κ2 + ∆2]−3 + O(e5)
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���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3π

D
2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −2Γ(1 +

D
2

)Γ(2−D
2

)

Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′) ∆2 ≡ [yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

Γνdiv(p, p′) =
8µ4−De3πD/2

Γ(D/2 + 1)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD+1dκγν [κ2 + ∆2]−3 + O(e5)

= γν
e3Γ(2− D

2 )

8π2

∫ 1

0
dx
∫ x

0
dy
[

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

] D
2 −2

+ O(e5)
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���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3π

D
2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −2Γ(1 +

D
2

)Γ(2−D
2

)

Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′) Γ(2−D
2

)
D→4

==⇒ 1
2−D/2

−γ+O(2−D/2)

Γνdiv(p, p′) = γν
e3Γ(2− D

2 )

8π2

∫ 1

0
dx
∫ x

0
dy
[

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

] D
2 −2

+ O(e5)

= γν
e3

8π2

[
1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

]
+ O(e5)
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���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3π

D
2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

) Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′)

Γνdiv(p, p′)=γν
e3

8π2

[
1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

]
+O(e5)

Γνfin(p, p′)=eγν+
8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν [(1−y)p/+(y−x)p/′]

+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)
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���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′)

Γνdiv(p, p′)=γν
e3

8π2

[
1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

]
+O(e5)

Γνfin(p, p′)=eγν+
8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν [(1−y)p/+(y−x)p/′]

+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κ3

(κ2+ν2)3 =
1
4

(ν2)−1

Γνfin(p, p′)=eγν+
2e3π2

(2π)4

∫ 1

0
dx
∫ x

0
dy
[
[(1−x+y)p/′−yp/]γν [(1−y)p/+(y−x)p/′]

+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−1+O(e5)
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���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p, p′)=eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

y→ x− y
∫ x

0 dy→
∫ x

0 dy

Γν(p, p′)=eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[(x−y)p+yp′]2−(x−y)p2−yp′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−y)p/′+(y−x)p/]γν[(1−x+y)p/−yp/′]+M2γν−2M[(1−2x+2y)pν+(1−2y)p′ν]
[(x− y)p + yp′]2 − (x− y)p2 − yp′2+ xM2 − i0+

]
+O(e5)

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ ���ÙÙÙ000���ÚÚÚ???ØØØyyy¢¢¢¥¥¥���333������«««äääNNNþþþfff|||–>>>^̂̂|||



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ­­­���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

'''uuu­­­���zzz���������©©©ÛÛÛ

¡¡¡������¯̄̄KKK���éééüüü

¯̄̄KKKµµµ
I 111fffÚÚÚ¤¤¤���fffDDDÂÂÂfff999111fff���¤¤¤���fff������ppp���^̂̂ººº������������ËËË���???
���kkkbbb			uuuÑÑÑ

I bbb			uuuÑÑÑÏÏÏLLL���������êêê���òòòÿÿÿCCC¤¤¤333D = 4������444:::

I nnnØØØ´́́ÄÄÄ®®®²²²ÃÃÃ¿¿¿ÂÂÂ


ººº

éééüüüµµµ
I ������¼¼¼êêê���uuuÑÑÑ¿¿¿ØØØ¿¿¿���XXXÔÔÔnnn���***ÿÿÿþþþuuuÑÑÑ§§§§§§���¿¿¿���^̂̂...���KKKFFF
þþþ¥¥¥���þþþLLL������ÔÔÔnnnþþþuuuÑÑÑ

I ¢¢¢���þþþ***ÿÿÿ���´́́ÔÔÔnnnþþþ���ÔÔÔnnnþþþ���mmm���'''XXX§§§������ùùù«««'''XXX¥¥¥vvvkkkuuu
ÑÑÑ§§§nnnØØØÒÒÒ´́́kkk¿¿¿ÂÂÂ������

I ...���KKKFFFþþþ¥¥¥kkk������þþþ������uuuÑÑÑ���ÔÔÔnnnþþþ
V&&&¢¢¢...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþUUUÄÄÄ������kkk������ÔÔÔnnnþþþ

I ...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþUUUÄÄÄ������kkk������ÔÔÔnnnþþþVÔÔÔnnnþþþ���ÔÔÔnnnþþþ���mmm
���'''XXXvvvkkkuuuÑÑÑ
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'''uuu­­­���zzz���������©©©ÛÛÛ

­­­���...���KKKFFFþþþ

...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþººº
I ...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþ���///àààþþþ000 \\\eeeIIIBµµµ
ààà|||§§§àààëëëêêê£££���þþþ!!!ÍÍÍÜÜÜ~~~êêê!!!. . .¤¤¤

I àààþþþ´́́uuuÑÑÑ������ ^̂̂kkk������þþþ///­­­���zzzþþþ000LLL���àààþþþ

ψB = Z1/2
2 ψ AµB = Z1/2

3 Aµ eBZ2Z1/2
3 = Z1e MB = M + δM λB = Zλλ

^̂̂­­­���zzzþþþLLL������...���KKKFFFþþþ���---������

LQED = −1
4

FB,µν(x)FµνB (x)− λB

2
[∂µAµB (x)]2 + ψB(x)[i∂/ − eBA/ B(x)−MB]ψB(x)

= −Z3

4
Fµν(x)Fµν(x)− Z3Zλ

λ

2
[∂µAµ(x)]2 + Z2ψ(x)[i∂/ − Z1Z−1

2 eA/ (x)−M − δM]ψ(x)

= −1
4

Fµν(x)Fµν(x)− λ

2
[∂µAµ(x)]2 + ψ(x)[i∂/−eA/(x)−M]ψ(x)− 1

4
(Z3−1)Fµν(x)Fµν(x)

−λ
2

(Z3Zλ − 1)[∂µAµ(x)]2 + ψ(x)[(Z2 − 1)(i∂/ −M)− (Z1 − 1)eA/ (x)− Z2δM]ψ(x)
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éééêêêuuuÑÑÑ!!!���ggguuuÑÑÑ���­­­������������nnnØØØ���ggg,,,555

±±±âââfff���þþþ���~~~

M2
phy = (u0 + u1 + u2 + · · · )Λ2 + (l0 + l1 + l2 + · · · )M2

r ln(Λ2/M2
r ) + (f0 + f1 + f2 + · · · )M2

r

I ���ggguuuÑÑÑééépppUUU«««ÔÔÔnnn���666���©©©²²²www

I éééêêêuuuÑÑÑééépppUUU«««ÔÔÔnnn���666ØØØ���²²²www

nnn«««;;;...���ÔÔÔnnnUUUþþþºººÝÝÝµµµ M2
phy ∼ M2

r ∼ (100GeV)2

Λ = 103GeV u0 + u1 + u2 + · · · ∼ 10−2 l0 + l1 + l2 + · · · ∼ 1

Λ = 1016GeV u0 + u1 + u2 + · · · ∼ 10−28 l0 + l1 + l2 + · · · ∼ 10−1

Λ = 1019GeV u0 + u1 + u2 + · · · ∼ 10−34 l0 + l1 + l2 + · · · ∼ 10−1

ggg,,,555µµµ
I ���ggguuuÑÑÑ������333���¦¦¦OOO������°°°[[[NNN!!!§§§éééêêêuuuÑÑÑØØØIII���

I °°°[[[NNN!!!éééOOO���´́́ØØØ­­­½½½���§§§ØØØggg,,,���

I 333IIIþþþ|||!!!¥¥¥þþþ|||ÚÚÚ^̂̂þþþ|||¥¥¥���kkkIIIþþþ|||ÚÚÚkkk���þþþ���¥¥¥þþþ|||äääkkk���ggg
uuuÑÑÑ§§§ÏÏÏ


§§§���´́́ØØØggg,,,������
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'''uuu­­­���zzz���������©©©ÛÛÛ

­­­���������¼¼¼êêêÚÚÚººº���¼¼¼êêê
ψB = Z1/2

2 ψ AµB = Z1/2
3 Aµ eBZ2Z1/2

3 = Z1e MB = M + δM λB = Zλλ
­­­���zzz���������¼¼¼êêê

(Ψ−0 ,T [ψB,l1 (x1)ψB,l′1
(x′1) · · ·ψB,ln (xn)ψB,l′n

(x′n)AB,µ1 (y1) · · ·AB,µm (ym)] Ψ+
0 )C

= Zn
2 Zm/2

3 (Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )

­­­���zzz���ººº���¼¼¼êêê
δ2n+mΓ[AB, ψB, ψB]

δψB,l1
(x1)δψB,l′1

(x′1) · · · δψB,ln (xn)δψB,l′n (x′n)δAµ1
B (y1) · · · δAµm

B (ym)

∣∣∣∣
AB=A0, ψB=ψ0, ψB=ψ0

= Z−n
2 Z−m/2

3
δ2n+mΓ[AB, ψB, ψB]

δψl1
(x1)δψl′1

(x′1) · · · δψln (xn)δψl′n (x′n)δAµ1 (y1) · · · δAµm (ym)

∣∣∣∣
AB=A0, ψB=ψ0, ψB=ψ0

Ward-Takahashi-Taylorððð���ªªª
∂µ,xiDµνB (x, y) = − ∂νx

λB∂2
x
δ(x− y) ∂µ,xΓ

µ
B (x, y, z) = eBS−1

B (y, z)[δ(y− x)− δ(z− x)]

Z3∂µ,xiDµν(x,y)=−Z−1
λ

∂νx
λ∂2

x
δ(x−y) Z−1

2 Z
− 1

2
3 ∂µ,xΓ

µ(x,y,z)=iZ1Z−1
2 Z
− 1

2
3 eZ−1

2 S−1(y,z)[δ(y−x)−δ(z−x)]

Zλ = Z−1
3 Z1 = Z2 ººº���­­­���zzz������ddd111fff���­­­���zzzûûû½½½¶¶¶AbelCCCqqq
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­­­���zzz������¼¼¼êêê���)))¤¤¤���¼¼¼

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− Z3

4 FµνFµν−λ2 [∂µAµ]2+Z2ψ[i∂/−eA/(x)−M−δM]ψ−JµAµ+Iψ+ψI+i0+}

=

∫
DAµDψDψ ei

∫
d4x { Z3

2 Aµ[gµν∂2−(1−Z−1
3 λ)∂µ∂ν−i0+]Aν−Z2eAµψγµψ+Z2ψ[i∂/−M−δM−i0+]ψ−JµAµ+Iψ+ψI}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD̃−1,µν
0 Aν−Z2eAµψγµψ+ψĩS−1

0 ψ−JµAµ+Iψ+ψI}

iD̃−1,µν
0 = Z3gµν∂2 − (Z3 − λ)∂µ∂ν − i0+ iS̃−1

0 = Z2[i∂/−M − δM − i0+]

= e
i
∫

d4x Z2e δ
−iδJµ(x)

δ
−iδI(x) γ

µ δ
iδI(x)

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD̃−1,µν
0 Aν+ψĩS−1

0 ψ−JµAµ+Iψ+ψI}

=e
−Z2e

∫
d4x δ

δJµ(x)
δ

δI(x) γ
µ δ
δI(x)

∫
DAµDψDψ ei

∫
d4x{ 1

2 (A+iJD̃0)µiD̃−1,µν
0 (A+iD̃0J)ν+(ψ−iIS0)iS−1

0 (ψ−iS0I)+
i
2 JµD̃µν0 Jν+iIS̃0I}

= C × e
−Z2e

∫
d4x δ

δJµ(x)
δ

δI(x) γ
µ δ
δI(x) e

∫
d4yd4z[− 1

2 Jµ(y)̃Dµν0 (y,z)Jν(z)−I(y)S̃0(y,z)I(z)]

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD̃−1,µν
0 Aν+ψ ĩS−1

0 ψ] D0 → D̃0 S0 → S̃0 e→ Z2e

D̃µν0 (y, z) =
i

Z3∂2
y−i0+

[gµν−(1− Z3

λ
)
∂µy ∂

ν
y

∂2
y

]δ(y−z) S̃0(y, z) =
iZ−1

2

i∂/y−M−δM−i0+
δ(y−z)
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SÝÝÝ


���­­­���zzzØØØCCC555

(∂2
1 + M2

1) · · · (∂2
n+l + M2

n+l)(Ψ0,TψH,B,1(x1) · · ·ψH,B,n+l(xn+l)Ψ0)

=

∫
d4q1· · ·d4qn+l

(iπ)n+l e−iq1·x1···−iqn·xn+iqn+1·xn+1···+iqn+l·xn+l
∑

σ1···σn+l

q0
1(Ψ
−
0 ,ψB,1(0)Ψ−~q1,σ1

)· · ·q0
n(Ψ
−
0 , ψB,n(0)Ψ−~qn,σn

)

×(Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)Bq0
n+1(Ψ

+
~qn+1,σn+1

,ψB,n+1(0)Ψ+
0 )· · ·q0

n+l(Ψ
+
~qn+l,σn+l

,ψB,n+l(0)Ψ+
0 )

ψH,B,i(x) = Z1/2
i ψH,i(x) ψB,i = Z1/2

i ψi(x)

(∂2
1 + M2

1) · · · (∂2
n+l + M2

n+l)(Ψ0,TψH,1(x1) · · ·ψH,n+l(xn+l)Ψ0)

=

∫
d4q1· · ·d4qn+l

(iπ)n+l e−iq1·x1···−iqn·xn+iqn+1·xn+1···+iqn+l·xn+l
∑

σ1···σn+l

q0
1(Ψ
−
0 ,ψ1(0)Ψ−~q1,σ1

)· · ·q0
n(Ψ
−
0 , ψn(0)Ψ−~qn,σn

)

×(Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)q0
n+1(Ψ

+
~qn+1,σn+1

,ψn+1(0)Ψ+
0 )· · ·q0

n+l(Ψ
+
~qn+l,σn+l

,ψn+l(0)Ψ+
0 )

(Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)B = (Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)
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uuuÑÑÑÝÝÝ

���ÄÄÄ������kkkL���������¤¤¤ùùùããã§§§bbb���ÙÙÙ©©©OOOkkkEf ,Eb^̂̂¤¤¤���fffÚÚÚÀÀÀÚÚÚfff			
���§§§If , Ib^̂̂¤¤¤���fffÚÚÚÀÀÀÚÚÚfffSSS���§§§vi���¹¹¹di������ûûû§§§fi^̂̂¤¤¤���fff���ÚÚÚbiÀÀÀÚÚÚfff
������111i«««aaa...ººº���"""���ÄÄÄùùù���¤¤¤ùùùããã���uuuÑÑÑÝÝÝω.KKK

ω = 4L− 2Ib − If +
∑

i

divi

L = If + Ib + 1−
∑

i

vi Ef + 2If =
∑

i

fivi Eb + 2Ib =
∑

i

bivi

ω = 4− 3
2

Ef − Eb +
∑

i

(
3
2

fi + bi + di − 4)vi

���111i...ººº������ÍÍÍÜÜÜ~~~êêê���þþþjjjUUU���þþþþþþjjjOOO���gi

gi +
3
2

fi + bi + di = 4 V ω = 4− 3
2

Ef − Eb −
∑

i

givi
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���ÄÄÄ������kkkL���������¤¤¤ùùùããã§§§bbb���ÙÙÙ©©©OOOkkkEf ,Eb^̂̂¤¤¤���fffÚÚÚÀÀÀÚÚÚfff			
���§§§vi���¹¹¹ di������ûûû§§§fi^̂̂¤¤¤���fff���ÚÚÚ biÀÀÀÚÚÚfff������111i«««aaa...ººº���§§§111i...ººº
������ÍÍÍÜÜÜ~~~êêê���þþþjjjUUU���þþþþþþjjjOOO���gi"""ddd¤¤¤ùùùããã���uuuÑÑÑÝÝÝω.

ω = 4− 3
2

Ef − Eb −
∑

i

givi gi = 4− 3
2

fi − bi − di

nnnØØØÚÚÚ���ÎÎÎ©©©aaa

I gi < 0éééAAA���ººº������irrelevant���ÎÎÎ"""§§§������333���������XXXvi���OOO\\\òòòÑÑÑyyy
ÃÃÃ¡¡¡õõõuuuÑÑÑaaa...���¤¤¤ùùùããã§§§ÏÏÏ


nnnØØØ´́́ØØØ���­­­������"""

I gi = 0éééAAA���ººº������marginal���ÎÎÎ; gi > 0éééAAA���ººº������relevant���ÎÎÎ"""
§§§���������333������nnnØØØkkk"""���­­­���"""÷÷÷vvvddd^̂̂���������ppp���^̂̂ººº���aaa...���:

Marginal ψ∂/ψ ψφψ, ψA/ψ φ∂2φ, ∂2A2 ∂Aφ2, ∂A3 φ4,A4, φ2A2

Relevant ψψ φ φ2,A2 φ∂A φ3,A2φ

fi 2 2 2 0 0 0 0 0 0 0
bi 0 0 1 1 2 2 2 3 3 4
di 0 1 0 0 0 1 2 0 1 0

ÙÙÙ¥¥¥���ÄÄÄ


���CCC555������¦¦¦"""
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