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²²²;;;>>>ÄÄÄåååÆÆÆ

LMaxwell = −1
4

Fµν(x)Fµν(x)− Jµ(x)Aµ(x) − JµAµ = ~J · ~A− ρφ

Lfree vector = −1
4

Fµν(x)Fµν(x) +
1
2

M2A2(x) Fµν(x) = ∂µAν(x)− ∂νAµ(x)

I >>>^̂̂|||´́́"""���þþþ���¥¥¥þþþ|||

I ÔÔÔ���|||±±±>>>^̂̂666������ªªª???\\\>>>^̂̂|||���...���KKKFFFþþþ

555���ééé¡¡¡555

I """���þþþ¥¥¥þþþþþþfff|||äääkkk555���ééé¡¡¡555: Aµ(x)→ A′µ(x) = Aµ(x) + ∂µΩ(x)

I 555���ééé¡¡¡555������666ÅÅÅðððµµµ ∂µJµ = 0

\\\\\\¤¤¤���fff ������ÍÍÍÜÜÜµµµ Jµ(x) = eψ(x)γµψ(x) = J†µ(x)

LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x)

¤¤¤���fff���555���CCC���µµµ ψ(x)→ ψ′(x) = e−ieΩ(x)ψ(x) [Q, ψ(x)] = −eψ(x)
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LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) Fµν = ∂µAν − ∂νAµ

þþþfffzzz A0(x) = 0 ÑÑÑ���i0+���∫
DAµDψDψ δ[A0]ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

=

∫
DAµDψDψ

∫
D[∂0Ω] e−i

∫
d4x λ

2 [∂0Ω]2
δ[A0+∂0Ω]ei

∫
d4x{− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/−eA/(x)−M]ψ(x)}

=

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 A2
0+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

ØØØÓÓÓ555������ÀÀÀJJJ F[Aµ(x)] = 0
I âââÔÔÔ[[[555��� (Lorentz gauge): F[Aµ(x)] = ∂µAµ(x)

I ¥¥¥ÔÔÔ555��� (Coulomb gauge): F[Aµ(x)] = ∇ · ~A(x)

I ]]]���555��� (Temporal gauge): F[Aµ(x)] = A0(x)

I ¶¶¶555��� (Axial gauge): F[Aµ(x)] = A3(x)

I NNN���555��� (Unitary gauge): F[Aµ(x)] = φ(x)− φ†(x)
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LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) Fµν = ∂µAν − ∂νAµ

þþþfffzzzOOO���: δ(f (x)) =
∑

i

1
|f ′(xi)|

δ(x− xi) ⇒
∫ ∞
−∞

dx δ(f (x)) =
∑

i

1
|f ′(xi)|

∆(A) ≡
∫
DΩ δ[F(Aµ + ∂µΩ)] = Det−1M(A) F[Aµ(x)] = 0 ������ÄÄÄ F[Aµ+Bµ] = F[Aµ]+F[Bµ]

M(A; x, y) ≡ δF[Aµ(x) + ∂µΩ(x)]

δΩ(y)
=
δF[∂µΩ(x)]

δΩ(y)
=���AµÃÃÃ'''! ∆−1

∫
DΩ δ[F(Aµ+∂µΩ)]=1

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}
ÑÑÑ���i0+���

A′µ=Aµ+∂µΩ
======= ∆−1

∫
DAµDψDψ

∫
DΩ δ{F[A′µ]} ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

ψ′=e−ieΩψ
====== ∆−1

∫
DA′µDψ

′Dψ′
∫
DΩ δ{F[A′µ]} ei

∫
d4x {− 1

4 F′µν(x)Fµν′(x)+ψ′(x)[i∂/ −eA/ ′(x)−M]ψ′(x)}

= ∆−1
∫
DΩ

∫
DAµDψDψ δ{F[Aµ]}ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}
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LQED = −1
4

Fµν(x)Fµν(x) + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) Fµν = ∂µAν − ∂νAµ

þþþfffzzz F[Aµ(x)] = 0 ÑÑÑ���i0+���∫
DAµDψDψ δ{F[Aµ]}ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

=

∫
DAµDψDψ

∫
D[F[∂µΩ]]e−i

∫
d4xλ2 F2[∂µΩ]δ{F[Aµ]+F[∂µΩ]}ei

∫
d4x{−1

4 Fµν(x)Fµν(x)+ψ(x)[i∂/−eA/(x)−M]ψ(x)}

=

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 F2[Aµ(x)]+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

ØØØÓÓÓ555������ÀÀÀJJJ F[Aµ(x)] = 0
I âââÔÔÔ[[[555��� (Lorentz gauge): F[Aµ(x)] = ∂µAµ(x)

I ¥¥¥ÔÔÔ555��� (Coulomb gauge): F[Aµ(x)] = ∇ · ~A(x)

I ]]]���555��� (Temporal gauge): F[Aµ(x)] = A0(x)

I ¶¶¶555��� (Axial gauge): F[Aµ(x)] = A3(x)

I NNN���555��� (Unitary gauge): F[Aµ(x)] = φ(x)− φ†(x)
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX^̂̂þþþ|||nnnØØØ ÑÑÑ���i0+���∫
d4x {−1

4
Fµν(x)Fµν(x)− λ

2
[∂µAµ(x)]2 + ψ(x)[i∂/ − eA/ (x)−M]ψ(x)}

=

∫
d4x {−1

2
(∂µAν − ∂νAµ)∂µAν − λ

2
[∂µAµ]2 − eAµψγµψ + ψ[i∂/ −M]ψ}

=

∫
d4x {1

2
Aµ[gµν∂2 − (1− λ)∂µ∂ν ]Aν − eAµψγµψ + ψ[i∂/ −M]ψ}

=

∫
d4x {1

2
AµiD−1,µν

0 Aν − AµJµ + ψ[i∂/−M]ψ} iD−1,µν
0 = gµν∂2−(1−λ)∂µ∂ν Jµ = eψγµψ

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 (A+iJD0)µ iD−1,µν
0 (A+iD0J)ν+ i

2 JµDµν0 Jν+ψ[i∂/ −M]ψ}

= C ×
∫
DψDψ e−

e2
2
∫

d4xd4y [ψ(x)γµψ(x)]Dµν0 (x,y)[ψ(y)γνψ(y)] +i
∫

d4x ψ(x)[i∂/ −M]ψ(x)

Dµν0 (x, y) =
i
∂2

x
[gµν − (1− 1

λ
)
∂µx ∂

ν
x

∂2
x

]δ(x− y) C =

∫
DAµ e

i
2
∫

d4x AµiD−1,µν
0 Aν
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DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

= C ×
∫
DψDψ e−

e2
2
∫

d4xd4y [ψ(x)γµψ(x)]Dµν0 (x,y)[ψ(y)γνψ(y)] +i
∫

d4x ψ(x)[i∂/ −M]ψ(x)

Dµν0 (x, y) =
i
∂2

x
[gµν − (1− 1

λ
)
∂µx ∂

ν
x

∂2
x

]δ(x− y) C =

∫
DAµ e

i
2
∫

d4x AµiD−1,µν
0 Aν

FierzCCC���

δξξ
′
δζζ
′

= aζξδξ
′ζ′ + bζξ(γ5)

ξ′ζ′ + cζξµ (γµ)ξ
′ζ′ + dζξµ (γµγ5)

ξ′ζ′ + f ζξµν(σµν)ξ
′ζ′

üüü>>>ÓÓÓ���¦¦¦δζ
′ξ′ , (γ5)

ζ′ξ′ , (γµ′)
ζ′ξ′ (γµ′γ5)

ζ′ξ′ (σµ′ν′)
ζ′ξ′ = i

2 [γµ′ , γν′ ]
ζ′ξ′

δζξ = 4aζξ (γ5)
ζξ = 4bζξ (γµ′)

ζξ = 4cζξµ′ (γµ′γ5)
ζξ = −4dζξµ′ (σµ′ν′)

ζξ = −8f ζξµ′ν′

δξξ
′
δζζ
′
=

1
4

[
δζξδξ

′ζ′+(γ5)
ζξ(γ5)

ξ′ζ′+(γµ)ζξ(γµ)ξ
′ζ′−(γµγ5)

ζξ(γµγ5)
ξ′ζ′+

1
2

(σµν)ζξ(σµν)ξ
′ζ′
]
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX^̂̂þþþ|||nnnØØØ∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

= C ×
∫
DψDψ e−

e2
2
∫

d4xd4y [ψ(x)γµψ(x)]Dµν0 (x,y)[ψ(y)γνψ(y)] +i
∫

d4x ψ(x)[i∂/ −M]ψ(x)

Dµν0 (x, y) =
i
∂2

x
[gµν − (1− 1

λ
)
∂µx ∂

ν
x

∂2
x

]δ(x− y) C =

∫
DAµ e

i
2
∫

d4x AµiD−1,µν
0 Aν

δξξ
′
δζζ
′
=

1
4

[
δζξδξ

′ζ′+(γ5)
ζξ(γ5)

ξ′ζ′+(γµ)ζξ(γµ)ξ
′ζ′−(γµγ5)

ζξ(γµγ5)
ξ′ζ′+

1
2

(σµν)ζξ(σµν)ξ
′ζ′
]

[ψ(x)γµψ(x)][ψ(y)γνψ(y)] = ψξ′(x)[γµψ(x)]ξψζ(y)[γνψ(y)]ζ′δ
ξξ′δζζ

′

=
1
4

[
[ψ(x)γνψ(y)][ψ(y)γµψ(x)]+[ψ(x)γ5γνψ(y)][ψ(y)γ5γµψ(x)]+[ψ(x)γσγνψ(y)][ψ(y)γσγµψ(x)]

−[ψ(x)γ5γσγνψ(y)][ψ(y)γ5γ
σγµψ(x)] +

1
2

[ψ(x)σσργνψ(y)][ψ(y)σσργµψ(x)]

]
= · · · · · ·
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þþþfff>>>ÄÄÄåååÆÆÆ���CCC///µµµ XXX¥¥¥þþþ|||nnnØØØ ÑÑÑ���i0+���∫ n∏
i

[dθidθi] e
∑n

ij θiMijθj =

∫ n∏
i

[dθidθi] e
∑n

ijk θiU
∗
ik akUkjθj Mij =

n∑
k

U∗ikakUkj

=

∫ n∏
i

[dθ
′
i dθ
′
i ] e

∑n
k θ
′
kakθ
′
k θ′k =

n∑
j

Ukjθj θ
′
k =

n∑
i

U∗ikθi

n∏
i

[dθidθi] =
n∏
i

[dθ
′
i dθ
′
i ]

=

∫ n∏
i

[dθ
′
i dθ
′
i ]

n∏
k

eθ
′
kakθ
′
k =

∫ n∏
i

[dθ
′
i dθ
′
i ]

n∏
k

[1 + θ
′
kakθ

′
k] =

∫ n∏
i

[dθ
′
i dθ
′
i ]

n∏
k

[θ
′
kakθ

′
k]

=

∫ n∏
i

[−dθ
′
i θ
′
i dθ′i θ

′
i ai] =

∏
i

(−ai) = Det(−M) = eTr ln(−M)

∫
DAµDψDψ ei

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2+ψ(x)[i∂/ −eA/ (x)−M]ψ(x)}

=

∫
DAµ eTr ln[i∂/ −eA/ (x)−M]+i

∫
d4x {− 1

4 Fµν(x)Fµν(x)−λ2 [∂µAµ(x)]2} IIIuuuÐÐÐOOO���111���ªªª������{{{���

1+1���QED£££Schwinger���...¤¤¤°°°(((���)))ÒÒÒ´́́ÏÏÏ���ÙÙÙ111���ªªª���±±±îîî���¦¦¦ÑÑÑ§§§¿¿¿���(((JJJééé111fff|||´́́���ggg���666 !
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Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 Aµ[gµν∂2−(1−λ)∂µ∂ν−i0+]Aν−eAµψγµψ+ψ[i∂/−M+i0+]ψ−JµAµ+Iψ+ψI}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD−1,µν
0 Aν−eAµψγµψ+ψiS−1

0 ψ−JµAµ+Iψ+ψI}

iD−1,µν
0 = gµν∂2 − (1− λ)∂µ∂ν − i0+ iS−1

0 = i∂/−M + i0+

= e
−i
∫

d4x e δ
−iδJµ(x)

δ
−iδI(x) γ

µ δ
iδI(x)

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD−1,µν
0 Aν+ψiS−1

0 ψ−JµAµ+Iψ+ψI}

= e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x)

∫
DAµDψDψ ei

∫
d4x{ 1

2 (A+iJD0)µiD−1,µν
0 (A+iD0J)ν+(ψ−iIS0)iS−1

0 (ψ−iS0I)+
i
2 JµDµν0 Jν+iIS0I}

= C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD−1,µν
0 Aν+ψiS−1

0 ψ]

Dµν0 (y, z) =
i

∂2
y − i0+

[gµν − (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− z) S0(y, z) =
i

i∂/y −M + i0+
δ(y− z)
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δW[J, I, I]
δJµ(x)

= −Aµc (x)
δW[J, I, I]
δIl(x)

= ψc,l(x)
δW[J, I, I]
δIl(x)

= −ψc,l(x)

Γ[Ac, ψc, ψc] ≡ W[J, I, I]−
∫

d4x [−Jµ(x)Aµc (x) + Il(x)ψc,l(x) + ψc,l(x)Il(x)]

δΓ[Ac, ψc, ψc]

δAµc (x)
= Jµ(x)

δΓ[Ac, ψc, ψc]

δψc,l(x)
= Il(x)

δΓ[Ac, ψc, ψc]

δψc,l(x)
= −Il(x)

∫
d4y

δ2W[J, I, I]
δJµ(x)δJν′(y)

∣∣∣∣
J=I=I=0

δ2Γ[Ac, ψc, ψc]

δAν′c (y)δAνc (x′)

∣∣∣∣
Ac=A0, ψc=ψ0, ψc=ψ0

= −δ(x− x′)gµν∫
d4y

δ2W[J, I, I]
δIl(x)δIl”(y)

∣∣∣∣
J=I=I=0

δ2Γ[Ac, ψc, ψc]

δψc,l”(y)δψc,l′(x′)

∣∣∣∣
Ac=A0, ψc=ψ0, ψc=ψ0

= −δ(x− x′)δll′

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
J=I=I=0

= −
∫

d4x′d4y′d4z′
δ2W[J, I, I]

δJµ(x)δJµ′(x′)
δ2W[J, I, I]
δIl(y)δIl1 (y′)

δ2W[J, I, I]
δIl′(z)δIl2 (z′)

∣∣∣∣
J=I=I=0

× δ3Γ[Ac, ψc, ψc]

δAµ
′

c (x′)δψc,l1
(y′)δψc,l2 (z′)

∣∣∣∣
Ac=A0, ψc=ψ0, ψc=ψ0

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

)))¤¤¤���¼¼¼������666ØØØ

������¼¼¼êêê���ººº���¼¼¼êêê

Z[J, I, I] = eiW[J,I,I] = C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

Dµν0 (x, y) =
i

∂2
x − i0+

[gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y) S0(x, y) =
i

i∂/x −M + i0+
δ(x− y)

������¼¼¼êêê: δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
J=I=I=0

≡ iDµν(x, y) = iDµν0 (x, y) +ppp���???���

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
J=I=I=0

≡ −iS(x, y) = −iS0(x, y) +ppp���???���

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
J=I=I=0

≡ Gµ(x, y, z) =

∫
d4x′D0,µν(x, x′)[S0(y, x′)ieγνS0(x′, z)]ll′+ppp���???���∫

d4z
δ2Γ[A, ψ, ψ]

δψl”(x′)δψl′(z)
δ2W[J, I, I]
δIl′(z)δIl(y)

∣∣∣∣
I=I=0

= −δl”lδ(x′ − y)

∫
d4z

[
δ2Γ[A,ψ,ψ]

δψl”(x′)δψl′ (z)
δ3W[J,I,I]

δJµ(x)δIl′ (z)δIl(y)
−
∫

d4y′ δW[J,I,I]
δJµ(x)δJν (y′)

δ3Γ[A,ψ,ψ]

δAν (y′)δψl”(x′)δψl′ (z)
δ2W[J,I,I]
δIl′ (z)δIl(y)

]
I=I=Jµ=0

= 0

δ3W[J,I,I]
δJµ(x)δIl(y)δIl′ (z)

∣∣∣∣
J=I=I=0

= −
∫

d4x′d4y′d4z′ δW[J,I,I]
δJµ(x)δJν (x′)

δ3Γ[A,ψ,ψ]

δAν (x′)δψl′1
(z′)δψl1

(y′)
δ2W[J,I,I]

δIl1
(y′)δIl(y)

δ2W[J,I,I]
δIl′ (z)δIl′1

(z′)

∣∣∣∣
J=I=I=0
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Z[J, I, I] = eiW[J,I,I] = C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

Dµν0 (x, y) =
i

∂2
x − i0+

[gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y) S0(x, y) =
i

i∂/x −M + i0+
δ(x− y)

������¼¼¼êêê: δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
J=I=I=0

≡ iDµν(x, y) = iDµν0 (x, y) +ppp���???���

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
J=I=I=0

≡ −iS(x, y) = −iS0(x, y) +ppp���???���

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
J=I=I=0

≡ Gµ(x, y, z) =

∫
d4x′D0,µν(x, x′)[S0(y, x′)ieγνS0(x′, z)]ll′+ppp���???���

Gµ(x, y, z)=
∫

d4x′d4y′d4z′Dµν(x, x′)[S(y, y′)iΓν(x′, y′, z′)S(z′, z)]ll′

δ3Γ[A, ψ, ψ]

δAµ(x)δψl(y)δψl′(z)
≡−Γµll′(x, y, z)=−eγµll′δ(z−x)δ(y−x)+ppp���???���

Γ[A, ψ, ψ] =

∫
d4x{−1

4
FµνFµν−

λ

2
[∂µAµ]2+ ψ[i∂/− eA/−M]ψ}+ppp���???���
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Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

= C × e
e
∫

d4x δ
δJµ(x)

δ
δI(x) γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD−1,µν
0 Aν+ψiS0ψ]

Dµν0 (y, z) =
i

∂2
y − i0+

[gµν − (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− z) S0(y, z) =
i

i∂/y −M + i0+
δ(y− z)

Z[J,I,I]=Ce
e
∫

d4x δ
δJµ(x)

δ
δI(x)γ

µ δ
δI(x) ei

∫
d4yd4z[ i

2 Jµ(y)Dµν0 (y,z)Jν(z)+iI(y)S0(y,z)I(z)]+i
∫

d4x[−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0

=Ce
e
∫

d4x δ
δJµ(x)

δ
δI(x)γ

µ δ
δI(x) e

i
∫

d4yd4z[− i
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν(z) +i δ
δψ(y) S0(y,z) δ

δψ(z)
]
ei
∫

d4x[−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0

= Ce
i
∫

d4yd4z[− i
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν(z)+i δ
δψ(y) S0(y,z) δ

δψ(z)
]
ei
∫

d4x[−eAµψγµψ−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0
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Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/(x)−M]ψ−JµAµ+Iψ+ψI+i0+ term}

= Ce
i
∫

d4yd4z[− i
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν (z) +i δ
δψ(y) S0(y,z) δ

δψ(z)
]
ei
∫

d4x[−eAµψγµψ−JµAµ+Iψ+ψI]
∣∣∣∣

Aµ=ψ=ψ=0

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD−1,µν
0 Aν+ψiS−1

0 ψ]

Dµν0 (y, z) =
i

∂2
y − i0+

[gµν − (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− z) S0(y, z) =
i

i∂/y −M + i0+
δ(y− z)

(Ψ−0 ,Ψ
+
0 ) = C′ × e

∫
d4yd4z [ 1

2
δ

δAµ(y) Dµν0 (y,z) δ
δAν(z) +S0(y,z) δ2

δψ(z)δψ(y)
]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

(Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )

= C × e
∫

d4yd4z [ 1
2

δ
δAµ(y) Dµν0 (y,z) δ

δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
[ψl1 (x1)ψl′1

(x′1) · · ·ψln (xn)ψl′n
(x′n)

× Aµ1 (y1) · · ·Aµm (ym)] e−i
∫

d4x eAµψγµψ
∣∣∣∣

Aµ=ψ=ψ=0
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(Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )

= C × e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
[ψl1 (x1)ψl′1

(x′1) · · ·ψln (xn)ψl′n
(x′n)

× Aµ1 (y1) · · ·Aµm (ym)] e−i
∫

d4x eAµψγµψ
∣∣∣∣

Aµ=ψ=ψ=0

I ééé(Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )C,III

ÑÑÑn���������:::x1 · · · xn,zzz:::ÚÚÚÑÑÑ���^̂̂ÑÑÑ¤¤¤������,,,,			n���������:::x′1 · · · x′n,zzz
:::ÚÚÚÑÑÑ���^̂̂???¤¤¤������§§§m���������:::y1 · · · ym,zzz:::ÚÚÚÑÑÑ���^̂̂111fff���

I ééék������ppp���^̂̂,©©©OOO333k���������:::z1, · · · , zkÚÚÚ\\\���ppp���^̂̂ººº:::,zzz���ººº:::
ÚÚÚÑÑÑ���^̂̂111fff���!!!���^̂̂ÑÑÑ¤¤¤������ÚÚÚ���^̂̂???¤¤¤������

I òòòÚÚÚÑÑÑ���n + k^̂̂ÑÑÑ¤¤¤���������n + k^̂̂???¤¤¤������üüüüüü���ëëë,¿¿¿òòòm + k^̂̂111fff
���üüüüüü���ëëë§§§������¤¤¤kkk���UUU���ÿÿÿÀÀÀØØØ���ddd���ëëë���ããã

I zzzééé¤¤¤���fffëëë������LLLS0,ll′(x, x′),zzzééé111fffëëë������LLLDµν0 (x, x′),zzz���ººº:::
���LLL−ieγµll′ ,III���ééé¤¤¤kkkººº:::������������III¦¦¦ÈÈÈ©©©

I XXXããã¥¥¥ÑÑÑyyyééé¡¡¡���ëëë���,LLL¦¦¦±±±ééé¡¡¡ÏÏÏfff. µµµ444¤¤¤���������)))���			−1ÏÏÏfff
������ ���uuu���ÆÆÆ
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AAA^̂̂µµµQED¥¥¥ÛÛÛêêê���111fff|||���������¼¼¼êêê���"""���

(Ψ−0 ,T Aµ1(x1)Aµ2(x2) · · ·Aµ2n+1(x2n+1)Ψ+
0 )C = 0
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������¼¼¼êêê¥¥¥���¹¹¹ÛÛÛêêê���ººº������µµµ444¤¤¤���fff���ããã���ppp---���"""

yyy²²²:
C = iγ2γ0 = −C−1 CγµC−1 = −γT

µ S0(x, y) =
i

i∂/x −M + i0+
δ(x− y)

CS0(x, y)C−1 =
i

−i∂/T
x −M + i0+

δ(x− y) =
i

i∂/T
y −M + i0+

δ(x− y) = ST
0 (y, x)

tr[γµ1 S0(x1, x2)γµ2 S0(x2, x3)γµ3 · · · γµn S0(xn, x1)]

= tr[Cγµ1C
−1CS0(x1, x2)C−1Cγµ2C

−1CS0(x2, x3)C−1Cγµ3 · · · γµnC
−1CS0(xn, x1)C−1]

= (−1)ntr[γT
µ1 ST

0 (x2, x1)γ
T
µ2 ST

0 (x3, x2)γ
T
µ3 · · · γ

T
µn ST

0 (x1, xn)]

= (−1)ntr[S0(x1, xn)γµn · · · γµ3 S0(x3, x2)γµ2 S0(x2, x1)γµ1 ]

tr[γµ1 S0(x1, x2)γµ2 S0(x2, x3)γµ3 · · · γµ2n+1 S0(x2n+1, x1)]ÚÚÚ
tr[S0(x1, x2n+1)γµ2n+1 · · · γµ3 S0(x3, x2)γµ2 S0(x2, x1)γµ1 ]

������������§§§ÎÎÎÒÒÒ������§§§���ppp---������
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Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

¤¤¤���fff|||���²²²£££∫
DAµDψDψ {[i∂/− eA/(x)−M]ψ(x) + I(x)} ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+··· } = 0[
[i∂/x − ieγµ

δ

δJµ(x)
−M]

δ

δiI(x)
+ I(x)

]
Z[J, I, I] = 0

i(i∂/x −M)
δZ[J, I, I]

Z[J, I, I]δI(x)
+ eγµ

δ2Z[J, I, I]
Z[J, I, I]δJµ(x)δI(x)

− I(x) = 0

(i∂/x −M)
δW[J, I, I]
δI(x)

− ieγµ
δ2W[J, I, I]
δJµ(x)δI(x)

+ eγµ
δW[J, I, I]
δJµ(x)

δW[J, I, I]
δI(x)

+ I(x) = 0

(i∂/x −M)ll′
δ2W[J, I, I]
δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJµ(x)δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ δll”δ(x− y) = 0
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¤¤¤���fff���Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

(i∂/x −M)
δW[J, I, I]
δI(x)

− ieγµ
δ2W[J, I, I]
δJµ(x)δI(x)

+ eγµ
δW[J, I, I]
δJµ(x)

δW[J, I, I]
δI(x)

+ I(x) = 0

(i∂/x −M)ll′
δ2W[J, I, I]
δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJµ(x)δIl”(y)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ δll”δ(x− y) = 0

W0 = i
∫

d4xd4y I(x)S0(x, y)I(y) S0(x, y) = i(i∂/x −M + i0+)−1δ(x− y)∫
d4z (i∂/x−M)ll′δ(x−z)

δ2W[J, I, I]
δIl′(z)δIl”(y)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJµ(x)δIl′(x)δIl”(y)

∣∣∣∣
Jµ=I=I=0

− δll”δ(x−y) = 0∫
d4z S−1

0,ll′(x, z)Sl′l”(z, y)− ieγµll′Gµ,l′l”(x, x, y)− δll”δ(x− y) = 0

S−1(x, z)−S−1
0 (x, z) = −ieγµ

∫
d4y Gµ(x, x, y)S−1(y, z) = eγµ

∫
d4y1d4y2Dµν(x, y1)S(x, y2)Γ

ν(y1, y2, z)
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¤¤¤���fff���Schwinger-Dyson���§§§

S−1(x, z)− S−1
0 (x, z) = eγµ

∫
d4y1d4y2Dµν(x, y1)S(x, y2)Γν(y1, y2, z) ≡ Σ(x, z)

S = (S−1
0 + Σ)−1 = S0(1 + ΣS0)−1 = S0 − S0ΣS0 + S0ΣS0ΣS0 + · · ·
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Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

111fff|||���²²²£££∫
DAµDψDψ{[gµν∂2−(1−λ)∂µ∂ν ]Aν−eψγµψ−Jµ} ei

∫
d4x{−1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+···}=0

{−[gµν∂2
x − (1− λ)∂µx ∂

ν
x ]

δ

δiJν(x)
− eγµll′

δ2

δIl(x)δIl′(x)
− Jµ(x)}Z[J, I, I] = 0

i[gµν∂2
x − (1− λ)∂µx ∂

ν
x ]

δZ[J, I, I]
Z[J, I, I]δJν(x)

− eγµll′
δ2Z[J, I, I]

Z[J, I, I]δIl(x)δIl′(x)
− Jµ(x) = 0

−[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δW[J, I, I]
δJν(x)

− ieγµll′
δ2W[J, I, I]
δIl(x)δIl′(x)

+ eγµll′
δW[J, I, I]
δIl(x)

δW[J, I, I]
δIl′(x)

−Jµ(x) = 0

[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δ2W[J, I, I]
δJν(x)δJσ(y)

∣∣∣∣
Jµ=I=I=0

+ ieγµll′
δ2W[J, I, I]

δJσ(y)δIl(x)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ gµσδ(x− y) = 0

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

������¼¼¼êêê������ppp'''ééé

111fff���Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

−[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δW[J, I, I]
δJν(x)

− ieγµll′
δ2W[J, I, I]
δIl(x)δIl′(x)

+ eγµll′
δW[J, I, I]
δIl(x)

δW[J, I, I]
δIl′(x)

−Jµ(x) = 0

[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δ2W[J, I, I]
δJν(x)δJσ(y)

∣∣∣∣
Jµ=I=I=0

+ ieγµll′
δ2W[J, I, I]

δJσ(y)δIl(x)δIl′(x)

∣∣∣∣
Jµ=I=I=0

+ gµσδ(x− y) = 0

W0 = 1
2

∫
d4xd4y Jµ(x)iDµν0 (x,y)Jν(y) iD−1,µν

0 (x,z)=[gµν∂2
x−(1−λ)∂µx∂

ν
x ]δ(x−z)∫

d4z[gµν∂2
x−(1−λ)∂µx∂

ν
x ]δ(x−z)

δ2W[J, I, I]
δJν(z)δJσ(y)

∣∣∣∣
Jµ=I=I=0

− ieγµll′
δ2W[J, I, I]

δJσ(y)δIl′(x)δIl(x)

∣∣∣∣
Jµ=I=I=0

+gµσδ(x−y)=0

−
∫

d4z D−1,µν
0 (x, z)Dνσ(z, y)− ieγµll′Gσ,l′l(y, x, x) + gµσδ(x−y) = 0

D−1,µν(x, z)− D−1,µν
0 (x, z) = ie

∫
d4y tr[γµGσ(y, x, x)]D−1,σν(y, z)

= −e
∫

d4yd4y′ tr[γµS(x, y)Γν(z, y, y′)S(y′, x)]
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111fff���Schwinger-Dyson���§§§

D−1,µν(x, z)−D−1,µν
0 (x, z)=−e

∫
d4yd4y′ tr[γµS(x, y)Γν(z, y, y′)S(y′, x)]︸ ︷︷ ︸

¤¤¤���fff���ÚÚÚººº������)))���üüüKKKÒÒÒ���ppp---���


���

=Πµν(x, z)

D = (D−1
0 + Π)−1 = D0(1 + ΠD0)−1 = D0 − D0ΠD0 + D0ΠD0ΠD0 + · · ·
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111fff���Schwinger-Dyson���§§§

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

D−1,µν(x, z)− D−1,µν
0 (x, z) = −e

∫
d4yd4y′ tr[γµS(x, y)Γν(z, y, y′)S(y′, x)] = Πµν(x, z)

ýýý���444zzzÜÜÜþþþµµµ������ÄÄÄgggUUU£££oblique¤¤¤

S(x, y) = 〈ψ(x)ψ(y)〉 Γµ(z, y, y′) = eγµδ(y− z)δ(y′ − z)

Πµν(x, z) ≡ −e
∫

d4y tr[γµS(x,y)Γν(z, y, y′)S(y′, x)]

oblique
====⇒ −e2tr[γµ〈ψ(x)ψ(z)〉γν〈ψ(z)ψ(x)〉] = 〈 ψ(x)eγµψ(x)ψ(z)eγνψ(z) 〉

= 〈 Jµem(x)Jνem(z) 〉 Jµem(x) ≡ −ψ(x)eγµψ(x)
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111fff|||���¤¤¤���|||���éééXXX

−[gµν∂2
x−(1−λ)∂µx ∂

ν
x ]
δW[J, I, I]
δJν(x)

− ieγµll′
δ2W[J, I, I]
δIl(x)δIl′(x)

+ eγµll′
δW[J, I, I]
δIl(x)

δW[J, I, I]
δIl′(x)

−Jµ(x) = 0

−
∫

d4z iD−1,µ′ν
0 (x′, z)

δW[J, I, I]
δJν(z)

− ieγµ
′

ll′
δ2W[J, I, I]
δIl(x′)δIl′(x′)

+ eγµ
′

ll′
δW[J, I, I]
δIl(x′)

δW[J, I, I]
δIl′(x′)

− Jµ
′
(x′) = 0

W0 = 1
2

∫
d4xd4y Jµ(x)iDµν0 (x,y)Jν(y) iD−1,µν

0 (x,z)=[gµν∂2
x−(1−λ)∂µx∂

ν
x ]δ(x−z)

δW[J, I, I]
δJµ(x)

+

∫
d4z D0,µµ′(x, x′)

[
eγµ

′

ll′
δ2W[J, I, I]
δIl(x′)δIl′(x′)

+ieγµ
′

ll′
δW[J, I, I]
δIl(x′)

δW[J, I, I]
δIl′(x′)

−iJµ
′
(x′)
]

=0

δ2W[J, I, I]
δJν(y)δJµ(x)

∣∣∣∣
Jµ=I=I=0

+e
∫

d4z D0,µµ′(x, x′)γµ
′

ll′
δ3W[J, I, I]

δJν(y)δIl(x′)δIl′(x′)

∣∣∣∣
Jµ=I=I=0

− iD0,µν(x, y) = 0

δ3W[J, I, I]
δIl1(x1)δIl2(x2)δJµ(x)

+eγµ
′

ll′

∫
d4zD0,µµ′(x,x′)

[
δ4W[J, I, I]

δIl1(x1)δIl2(x2)δIl(x′)δIl′(x′)
+

iδ2W[J, I, I]
δIl2(x2)δIl(x′)

δ2W[J, I, I]
δIl1(x1)δIl′(x′)

]
Jµ=I=I=0

======= 0

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

������¼¼¼êêê������ppp'''ééé
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δ3W[J, I, I]

δIl1
(x1)δIl2

(x2)δJµ(x)
= ieγµ

′
ll′

∫
d4z D0,µµ′ (x, x′)

[
i

δ4W[J, I, I]

δIl1
(x1)δIl2

(x2)δIl(x′)δIl′ (x′)
−

δ2W[J, I, I]

δIl2
(x2)δIl(x′)

δ2W[J, I, I]

δIl1
(x1)δIl′ (x′)

]
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Ward-Takahashi-Taylorððð���ªªª

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

555���CCC���: Aµ → Aµ + ∂µΩ ψ → e−ieΩψ∫
DAµDψDψ{−λ[∂2Ω][∂µAµ]−Jµ[∂µΩ]+ieΩ(ψI−Iψ)}ei

∫
d4x{−1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+···}=0∫
DAµDψDψ{−λ∂2∂µAµ+∂µJµ+ie(ψI−Iψ)}ei

∫
d4x{−1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ+···}=0

{λ∂2
x∂
µ
x

δ

iδJµ(x)
+ ∂µx Jµ(x) + ie[I(x)

δ

iδI(x)
− I(x)

δ

iδI(x)
]}Z[J, I, I] = 0

λ∂2
x∂
µ
x
δW[J, I, I]
δJµ(x)

+ ∂µx Jµ(x) + ie[I(x)
δW[J, I, I]
δI(x)

− I(x)
δW[J, I, I]
δI(x)

] = 0

−λ∂2
x∂
µ
x
δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= ∂ν,xδ(x−y) ⇒ ∂2
x∂
µ
x

δ2W[J, I, I]
δJµ(x)δJµ1 (x1) · · · δJµn (xn)

∣∣∣∣
Jµ=I=I=0

n≥2
==== 0

−λ∂2
x∂
µ
x

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= ie
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]
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Ward-Takahashi-Taylorððð���ªªª

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

λ∂2
x∂
µ
x
δW[J, I, I]
δJµ(x)

+ ∂µx Jµ(x) + ie[I(x)
δW[J, I, I]
δI(x)

− I(x)
δW[J, I, I]
δI(x)

] = 0

−λ∂2
x∂
µ
x
δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= ∂ν,xδ(x− y)

−λ∂2
x∂
µ
x

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= ie
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]

111fff|||ppp���©©©þþþÃÃÃþþþfff???���: Dµν0 (x, y) = i
∂2

x−i0+ [gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y)

∂µ,xiDµν(x, y) = − ∂νx
λ∂2

x
δ(x− y) = ∂µ,xiDµν0 (x, y)

���ppp���^̂̂ººº���µµµ

−λ
∫

d4x′d4y′d4z′∂2
x∂
µ
x Dµν(x, x′)S(y, y′)iΓν(x′, y′, z′)S(z′, z) = eS(y, z)[δ(x−z)− δ(x−y)]

∂µ,xΓ
µ(x, y, z) = eS−1(y, z)[δ(y− x)− δ(z− x)]
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Ward-Takahashi-Taylorððð���ªªª

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− 1

4 FµνFµν−λ2 [∂µAµ]2+ψ[i∂/−eA/−M]ψ−JµAµ+Iψ+ψI+i0+ term}

λ∂2
x∂
µ
x
δW[J, I, I]
δJµ(x)

+ ∂µx Jµ(x) + ie[I(x)
δW[J, I, I]
δI(x)

− I
δW[J, I, I]
δI(x)

] = 0

111fff|||ppp���©©©þþþÃÃÃþþþfff???���: Dµν0 (x, y) = i
∂2

x−i0+ [gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y)

∂µ,xiDµν(x, y) = − ∂νx
λ∂2

x
δ(x− y) = ∂µ,xiDµν0 (x, y)

���ppp���^̂̂ººº���µµµ ∂µ,xΓ
µ(x, y, z) = eS−1(y, z)[δ(y− x)− δ(z− x)]

Γµ0 (x, y, z) = eγµδ(y− x)δ(x− z) iS−1
0 (y, z) = (i∂/y −M + i0+)δ(y− z)

eS−1
0 (y, z)[δ(y− x)− δ(z− x)] = −ie[δ(y− x)− δ(z− x)](i∂/y −M + i0+)δ(y− z)

= e[δ(y− x)− δ(z− x)]∂/yδ(y− z) = −e∂/zδ(y− x)δ(y− z)− e∂/yδ(z− x)δ(y− z)

= −eδ(y− x)∂/zδ(x− z)− eδ(z− x)∂/yδ(y− x) = eδ(y− x)∂/xδ(x− z) + eδ(z− x)∂/xδ(y− x)

= e∂/x[δ(y− x)δ(x− z)] = ∂µ,xΓ
µ
0 (x, y, z)
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nnn:::ººº���Ward-Takahashi-Taylorððð���ªªª���CCC///LLL���

111fff|||ppp���©©©þþþÃÃÃþþþfff???���: Dµν0 (x, y) = i
∂2

x−i0+ [gµν − (1− 1
λ

)
∂µx ∂

ν
x

∂2
x

]δ(x− y)

∂µ,xiDµν(x, y) = − ∂νx
λ∂2

x
δ(x− y) = ∂µ,xiDµν0 (x, y)

−δW[J, I, I]
δIl1(x1)δIl2(x2)δJµ(x)

+eγµ
′

ll′

∫
d4zD−1

0,µµ′(x,x′)
[

iδ2W[J, I, I]
δIl1(x1)δIl2(x2)δIl(x′)δIl′(x′)

+
δW[J, I, I]
δIl2(x2)δIl(x′)

δW[J, I, I]
δIl1(x1)δIl′(x′)

]
Jµ=I=I=0

======= 0

−λ∂2
x∂
µ
x

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= ie
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]

eγµll′∂µ

[
− δ2W[J, I, I]
δIl1 (x1)δIl2 (x2)δIl(x)δIl′(x)

+ i
δW[J, I, I]
δIl2 (x2)δIl(x)

δW[J, I, I]
δIl1 (x1)δIl′(x)

]
Jµ=I=I=0

= e
δ2W[J, I, I]
δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

[δ(x− z)− δ(x− y)]
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y)

= i
e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]

Aµ(x)Aν(y) e−i
∫

d4x eAµψγµψ

e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

= iD0,µν(x, y) + i
∫

d4x1d4y1D0,µµ1 (x, x1)(−)Πµ1ν1 (x1, y1)D0,ν1ν(y1, y)

+i
∫

d4x1d4y1d4x2d4y2D0,µµ1 (x, x1)Π
µ1ν1 (x1, y1)D0,ν1µ2 (y1, x2)Π

µ2ν2 (x2, y2)D0,ν2ν(y2, y) + · · ·

= i[D0(1−ΠD0 + ΠD0ΠD0 +· · ·)]µν(x, y)= i[D0(1 + ΠD0)
−1]µν(x, y)=[i(D−1

0 + Π)−1]µν(x, y)

SD���§§§µµµD−1 − D−1
0 = Π

Πµν(x, y) = (−1)tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

= −e2tr[γµ(i∂/x −M + i0+)−1δ(x− y)γν(i∂/y −M + i0+)δ(y− x)] + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

= −e2tr[γµ(i∂/x −M + i0+)−1δ(x− y)γν(i∂/y −M + i0+)δ(y− x)] + O(e4)

= −e2
∫

d4pd4q
(2π)8 e−i(p−q)·(x−y)tr[γµ(p/−M + i0+)−1γν(q/−M + i0+)] + O(e4)

Πµν(p) = −e2
∫

d4q
(2π)4 tr[γµ(p/+ q/−M + i0+)−1γν(q/−M + i0+)] + O(e4)

= −e2
∫

d4q
(2π)4 tr[γµ

p/+ q/+ M
(p + q)2 −M2 + i0+

γν
q/+ M

q2 −M2 + i0+
] + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = −e2
∫

d4q
(2π)4 tr[γµ

p/+ q/+ M
(p + q)2 −M2 + i0+

γν
q/+ M

q2 −M2 + i0+
] + O(e4)

1
AB =

∫ 1
0

dx
[(1−x)A+xB]2 trγµγσγνγρ = 4(gµσgνρ − gµνgσρ + gµρgνσ)

1
[(p+q)2−M2+i0+](q2−M2+i0+)

=

∫ 1

0

dx
{x[(p+q)2−M2+i0+]+(1−x)(q2−M2+i0+)}2

=

∫ 1

0

dx
[(q + xp)2 −M2 + i0+ + p2x(1− x)]2

tr[γµ[p/+ q/+ M]γν(q/+ M)] = 4[(pµ + qµ)qν + (pν + qν)qµ − gµν(p + q) · q + M2gµν ]

Πµν(p) = −4e2
∫ 1

0
dx
∫

d4q
(2π)4

(pµ + qµ)qν + (pν + qν)qµ − gµν(p + q) · q + M2gµν

[(q + xp)2 −M2 + i0+ + p2x(1− x)]2 + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= D−1
µν(x, y) = [i(D−1

0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = −4e2
∫ 1

0
dx
∫

d4q
(2π)4

(pµ + qµ)qν + (pν + qν)qµ − gµν(p + q) · q + M2gµν

[(q + xp)2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

���êêê���555zzz
===== −4e2

∫ 1

0
dx µ4−D

∫
dDq

(2π)D

(pµ+qµ)qν+ (pν+qν)qµ − gµν(p+q)·q + M2gµν

[(q + xp)2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

q→q−xp
===== −4e2

∫ 1

0
dx µ4−D

∫
dDq

(2π)D [q2 −M2 + i0+ + p2x(1− x)]−2{[(1−x)pµ+qµ](qν−xpν)

???ØØØ��������� + [(1− x)pν + qν ](qµ − xpµ)− gµν [p(1− x) + q] · (q− xp) + M2gµν}+ O(e4)

= −4e2
∫ 1

0
dx µ4−D

∫
dDq

(2π)D

2[(x−1)xpµpν + qµqν ]− gµν [p2(x−1)x + q2] + M2gµν

[q2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

qµqν→ gµν

D q2

====== 4e2
∫ 1

0
dx µ4−D

∫
dDq

(2π)D

(1−x)x(2pµpν− p2gµν) + (1− 2
D )gµνq2 −M2gµν

[q2 −M2 + i0+ + p2x(1− x)]2 + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = 4e2
∫ 1

0
dx µ4−D

∫
dDq

(2π)D

(1−x)x(2pµpν− p2gµν) + (1− 2
D )gµνq2 −M2gµν

[q2 −M2 + i0+ + p2x(1− x)]2 + O(e4)

Wick===ÄÄÄµµµ q0 = iqD
E ~q = ~qE

Πµν(p) = 4e2
∫ 1

0
dxµ4−D

∫
d~q

(2π)D

∫ ∞
−∞

dq0 (1− x)x(2pµpν − p2gµν) + (1− 2
D )gµνq2 −M2gµν

[(q0)2 −~q ·~q−M2 + i0+ + p2x(1− x)]2

= −4e2
∫ 1

0
dxµ4−D

∫
d~q

(2π)D

∫ −i∞

i∞
dq0 (1− x)x(2pµpν − p2gµν) + (1− 2

D )gµνq2 −M2gµν

[(q0)2 −~q ·~q−M2 + i0+ + p2x(1− x)]2

= 4ie2
∫ 1

0
dxµ4−D

∫
d~qE

(2π)D

∫ ∞
−∞

dqD
E

(1− x)x(2pµpν−p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[−q2
E −M2 + i0+ + p2x(1− x)]2

= 4ie2
∫ 1

0
dx µ4−D

∫
dDqE

(2π)D

(1− x)x(2pµpν − p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[q2
E + M2 − i0+ − p2x(1− x)]2

+ O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = 4ie2
∫ 1

0
dx µ4−D

∫
dDqE

(2π)D

(1−x)x(2pµpν− p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[q2
E + M2 − i0+ − p2x(1− x)]2

+ O(e4)

∫
dDqE = ΩD

∫∞
0 κD−1dκ

∫ 1
0 dx xα−1(1− x)β−1 ≡ B(α, β) = Γ(α)Γ(β)

Γ(α+β)

(
√
π)D=[

∫ ∞
−∞

dxe−x2
]D=

∫
dDqE e−q2

E =ΩD

∫ ∞
0

dκ κD−1e−κ
2
=

ΩD

2

∫ ∞
0

dκ2 (κ2)
D
2 −1e−κ

2
=

1
2

ΩDΓ(D/2)

∫ ∞
0
dκ

κD−1

(κ2+ν2)2 =
1
2

∫ ∞
0
dκ2 (κ2)

D
2 −1

(κ2+ν2)2

x= ν2

κ2+ν2
=====

1
2

(ν2)
D
2−2
∫ 1

0
dx x1−D

2(1−x)
D
2−1=

1
2

(ν2)
D
2−2Γ(

D
2

)Γ(2−D
2

)

∫ ∞
0
dκ

κD+1

(κ2+ν2)2 =
1
2

∫ ∞
0
dκ2 (κ2)

D
2

(κ2+ν2)2

x= ν2

κ2+ν2
=====

1
2

(ν2)
D
2−1
∫ 1

0
dx x−

D
2(1−x)

D
2=

1
2

(ν2)
D
2−1Γ(1+

D
2

)Γ(1−D
2

)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = 4ie2
∫ 1

0
dx µ4−D

∫
dDqE

(2π)D

(1−x)x(2pµpν− p2gµν)− (1− 2
D )gµνq2

E −M2gµν

[q2
E + M2 − i0+ − p2x(1− x)]2

+ O(e4)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −2Γ(

D
2

)Γ(2−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −1Γ(1+

D
2

)Γ(1−D
2

)

Πµν(p) = 4ie2
∫ 1

0
dx ΩDµ

4−D
∫ ∞

0

κD−1dκ
(2π)D

(1−x)x(2pµpν− p2gµν)− (1− 2
D )gµνκ2 −M2gµν

[κ2 + M2 − i0+ − p2x(1− x)]2

ΩD= 2π
D
2

Γ(D/2)
======

4ie2π
D
2 µ4−D

(2π)DΓ(D/2)

∫ 1

0
dx{[(1−x)x(2pµpν−p2gµν)−M2gµν ][M2−i0+−p2x(1−x)]

D
2 −2

×Γ(
D
2

)Γ(2−D
2

)− gµν(1− 2
D

)[M2 − i0+ − p2x(1− x)]
D
2 −1Γ(1+

D
2

)Γ(1−D
2

)}
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) =
4ie2πD/2µ4−D

(2π)DΓ(D/2)

∫ 1

0
dx {[(1−x)x(2pµpν−p2gµν)−M2gµν ][M2−i0+−p2x(1−x)]

D
2 −2

×Γ(
D
2

)Γ(2−D
2

)− gµν(1− 2
D

)[M2−i0+−p2x(1−x)]
D
2 −1Γ(1+

D
2

)Γ(1−D
2

)}+O(e4)

(1− 2
D )Γ(1+ D

2 )Γ(1− D
2 ) = −Γ( D

2 )Γ(2− D
2 )

=
4ie2πD/2µ4−D

(2π)DΓ(D/2)
Γ(

D
2

)Γ(2− D
2

)

∫ 1

0
dx [M2 − i0+ − p2x(1− x)]

D
2 −2

×{[(1− x)x(2pµpν − p2gµν)−M2gµν ] + gµν [M2 − i0+ − p2x(1− x)]}+ O(e4)

= (p2gµν − pµpν)
(−i)e2µ4−D

2D−3πD/2 Γ(2−D
2

)

∫ 1

0
dx (1− x)x [M2−i0+−p2x(1−x)]

D
2 −2 + O(e4)
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D−1
0 + Π)−1]µν(x, y)

Πµν(x, y) = tr[eγµS0(x, y)eγνS0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

Πµν(p) = (p2gµν−pµpν)
(−i)e2µ4−D

2D−3πD/2 Γ(2− D
2

)

∫ 1

0
dx (1−x)x [M2−i0+−p2x(1−x)]

D
2 −2+O(e4)

Πµν(p) = (p2gµν − pµpν)π(p2) pµΠµν(p) = 0

π(p2) = − ie2µ4−D

2D−3πD/2 Γ(2− D
2

)

∫ 1

0
dx (1− x)x [M2 − i0+ − p2x(1− x)]

D
2 −2 + O(e4)

Πµν(x, y) = (−gµν∂2
x + ∂µx ∂

ν
x )π(−∂2

x )δ(x−y) iD−1,µν
0 (x, y) = [gµν∂2

x − (1−λ)∂µx ∂
ν
x ]δ(x−y)

(D−1
0 + Π)µν(x, y) = −i{(gµν∂2

x − ∂µx ∂νx )[1− iπ(−∂2
x )] + λ∂µx ∂

ν
x }δ(x− y)

(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C = Dµν(x, y) = { i

∂2
x [1− iπ(−∂2

x )]
[gµν − ∂µx ∂

ν
x

∂2
x

] +
1
λ

∂µx ∂
ν
x

∂4
x
}δ(x− y)
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(Ψ−0 ,TAµ(x)Aν(y)Ψ+
0 )C =−i

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= { i
∂2

x [1−iπ(−∂2
x )]

[gµν− ∂
µ
x ∂

ν
x

∂2
x

]+
1
λ

∂µx ∂
ν
x

∂4
x
}δ(x−y)

π(p2) = − ie2µ4−D

2D−3πD/2 Γ(2− D
2

)

∫ 1

0
dx (1− x)x [M2−i0+−p2x(1−x)]

D
2 −2 + O(e4)

I Γ(2− D
2 )

D→4
====⇒ 1

2−D/2 − γ + O(2− D/2) γ = 0.5772157
π(p2)3331 + 3������������)))uuuÑÑÑ!

I π(p2)ÃÃÃ444:::VËËË���???���ØØØKKK���111fff���þþþ 1+1���µµµM =0¦¦¦111fff¼¼¼������þþþ���

I ËËË���???���¦¦¦111fff���ÅÅÅ¼¼¼êêêcccõõõ


������ÏÏÏfff 1
1+iπ(0)

A
D
2 −2 = e( D

2 −2) ln A D→4
===⇒ 1 + (

D
2
− 2) ln A + O((

D
2
− 2)2)

π(p2) = − ie2µ4−D

2π2 [
1

2− D/2
− γ + · · · ]

∫ 1

0
dx (1− x)x

[
[M2−i0+−p2x(1−x)]

4π

] D
2 −2

+ O(e4)

= − ie2

12π2

[
1

2− D/2
− γ − 6

∫ 1

0
dx (1− x)x ln

[M2−i0+−p2x(1−x)]

4πµ2

]
+ O(e4)
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~~~^̂̂������555zzz

���êêê���555zzz 1999cccììì������ÔÔÔnnnøøø∫
d4q

(2π)4 V µ4−D
∫

dDq
(2π)D ���CCC,������ÊÊÊ333333���ÈÈÈ©©©������ggg,eee***¿¿¿���γÝÝÝ


, γ5kkk¯̄̄KKK

���êêê���555zzz¥¥¥ÃÃÃ���ggguuuÑÑÑ���∫
dDqE = ΩD

∫ ∞
0

κD−1dκ
∫ 1

0
dx xα−1(1− x)β−1 ≡ B(α, β) =

Γ(α)Γ(β)

Γ(α+ β)∫ ∞
0

dκ2 (κ2)
D
2 −1+n

κ2 + ν2

x= ν2

κ2+ν2
=====−(ν2)

D
2−1+n

∫ 0

1
dx x−

D
2−n(1−x)

D
2−1+n = (ν2)

D
2−1+nΓ(

D
2

+n)Γ(1−D
2
−n)

dκ2 = −ν
2

x2 dx
1

κ2 + ν2 =
x
ν2 κ2 = ν2x−1(1− x)∫ ∞

0
dκ2 (κ2)

D
2 −2+n = lim

ν→0

∫ ∞
0

dκ2 (κ2)
D
2 −1+n

κ2 + ν2 = lim
ν→0

(ν2)
D
2−1+nΓ(

D
2

+n)Γ(1−D
2
−n)

D
2 −2+n>−1

====== 0
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���êêê���555zzz 1999cccììì������ÔÔÔnnnøøø∫
d4q

(2π)4 V µ4−D
∫

dDq
(2π)D ���CCC,������ÊÊÊ333333���ÈÈÈ©©©������ggg,eee***¿¿¿���γÝÝÝ


, γ5kkk¯̄̄KKK

ÄÄÄþþþ���äää���555zzz ∫
d4qE

(2π)4 V
Ω4

(2π)4

∫ Λ

0
dqE q3

E ØØØ���CCC

Pauli-Villars���555zzz
1

(p + q)2 −M2 + i0+
V

1
(p + q)2 −M2 + i0+

− 1
(p + q)2 − Λ2 + i0+

���êêê���555zzz���ÄÄÄþþþ���äää���ppp���: 1
2−D/2 − γ + ln 4πµ2 ⇔ ln Λ2

2πD/2µ4−D

(2π)DΓ(D/2)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1

16π2 (
ν2

4πµ2 )
D
2 −2Γ(2−D

2
) =

1
16π2

[
1

2− D/2
− γ + ln

4πµ2

ν2

]
2π2

(2π)4

∫ Λ

0
dκ

κ3

(κ2 + ν2)2 =
1

16π2

∫ Λ2

0
dκ2 κ2

(κ2 + ν2)2 =
1

16π2 [ln
Λ2

ν2 + 1]
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'''uuu���ÄÄÄþþþÈÈÈ©©©¥¥¥���ÄÄÄþþþ²²²£££

I ÂÂÂñññÈÈÈ©©©ÚÚÚéééêêêuuuÑÑÑÈÈÈ©©©���±±±???111ÄÄÄþþþ²²²£££

I ���555uuuÑÑÑÚÚÚ���ggguuuÑÑÑÈÈÈ©©©ÄÄÄþþþ²²²£££������������kkk������

I nnnggg±±±þþþuuuÑÑÑÄÄÄþþþ²²²£££���������$$$���������������óóóggguuuÑÑÑ���

éééêêêuuuÑÑÑµµµ 1
A2B2 = 6

∫ 1
0 dx x(1−x)

[xA+(1−x)B]4∫
d4q
[

1
[(q + p)2 − m2]2 −

1
[q2 − m2]2

]
=

∫
d4q

[q2 − m2]2 − [(q + p)2 − m2]2

[(q + p)2 − m2]2[q2 − m2]2

= 6
∫

d4q
∫ 1

0
dx x(1− x)

−2(q2 − m2)(p2 + 2q · p)− (p2 + 2q · p)2

[(xp + q)2 − m2 + p2x(1− x)]4

= 6
∫

d4q
∫ 1

0
dx x(1− x)

−2[(q− xp)2 − m2][p2 + 2(q− xp) · p]− [p2 + 2(q− xp) · p]2

[q2 − m2 + p2x(1− x)]4

x↔1−x
===== 0 ÙÙÙ¥¥¥|||^̂̂


 x(1− x)

x↔1−x
===== x(1− x) 2x− 1 x↔1−x

===== 1− 2x

���ÈÈÈ¼¼¼êêê©©©fff = −2q2(1−2x)p2 + (8x−4)(q·p)2 − 2(x2p2−m2)(1−2x)p2 − p4(1−2x)2

∼ [−2(1− 2x)x2 − (1− 2x)2]p4 = (2x− 1)(2x2 − 2x + 1)p4 = (2x− 1)[2x(x− 1)− 1]p4
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���555uuuÑÑÑµµµ 1
A2B2 = 6

∫ 1
0 dx x(1−x)

[xA+(1−x)B]4∫
d4q
[

q · p
[(q+p)2−m2]2 −

(q− p) · p
[q2−m2]2

]
=

∫
d4q
[

q·p{[q2−m2]2 − [(q+p)2−m2]2}
[(q+p)2 − m2]2[q2 − m2]2 +

p2

[q2−m2]2

]
=

∫
d4q
[ ∫ 1

0
dx

6x(1− x)q · p[−2(q2 − m2)(p2 + 2q · p)− (p2 + 2q · p)2]

[(xp + q)2 − m2 + p2x(1− x)]4 +
p2

[q2−m2]2

]
=

∫
d4q
[∫ 1

0
dx

6x(1−x)(q−xp)·p{−2[(q−xp)2 − m2][p2 + 2(q−xp)·p]− [p2 + 2(q−xp)·p]2}
[q2 − m2 + p2x(1− x)]4 + · · ·

���ÈÈÈ¼¼¼êêê©©©fff = 6x(1− x)q·p[−4q2q·p + 4q·p(1−2x)p2 − 4(x2p2−m2)q· p− 4q·p(1−2x)p2]

−6(1−x)x2p2{−2q2(1−2x)p2+(8x−4)(q·p)2−2(x2p2−m2)(1−2x)p2−p4(1−2x)2}
∼6x(1−x)[−q4p2−(x2p2−m2)q2p2]−6(1−x)x2p2{3q2p2−2m2p2−p4[x2(1−2x)+(1−2x)2]}

éééêêêuuuÑÑÑ��� =

∫
d4q
[∫ 1

0
dx
−6x(1−x)[q2− m2+ p2x(1−x) + m2− p2x(1−x)]2p2

[q2 − m2 + p2x(1− x)]4 +
p2

[q2−m2]2

]
OOO���uuuÑÑÑ���

====⇒
∫

d4q
[ ∫ 1

0
dx

−p2

[q2 − m2 + p2x(1− x)]2 +
p2

[q2−m2]2

]
= 0

������ ���uuu���ÆÆÆ
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���ggguuuÑÑÑµµµ 1
A2B2 = 6

∫ 1
0 dx x(1−x)

[xA+(1−x)B]4∫
d4q
[

qµqν

[(q+p)2−m2]2 −
(qµ−pµ)(qν−pν)

[q2 − m2]2

]
=

∫
d4q
[

qµqν

[(q+p)2−m2]2 −
qµqν + pµpν

[q2−m2]2

]
=

∫
d4q
[ ∫ 1

0
dx 6x(1−x)

qµqν [−2(q2−m2)(p2+2q·p)−(p2+2q·p)2]

[(xp + q)2 − m2 + p2x(1− x)]4 − pµpν

[q2−m2]2

]
=

∫
d4q
[ ∫ 1

0
dx
{−2[(q− xp)2 − m2][p2 + 2(q− xp) · p]− [p2 + 2(q− xp) · p]2}

[q2 − m2 + p2x(1− x)]4

×6x(1− x)(qµqν − xqµpν − xpµqν + x2pµpν)− pµpν

[q2 − m2]2

]
OOO���uuuÑÑÑ���

====⇒
∫

d4q
[ ∫ 1

0
dx

24q2q · px2(1− x)(qµpν + pµqν)

[q2 − m2 + p2x(1− x)]4 − pµpν

[q2 − m2]2

]
=

∫
d4q
[ ∫ 1

0
dx

12q4x2(1− x)pµpν

[q2 − m2 + p2x(1− x)]4 −
pµpν

[q2 − m2]2

]
= pµpν

∫
d4q
[ ∫ 1

0
dx

6q4x(1− x)

[q2 − m2 + p2x(1− x)]4 −
1

[q2 − m2]2

]
OOO���uuuÑÑÑ���

====⇒ 0
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���ggguuuÑÑÑ���555���ééé¡¡¡555

Πµν(p) = −2ie2
∫ 1

0
dx Ω4

∫ Λ2

0

κ2dκ2

(2π)4

(1− x)x(2pµpν − p2gµν)− 1
2 gµνκ2 −M2gµν

[κ2 + M2 − i0+ − p2x(1− x)]2

=−2ie2Ω4

(2π)4

∫ 1

0
dx
[
− 1

2
gµνΛ2+2(1−x)x(pµpν−p2gµν) ln[

Λ2

M2−p2x(1−x)
+1]

+[
3
2

M2gµν−(1−x)x(2pµpν− 1
2

p2gµν)
Λ2

Λ2+M2−p2x(1−x)
]

]
Ward-Takahashi-Taylorððð���ªªª: ∂µ,xDµν(x, y) = ∂µ,xDµν0 (x, y)

Dµν0 (x, y) =

∫
d4p

(2π)4 e−ip·(x−y)Dµν0 (p) Dµν0 (p) =
−i
p2 [gµν − (1− 1

λ
)

pµpν

p2 ]

Dµν(p) = [D−1
0 (p) + Π(p)]−1µν(p) Πµν(p) = p2gµνπ(p2)− pµpνπ1(p2)

iD−1,µν(p) = −p2[1− iπ(p2)]gµν + [1− λ− iπ1(p2)]pµpν
π=π1=0

======= iD−1,µν
0 (p)

Dµν(p) =
−i

p2[1− iπ(p2)]

[
gµν +

pµpν [1− λ− iπ1(p2)]

p2[λ− iπ(p2) + iπ1(p2)]

]
pµDµν(p) = pµDµν0 (p) = −i

pν

λp2 ⇒ π1(p2) = π(p2) Πµν(p) = (p2gµν− pµpν)π(p2)

555���ØØØCCC555BBB+++���ggguuuÑÑÑ���
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y)

= −i
e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
ψl(x)ψl′(y) e−i

∫
d4x eAµψγµψ

e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

= −iS0,ll′(x, y)− i
∫

d4x1d4y1S0,ll1 (x, x1)(−1)Σl1l′1
(x1, y1)S0,l′1l(y1, y)

−i
∫

d4x1d4y1d4x2d4y2S0,ll1 (x, x1)Σl1l′1
(x1, y1)S0,l′1l2 (y1, x2)Σl2l′2

(x2, y2)S0,l′2l′(y2, y) + · · ·

=−i[S0(1− ΣS0 + ΣS0ΣS0 +· · ·)]ll′(x, y)=−i[S0(1 + ΣS0)
−1]ll′(x, y)=−i[(S−1

0 + Σ)−1]ll′(x, y)

SD���§§§µµµS−1 − S−1
0 = Σ

Σll′(x, y) = [(−i)eγµS0(x, y)D0,µν(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

= e2{γµ(i∂/x−M−i0+)−1δ(x−y)γν
1

∂2
y−i0+

[gµν−(1− 1
λ

)
∂µ,y∂ν,y
∂2

y
]}ll′δ(y−x) + O(e4)
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y) = −i[(S−1
0 + Σ)−1]ll′(x, y)

Σll′(x, y) = [(−i)eγµS0(x, y)D0,µν(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

= e2γµ(i∂/x −M − i0+)−1δ(x− y)γν
1

∂2
y − i0+

[gµν− (1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y− x) + O(e4)

= e2
∫

d4pd4q
(2π)8 e−i(p−q)·(x−y){γµ 1

p/−M−i0+
γν
−1

q2+i0+
[gµν− (1− 1

λ
)

qµqν
q2 ]}ll′+O(e4)

¤¤¤ùùù555���: λ = 1 1
AB =

∫ 1
0

dx
[(1−x)A+xB]2

Σ(p) = −e2
∫

d4q
(2π)4 γ

µ p/+ q/+ M
(p + q)2 −M2 + i0+

γµ
1

q2 + i0+
+ O(e4)

= −e2
∫

d4q
(2π)4

∫ 1

0
dx

γµ(p/+ q/+ M)γµ
{x[(p + q)2 −M2 + i0+] + (1− x)(q2 + i0+)}2 + O(e4)

= 2e2
∫

d4q
(2π)4

∫ 1

0
dx

p/+ q/− 2M
{x[(p + q)2 −M2 + i0+] + (1− x)(q2 + i0+)}2 + O(e4)
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y) = −i[(S−1
0 + Σ)−1]ll′(x, y)

Σll′(x, y) = [(−i)eγµS0(x, y)D0(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

Σ(p) = 2e2
∫

d4q
(2π)4

∫ 1

0
dx

p/+ q/− 2M
{x[(p + q)2 −M2 + i0+] + (1− x)(q2 + i0+)}2 + O(e4)

= 2e2
∫

d4q
(2π)4

∫ 1

0
dx

p/+ q/− 2M
[(q + xp)2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)

= 2e2µ4−D
∫

dDq
(2π)D

∫ 1

0
dx

p/+ q/− 2M
[(q + xp)2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)

= 2e2µ4−D
∫

dDq
(2π)D

∫ 1

0
dx

(1− x)p/+ q/− 2M
[q2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)

Wick===ÄÄÄµµµ
∫

dDq→ i
∫

dDqE = iΩD
∫∞

0 κD−1dκ q2 → −κ2 ΩD = 2πD/2

Γ(D/2)

Σ(p) =
4iµ4−De2πD/2

Γ(D/2)(2π)D

∫ ∞
0

κD−1dκ
∫ 1

0
dx

(1− x)p/− 2M
[−κ2 + x(1− x)p2 − xM2 + i0+]2 + O(e4)
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−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C = [i∂/x −M − i0+ + Σ(i∂x)]

−1δ(x− y)

Σ(p) =
4iµ4−De2πD/2

Γ(D/2)(2π)D

∫ ∞
0

κD−1dκ
∫ 1

0
dx

(1− x)p/− 2M
[κ2 − x(1− x)p2 + xM2 − i0+]2 + O(e4)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −2Γ(

D
2

)Γ(2−D
2

)

Σ(p) =
2ie2µ4−DΓ(2− D

2 )

(4π)D/2

∫ 1

0
dx[(1− x)p/− 2M][−x(1− x)p2 + xM2 − i0+]

D
2 −2 + O(e4)

Γ(2−D
2

)
D→4

==⇒ 1
2−D/2

−γ+O(2−D/2) A
D
2−2 D→4

==⇒ 1+(
D
2
−2) ln A+O((

D
2
−2)2)

Σ(p)=
ie2

8π2

[
(

1
2−D/2

−γ)(
1
2

p/−2M)−
∫ 1

0
dx [(1−x)p/−2M] ln

x(x−1)p2+xM2−i0+

4πµ2

]
+O(e4)

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=
e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2

δψ(z)δψ(y)
]
Aµ(x)ψl(y)ψl′(z)e−i

∫
d4x eAµψγµψ

e
∫

d4yd4z [ 1
2 Dµν0 (y,z) δ2

δAµ(y)δAν (z) +S0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

=

∫
d4x′ D0,µν(x, x′)S0,ll1 (y, x′)ieγνl1l2 S0,l2l′(x′, z) +

∫
d4x′d4y′d4z′ D0,µν(x, x′)

×S0,ll1 (y, y′)ieγµ
′

l1l2
S0,l2l3 (y′, x′)(−i)eγνl3l4 S0,l4l5 (x′, z′)(−i)eγν

′
l5l6 S0,l5l′(z′, z)D0,µ′ν′(y′, z′) + O(e5)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

nnn���ººº���

Γν(x, y, z) = eγνδ(y− x)δ(x− z)− e3γµ
′
S0(y, x)γνS0(x, z)γν

′
D0,µ′ν′(y, z) + O(e5)

= eγνδ(y−x)δ(x−z) + ie3γµ
′
(i∂/y−M−i0+)−1δ(y−x)γν(i∂/x−M−i0+)−1δ(x−z)γν

′

× 1
∂2

y−i0+
[gµ′ν′− (1− 1

λ
)
∂µ′,y∂ν′,y

∂2
y

]δ(y−z) + O(e5)
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

Γν(x, y, z) = eγνδ(y−x)δ(x−z) + ie3γµ
′
(i∂/y−M−i0+)−1δ(y−x)γν(i∂/x−M−i0+)−1δ(x−z)γν

′

× 1
∂2

y−i0+
[gµ′ν′− (1− 1

λ
)
∂µ′,y∂ν′,y

∂2
y

]δ(y−z) + O(e5)

= eγν
∫

d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z) + ie3
∫

d4pd4p′d4q
(2π)12 e−ip·(y−x)−ip′·(x−z)−iq·(y−z)

×γµ
′
(p/−M−i0+)−1γν(p/′−M−i0+)−1γν

′ −1
q2+i0+

[gµ′ν′− (1− 1
λ

)
qµ′qν′

q2 ] + O(e5)

=

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+ie3
∫

d4q
(2π)4γ

µ′ 1
p/+q/−M−i0+

γν
1

p/′+q/−M−i0+
γν
′ −1
q2+i0+

[gµ′ν′−(1− 1
λ

)
qµ′qν′

q2 ]+O(e5)
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+ie3
∫

d4q
(2π)4γ

µ′ 1
p/+q/−M−i0+

γν
1

p/′+q/−M−i0+
γν
′ −1
q2+i0+

[gµ′ν′−(1− 1
λ

)
qµ′qν′

q2 ]+O(e5)

¤¤¤ùùù555���µµµ λ = 1 1
ABC = 2

∫ 1
0 dx

∫ x
0 dy 1

[Ay+B(x−y)+C(1−x)]3

= eγν − ie3
∫

d4q
(2π)4

γµ(p/+ q/+ M)γν(p/′ + q/+ M)γµ
[(p + q)2 −M2 + i0+][(p′ + q)2 −M2 + i0+](q2 + i0+)

+ O(e5)

=eγν−2ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

γµ[(p/+ q/)γν(p/′ + q/) + M(p/+ q/)γν + Mγν(p/′ + q/) + M2γν ]γµ
{y[(p+q)2−M2+i0+]+(x−y)[(p′+q)2−M2+i0+]+(1−x)(q2+i0+)}3

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

(p/′ + q/)γν(p/+ q/)− 2M(pν + qν)− 2M(p′ν + qν) + M2γν

[q2+ 2yp · q + 2(x− y)p′ · q + yp2+ (x− y)p′2− xM2+ i0+]3 +O(e5)
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(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=

∫
d4x′d4y′d4z′ D0,µν(x, x′)S0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S0,l2l′(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+ 4ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

(p/′+q/)γν(p/+q/)− 2M(pν+qν)−2M(p′ν+qν)+M2γν

[q2+2yp·q+2(x−y)p′ ·q+yp2+(x−y)p′2−xM2+i0+]3 +O(e5)

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy
∫

d4q
(2π)4

(p/′+q/)γν(p/+q/)− 2M(pν+ p′ν+2qν)+M2γν

{[q+yp+(x−y)p′]2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+i0+}3+O(e5)

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy
∫

dDq
(2π)D

(p/′+q/)γν(p/+q/)− 2M(pν+ p′ν+2qν)+M2γν

{[q+yp+(x−y)p′]2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+i0+}3+O(e5)

=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy µ4−D

∫
dDq

(2π)D

[
[(1−x+y)p/′−yp/+q/]γν[(1−y)p/+(y−x)p/′+q/]−2M[(1−2y)

×pν +(1−2x+2y)p′ν+2qν]+M2γν
]
{q2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+ i0+}−3+ O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) ΩD =
2πD/2

Γ(D/2)

Γν(p,p′)=eγν+4ie3
∫ 1

0
dx
∫ x

0
dy µ4−D

∫
dDq

(2π)D

[
[(1−x+y)p/′−yp/+q/]γν[(1−y)p/+(y−x)p/′+q/]+M2γν

−2M[(1−2y)pν+(1−2x+2y)p′ν+2qν]
]
{q2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+ i0+}−3+O(e5)

=eγν− 8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν

−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{−κ2−[yp+(x−y)p′]2+yp2+(x−y)p′2−xM2+ i0+}−3+O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −2Γ(

D
2

)Γ(2−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)2 =
1
2

(ν2)
D
2 −1Γ(1 +

D
2

)Γ(1−D
2

)∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −2Γ(1 +

D
2

)Γ(2−D
2

)

Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′) ∆2 ≡ [yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

Γνdiv(p, p′) =
8µ4−De3πD/2

Γ(D/2 + 1)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD+1dκγν [κ2 + ∆2]−3 + O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3π

D
2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −2Γ(1 +

D
2

)Γ(2−D
2

)

Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′) ∆2 ≡ [yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

Γνdiv(p, p′) =
8µ4−De3πD/2

Γ(D/2 + 1)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD+1dκγν [κ2 + ∆2]−3 + O(e5)

= γν
e3Γ(2− D

2 )

8π2

∫ 1

0
dx
∫ x

0
dy
[

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

] D
2 −2

+ O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3π

D
2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κD+1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −2Γ(1 +

D
2

)Γ(2−D
2

)

Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′) Γ(2−D
2

)
D→4

==⇒ 1
2−D/2

−γ+O(2−D/2)

Γνdiv(p, p′) = γν
e3Γ(2− D

2 )

8π2

∫ 1

0
dx
∫ x

0
dy
[

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

] D
2 −2

+ O(e5)

= γν
e3

8π2

[
1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

]
+ O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p,p′)=eγν+
8µ4−De3π

D
2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+(M2+

2
D
κ2)γν−2M[(1−2y)pν+(1−2x+2y)p′ν]

]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

) Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′)

Γνdiv(p, p′)=γν
e3

8π2

[
1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

]
+O(e5)

Γνfin(p, p′)=eγν+
8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν [(1−y)p/+(y−x)p/′]

+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) Γν(p, p′) = Γνdiv(p, p′) + Γνfin(p, p′)

Γνdiv(p, p′)=γν
e3

8π2

[
1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2

]
+O(e5)

Γνfin(p, p′)=eγν+
8µ4−De3πD/2

Γ(D/2)(2π)D

∫ 1

0
dx
∫ x

0
dy
∫ ∞

0
κD−1dκ

[
[(1−x+y)p/′−yp/]γν [(1−y)p/+(y−x)p/′]

+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{κ2+[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−3+O(e5)

∫ ∞
0

dκ
κD−1

(κ2+ν2)3 =
1
4

(ν2)
D
2 −3Γ(

D
2

)Γ(3−D
2

)

∫ ∞
0

dκ
κ3

(κ2+ν2)3 =
1
4

(ν2)−1

Γνfin(p, p′)=eγν+
2e3π2

(2π)4

∫ 1

0
dx
∫ x

0
dy
[
[(1−x+y)p/′−yp/]γν [(1−y)p/+(y−x)p/′]

+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
]
{[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+}−1+O(e5)
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���ppp���^̂̂ººº���

(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D0,µν(x, x′)S0(y, y′)iΓν(x′, y′, z′)S0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p, p′)=eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

y→ x− y
∫ x

0 dy→
∫ x

0 dy

Γν(p, p′)=eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[(x−y)p+yp′]2−(x−y)p2−yp′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−y)p/′+(y−x)p/]γν[(1−x+y)p/−yp/′]+M2γν−2M[(1−2x+2y)pν+(1−2y)p′ν]
[(x− y)p + yp′]2 − (x− y)p2 − yp′2+ xM2 − i0+

]
+O(e5)
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¡¡¡������¯̄̄KKK���éééüüü

¯̄̄KKKµµµ
I 111fffÚÚÚ¤¤¤���fffDDDÂÂÂfff999111fff���¤¤¤���fff������ppp���^̂̂ººº������������ËËË���???
���kkkbbb			uuuÑÑÑ

I bbb			uuuÑÑÑÏÏÏLLL���������êêê���òòòÿÿÿCCC¤¤¤333D = 4������444:::

I nnnØØØ´́́ÄÄÄ®®®²²²ÃÃÃ¿¿¿ÂÂÂ


ººº

éééüüüµµµ
I ������¼¼¼êêê���uuuÑÑÑ¿¿¿ØØØ¿¿¿���XXXÔÔÔnnn���***ÿÿÿþþþuuuÑÑÑ§§§§§§���¿¿¿���^̂̂...���KKKFFF
þþþ¥¥¥���þþþLLL������ÔÔÔnnnþþþuuuÑÑÑ

I ¢¢¢���þþþ***ÿÿÿ���´́́ÔÔÔnnnþþþ���ÔÔÔnnnþþþ���mmm���'''XXX§§§������ùùù«««'''XXX¥¥¥vvvkkkuuu
ÑÑÑ§§§nnnØØØÒÒÒ´́́kkk¿¿¿ÂÂÂ������

I ...���KKKFFFþþþ¥¥¥kkk������þþþ������uuuÑÑÑ���ÔÔÔnnnþþþ
V&&&¢¢¢...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþUUUÄÄÄ������kkk������ÔÔÔnnnþþþ

I ...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþUUUÄÄÄ������kkk������ÔÔÔnnnþþþVÔÔÔnnnþþþ���ÔÔÔnnnþþþ���mmm
���'''XXXvvvkkkuuuÑÑÑ
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���...���KKKFFFþþþ

...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþººº
I ...���KKKFFFþþþ¥¥¥uuuÑÑÑ���þþþ���///àààþþþ000 \\\eeeIIIBµµµ
ààà|||§§§àààëëëêêê£££���þþþ!!!ÍÍÍÜÜÜ~~~êêê!!!. . .¤¤¤

I àààþþþ´́́uuuÑÑÑ������ ^̂̂kkk������þþþ///���zzzþþþ000LLL���àààþþþ

ψB = Z1/2
2 ψ AµB = Z1/2

3 Aµ eBZ2Z1/2
3 = Z1e MB = M + δM λB = Zλλ

^̂̂���zzzþþþLLL������...���KKKFFFþþþ���---������

LQED = −1
4

FB,µν(x)FµνB (x)− λB

2
[∂µAµB (x)]2 + ψB(x)[i∂/ − eBA/ B(x)−MB]ψB(x)

= −Z3

4
Fµν(x)Fµν(x)− Z3Zλ

λ

2
[∂µAµ(x)]2 + Z2ψ(x)[i∂/ − Z1Z−1

2 eA/ (x)−M − δM]ψ(x)

= −1
4

Fµν(x)Fµν(x)− λ

2
[∂µAµ(x)]2 + ψ(x)[i∂/−eA/(x)−M]ψ(x)− 1

4
(Z3−1)Fµν(x)Fµν(x)

−λ
2

(Z3Zλ − 1)[∂µAµ(x)]2 + ψ(x)[(Z2 − 1)(i∂/ −M)− (Z1 − 1)eA/ (x)− Z2δM]ψ(x)
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éééêêêuuuÑÑÑ!!!���ggguuuÑÑÑ���������������nnnØØØ���ggg,,,555

±±±âââfff���þþþ���~~~

M2
phy = (u0 + u1 + u2 + · · · )Λ2 + (l0 + l1 + l2 + · · · )M2

r ln(Λ2/M2
r ) + (f0 + f1 + f2 + · · · )M2

r

I ���ggguuuÑÑÑééépppUUU«««ÔÔÔnnn���666���©©©²²²www

I éééêêêuuuÑÑÑééépppUUU«««ÔÔÔnnn���666ØØØ���²²²www

nnn«««;;;...���ÔÔÔnnnUUUþþþºººÝÝÝµµµ M2
phy ∼ M2

r ∼ (100GeV)2

Λ = 103GeV u0 + u1 + u2 + · · · ∼ 10−2 l0 + l1 + l2 + · · · ∼ 1

Λ = 1016GeV u0 + u1 + u2 + · · · ∼ 10−28 l0 + l1 + l2 + · · · ∼ 10−1

Λ = 1019GeV u0 + u1 + u2 + · · · ∼ 10−36 l0 + l1 + l2 + · · · ∼ 10−1

ggg,,,555µµµ
I ���ggguuuÑÑÑ������333���¦¦¦OOO������°°°[[[NNN!!!§§§éééêêêuuuÑÑÑØØØIII���

I °°°[[[NNN!!!éééOOO���´́́ØØØ½½½���§§§ØØØggg,,,���

I 333IIIþþþ|||!!!¥¥¥þþþ|||ÚÚÚ^̂̂þþþ|||¥¥¥���kkkIIIþþþ|||ÚÚÚkkk���þþþ���¥¥¥þþþ|||äääkkk���ggg
uuuÑÑÑ§§§ÏÏÏ§§§���´́́ØØØggg,,,������
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���������¼¼¼êêêÚÚÚººº���¼¼¼êêê
ψB = Z1/2

2 ψ AµB = Z1/2
3 Aµ eBZ2Z1/2

3 = Z1e MB = M + δM λB = Zλλ
���zzz���������¼¼¼êêê

(Ψ−0 ,T [ψB,l1 (x1)ψB,l′1
(x′1) · · ·ψB,ln (xn)ψB,l′n

(x′n)AB,µ1 (y1) · · ·AB,µm (ym)] Ψ+
0 )C

= Zn
2 Zm/2

3 (Ψ−0 ,T [ψl1 (x1)ψl′1
(x′1) · · ·ψln (xn)ψl′n

(x′n)Aµ1 (y1) · · ·Aµm (ym)] Ψ+
0 )

���zzz���ººº���¼¼¼êêê
δ2n+mΓ[AB, ψB, ψB]

δψB,l1
(x1)δψB,l′1

(x′1) · · · δψB,ln (xn)δψB,l′n (x′n)δAµ1
B (y1) · · · δAµm

B (ym)

∣∣∣∣
AB=A0, ψB=ψ0, ψB=ψ0

= Z−n
2 Z−m/2

3
δ2n+mΓ[AB, ψB, ψB]

δψl1
(x1)δψl′1

(x′1) · · · δψln (xn)δψl′n (x′n)δAµ1 (y1) · · · δAµm (ym)

∣∣∣∣
AB=A0, ψB=ψ0, ψB=ψ0

Ward-Takahashi-Taylorððð���ªªª
∂µ,xiDµνB (x, y) = − ∂νx

λB∂2
x
δ(x− y) ∂µ,xΓ

µ
B (x, y, z) = eBS−1

B (y, z)[δ(y− x)− δ(z− x)]

Z3∂µ,xiDµν(x,y)=−Z−1
λ

∂νx
λ∂2

x
δ(x−y) Z−1

2 Z
− 1

2
3 ∂µ,xΓ

µ(x,y,z)=iZ1Z−1
2 Z
− 1

2
3 eZ−1

2 S−1(y,z)[δ(y−x)−δ(z−x)]

Zλ = Z−1
3 Z1 = Z2 ººº������zzz������ddd111fff������zzzûûû½½½¶¶¶AbelCCCqqq
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���zzz������¼¼¼êêê���)))¤¤¤���¼¼¼

Z[J, I, I]=eiW[J,I,I] =

∫
DAµDψDψ ei

∫
d4x{− Z3

4 FµνFµν−λ2 [∂µAµ]2+Z2ψ[i∂/−eA/(x)−M−δM]ψ−JµAµ+Iψ+ψI+i0+}

=

∫
DAµDψDψ ei

∫
d4x { Z3

2 Aµ[gµν∂2−(1−Z−1
3 λ)∂µ∂ν−i0+]Aν−Z2eAµψγµψ+Z2ψ[i∂/−M−δM−i0+]ψ−JµAµ+Iψ+ψI}

=

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD̃−1,µν
0 Aν−Z2eAµψγµψ+ψĩS−1

0 ψ−JµAµ+Iψ+ψI}

iD̃−1,µν
0 = Z3gµν∂2 − (Z3 − λ)∂µ∂ν − i0+ iS̃−1

0 = Z2[i∂/−M − δM − i0+]

= e
i
∫

d4x Z2e δ
−iδJµ(x)

δ
−iδI(x) γ

µ δ
iδI(x)

∫
DAµDψDψ ei

∫
d4x { 1

2 AµiD̃−1,µν
0 Aν+ψĩS−1

0 ψ−JµAµ+Iψ+ψI}

=e
−Z2e

∫
d4x δ

δJµ(x)
δ

δI(x) γ
µ δ
δI(x)

∫
DAµDψDψ ei

∫
d4x{ 1

2 (A+iJD̃0)µiD̃−1,µν
0 (A+iD̃0J)ν+(ψ−iIS0)iS−1

0 (ψ−iS0I)+
i
2 JµD̃µν0 Jν+iIS̃0I}

= C × e
−Z2e

∫
d4x δ

δJµ(x)
δ

δI(x) γ
µ δ
δI(x) e

∫
d4yd4z[− 1

2 Jµ(y)̃Dµν0 (y,z)Jν(z)−I(y)S̃0(y,z)I(z)]

C =

∫
DAµDψDψ ei

∫
d4x [ 1

2 AµiD̃−1,µν
0 Aν+ψ ĩS−1

0 ψ] D0 → D̃0 S0 → S̃0 e→ Z2e

D̃µν0 (y, z) =
i

Z3∂2
y−i0+

[gµν−(1− Z3

λ
)
∂µy ∂

ν
y

∂2
y

]δ(y−z) S̃0(y, z) =
iZ−1

2

i∂/y−M−δM−i0+
δ(y−z)
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SÝÝÝ


������zzzØØØCCC555

(∂2
1 + M2

1) · · · (∂2
n+l + M2

n+l)(Ψ0,TψH,B,1(x1) · · ·ψH,B,n+l(xn+l)Ψ0)

=

∫
d4q1· · ·d4qn+l

(iπ)n+l e−iq1·x1···−iqn·xn+iqn+1·xn+1···+iqn+l·xn+l
∑

σ1···σn+l

q0
1(Ψ
−
0 ,ψB,1(0)Ψ−~q1,σ1

)· · ·q0
n(Ψ
−
0 , ψB,n(0)Ψ−~qn,σn

)

×(Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)Bq0
n+1(Ψ

+
~qn+1,σn+1

,ψB,n+1(0)Ψ+
0 )· · ·q0

n+l(Ψ
+
~qn+l,σn+l

,ψB,n+l(0)Ψ+
0 )

ψH,B,i(x) = Z1/2
i ψH,i(x) ψB,i = Z1/2

i ψi(x)

(∂2
1 + M2

1) · · · (∂2
n+l + M2

n+l)(Ψ0,TψH,1(x1) · · ·ψH,n+l(xn+l)Ψ0)

=

∫
d4q1· · ·d4qn+l

(iπ)n+l e−iq1·x1···−iqn·xn+iqn+1·xn+1···+iqn+l·xn+l
∑

σ1···σn+l

q0
1(Ψ
−
0 ,ψ1(0)Ψ−~q1,σ1

)· · ·q0
n(Ψ
−
0 , ψn(0)Ψ−~qn,σn

)

×(Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)q0
n+1(Ψ

+
~qn+1,σn+1

,ψn+1(0)Ψ+
0 )· · ·q0

n+l(Ψ
+
~qn+l,σn+l

,ψn+l(0)Ψ+
0 )

(Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)B = (Ψ−~q1,σ1,··· ,~qn,σn
,Ψ+
~qn+1,σn+1,···,~qn+l,σn+l

)
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uuuÑÑÑÝÝÝ

���ÄÄÄ������kkkL���������¤¤¤ùùùããã§§§bbb���ÙÙÙ©©©OOOkkkEf ,Eb^̂̂¤¤¤���fffÚÚÚÀÀÀÚÚÚfff			
���§§§If , Ib^̂̂¤¤¤���fffÚÚÚÀÀÀÚÚÚfffSSS���§§§vi���¹¹¹di������ûûû§§§fi^̂̂¤¤¤���fff���ÚÚÚbiÀÀÀÚÚÚfff
������111i«««aaa...ººº���"""���ÄÄÄùùù���¤¤¤ùùùããã���uuuÑÑÑÝÝÝω.KKK

ω = 4L− 2Ib − If +
∑

i

divi

L = If + Ib + 1−
∑

i

vi Ef + 2If =
∑

i

fivi Eb + 2Ib =
∑

i

bivi

ω = 4− 3
2

Ef − Eb +
∑

i

(
3
2

fi + bi + di − 4)vi

���111i...ººº������ÍÍÍÜÜÜ~~~êêê���þþþjjjUUU���þþþþþþjjjOOO���gi

gi +
3
2

fi + bi + di = 4 V ω = 4− 3
2

Ef − Eb −
∑

i

givi
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nnnØØØUUU������555©©©aaa

���ÄÄÄ������kkkL���������¤¤¤ùùùããã§§§bbb���ÙÙÙ©©©OOOkkkEf ,Eb^̂̂¤¤¤���fffÚÚÚÀÀÀÚÚÚfff			
���§§§vi���¹¹¹ di������ûûû§§§fi^̂̂¤¤¤���fff���ÚÚÚ biÀÀÀÚÚÚfff������111i«««aaa...ººº���§§§111i...ººº
������ÍÍÍÜÜÜ~~~êêê���þþþjjjUUU���þþþþþþjjjOOO���gi"""ddd¤¤¤ùùùããã���uuuÑÑÑÝÝÝω.

ω = 4− 3
2

Ef − Eb −
∑

i

givi gi = 4− 3
2

fi − bi − di

nnnØØØÚÚÚ���ÎÎÎ©©©aaa

I gi < 0éééAAA���ººº������irrelevant���ÎÎÎ"""§§§������333���������XXXvi���OOO\\\òòòÑÑÑyyy
ÃÃÃ¡¡¡õõõuuuÑÑÑaaa...���¤¤¤ùùùããã§§§ÏÏÏnnnØØØ´́́ØØØ���������"""

I gi = 0éééAAA���ººº������marginal���ÎÎÎ; gi > 0éééAAA���ººº������relevant���ÎÎÎ"""
§§§���������333������nnnØØØkkk"""������"""÷÷÷vvvddd^̂̂���������ppp���^̂̂ººº���aaa...���:

Marginal ψ∂/ψ ψφψ, ψA/ψ φ∂2φ, ∂2A2 ∂Aφ2, ∂A3 φ4,A4, φ2A2

Relevant ψψ φ φ2,A2 φ∂A φ3,A2φ

fi 2 2 2 0 0 0 0 0 0 0
bi 0 0 1 1 2 2 2 3 3 4
di 0 1 0 0 0 1 2 0 1 0

ÙÙÙ¥¥¥���ÄÄÄ


���CCC555������¦¦¦"""
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QED���������555 ωQED = 4− 3
2 Ef − Eb

ωQED 1 0 2 1 0
Ef 2 2 0 0 0
Eb 0 1 2 3 4

¤¤¤���fffDDDÂÂÂfff ¤¤¤���111fffnnn���ººº��� 111fffDDDÂÂÂfff 111fffnnn���ººº���{{{XXX½½½nnn= 0 111fffooo���ººº���ØØØuuuÑÑÑ!

yyy²²²111fffooo���ººº���ØØØuuuÑÑÑ

0 WTI
===== λ∂

2
x∂
µ
x

δ2W[J, I, I]

δJµ(x)δJµ1 (x1)δJµ2 (x2)δJµ3 (x3)

∣∣∣∣
Jµ=I=I=0

= λ∂
2
x∂
µ
x i4
∫

d4yd4y1d4y2d4y3 Dµν(x, y)Dµ1ν1 (x1, y1)Dµ2ν2 (x2, y2)Dµ3ν3 (x3, y3)Γ
νν1ν2ν3 (y, y1, y2, y3)

∂
µ
x iDµν (x,y)=−

∂ν,x
λ∂2

x
δ(x−y)

================ −∂ν,x i3
∫

d4y1d4y2d4y3 Dµ1ν1(x1, y1)Dµ2ν2(x2, y2)Dµ3ν3(x3, y3)Γ
νν1ν2ν3 (x, y1, y2, y3)

pνΓ
νν1ν2ν3 (p, p1, p2, p3) = 0

tr[/qγ
µ
/qγ
ν
/qγ
σ
/qγ
ρ
] =

q4

24
(gµ′ν′ gσ′ρ′ + gµ′σ′ gν′ρ′ + gµ′ρ′ gν′σ′ )tr[γµ

′
γ
µ
γ
ν′
γ
ν
γ
σ′
γ
σ
γ
ρ′
γ
ρ
]

=
q4

24
tr[4γµγνγσγρ − 8gµσgνρ + 4γµγνγσγρ] =

2q4

3
(2gµνgσρ + 2gµρgνσ − 4gµσgνρ)

tr[/qγ
µ
/qγ
ν
/qγ
σ
/qγ
ρ

+ all permutations] = 0
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'''uuu���zzz���������©©©ÛÛÛ

���������ØØØ���������ppp���^̂̂���ÔÔÔnnn���ººº

½½½ÂÂÂ���������III x ≡ sx′,���½½½x′CCCs,¿¿¿���yyy���^̂̂þþþ¥¥¥ÄÄÄUUU���ØØØCCC

ÄÄÄUUU =

∫
d4x
{

1
2

[∂µφ(x)]2 + ψ(x)iγµ∂µψ(x)− 1
4

Fµν(x)Fµν(x)

}
=

∫
d4x′

{
1
2

[∂′µφ
′(x′)]2 + ψ

′
(x′)iγµ∂′µψ

′(x′)− 1
4

F′µν(x′)F′µν(x′)
}

φ(x) ≡ s−1φ′(x′) ψ ≡ s−3/2ψ′(x′) Aµ(x) ≡ s−1Aµ(x′)

eeennnØØØ¥¥¥kkk���ÄÄÄUUU���ÎÎÎOi ÙÙÙ¥¥¥¹¹¹di������ûûû, fi���¤¤¤���|||,bi���ÀÀÀÚÚÚ|||ÍÍÍÜÜÜ~~~êêêci∫
d4x ciOi(x) =

∫
d4x′ cis4− 3

2 fi−bi−di O′i (x′) =

∫
d4x′ cisgi O′i (x′)

ééé���½½½���x′,OOO���s������JJJ���ddduuu¦¦¦ÍÍÍÜÜÜ~~~êêêciOOO���sgi���!

I ���'''���ÎÎÎ������ gi > 0333���ååålll$$$UUUååå���¤¤¤^̂̂,333áááååålll������ÑÑÑ
I ���...���ÎÎÎ������ gi = 0333¤¤¤kkkååålll¤¤¤kkkUUUþþþ«««mmmÑÑÑååå���¤¤¤^̂̂

I ØØØ���'''���ÎÎÎØØØ������ gi < 0333áááååålllpppUUUååå���¤¤¤^̂̂,333���ååålll������ÑÑÑ
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'''uuu���zzz���������©©©ÛÛÛ

nnnØØØ������555���222???ØØØ

ÊÊÊÏÏÏ¿¿¿ÂÂÂ���������
I ...���KKKFFFþþþ¥¥¥���kkkkkk���êêê888������ggg...������������ppp���^̂̂���

I nnnØØØ���uuuÑÑÑ���±±±ÏÏÏLLL###½½½ÂÂÂ...���KKKFFFþþþ¥¥¥���|||ÚÚÚÍÍÍÜÜÜ~~~êêê���áááÂÂÂKKK

I XXXJJJÑÑÑyyy


kkk������...���KKKFFFþþþ¥¥¥vvvkkk���uuuÑÑÑaaa...���"""���þþþIIIþþþ|||������þþþ���,333
...���KKKFFFþþþ¥¥¥ÚÚÚ\\\���AAA���---������,���zzz���������"""

I ������ããã������¿¿¿ØØØ¿¿¿���������������kkk���þþþ���CCC������nnnØØØ! ppp���ãããkkk������uuuÑÑÑ

ííí222¿¿¿ÂÂÂ���������
I ...���KKKFFFþþþ¥¥¥kkkÃÃÃ���êêê888������ggg...���ppp���^̂̂���:kkk���...¼¼¼þþþ

I ���eeennnØØØééé¡¡¡555###NNN���¤¤¤kkk���UUU������ggg...���ppp���^̂̂���
I ���½½½êêê���555KKK,SSSüüüOOO���gggSSS.���OOO������???������½½½���,���ÄÄÄ¤¤¤kkk���###
NNN������ggg...���ppp���^̂̂���,êêê���555KKKÚÚÚééé¡¡¡555���������UUUdddkkk���������
ggg...���ppp���^̂̂������)))���zzz

I ���OOO������???������½½½���,ddduuuddduuu®®®���ÄÄÄ


¤¤¤kkk���êêê���555KKKÚÚÚééé¡¡¡555¤¤¤###
NNN������ggg...���ppp���^̂̂���,nnnØØØ¤¤¤ÑÑÑyyy���uuuÑÑÑÏÏÏdddÑÑÑ���±±±ÏÏÏLLL###½½½ÂÂÂ���
AAA...���KKKFFFþþþ¥¥¥���|||ÚÚÚÍÍÍÜÜÜ~~~êêê���áááÂÂÂKKK.
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111fffDDDÂÂÂfff D0 → D̃0 S0 → S̃0 e→ Z2e

i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y)

= i
e
∫

d4yd4z [ 1
2 D̃µν0 (y,z) δ2

δAµ(y)δAν (z) +S̃0(y,z) δ2

δψ(z)δψ(y)
]

Aµ(x)Aν(y) e−i
∫

d4x Z2eAµψγµψ

e
∫

d4yd4z [ 1
2 D̃µν0 (y,z) δ2

δAµ(y)δAν (z) +S̃0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x Z2eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

= iD̃0,µν(x, y) + i
∫

d4x1d4y1D̃0,µµ1 (x, x1)(−1)Πµ1ν1 (x1, y1)D̃0,ν1ν(y1, y)

+i
∫

d4x1d4y1d4x2d4y2D̃0,µµ1 (x, x1)Π
µ1ν1 (x1, y1)iD̃0,ν1µ2 (y1, x2)Π

µ2ν2 (x2, y2)iD̃0,ν2ν(y2, y) + · · ·

=[iD̃0(1−ΠD̃0+ΠD̃0ΠD̃0+· · · )]µν(x, y)=[iD̃0(1+ΠD̃0)
−1]µν(x, y)=[(D̃−1

0 +Π)−1]µν(x, y)

Πµν(x, y) = tr[Z2eγµS̃0(x, y)Z2eγν S̃0(y, x)] + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Πµν(p)

= −e2tr[γµ(i∂/x−M−i0+)−1δ(x−y)γν(i∂/y−M−i0+)δ(y−x)]+O(e4)

������ ���uuu���ÆÆÆ
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D̃−1
0 + Π)−1]µν(x, y)

Πµν(x, y)= tr[eγµS0(x, y)eγνS0(y, x)]+O(e4)=

∫
d4p

(2π)4 e−ip·(x−y)(p2gµν−pµpν)π(p2)

π(p2) = − ie2

12π2

[
1

2− D/2
− γ − 6

∫ 1

0
dx (1− x)x ln

[M2−i0+−p2x(1−x)]

4πµ2

]
+ O(e4)

Πµν(x, y)=(−gµν∂2
x +∂µx ∂

ν
x )π(−∂2

x )δ(x−y) iD̃−1,µν
0 (x, y)=[Z3gµν∂2

x−(Z3−λ)∂µx ∂
ν
x ]δ(x−y)

(D̃−1
0 + Π)µν(x, y) = −i{(gµν∂2

x − ∂µx ∂νx )[Z3 − iπ(−∂2
x )] + λ∂µx ∂

ν
x }δ(x− y)

MS���zzz

ZMS
3 (µ) = 1 +

e2

12π2 [
1

2− D
2

− γ + ln
4πµ2

M2 ] + O(e4)

π̃MS(p2) ≡ iπ(p2)− ZMS
3 (µ) + 1 = − e2

2π2

∫ 1

0
dx (1− x)x ln

M2−i0+−p2x(1−x)

M2 + O(e4)

(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C = { i

∂2
x [1− π̃MS(−∂2

x )]
[gµν − ∂µx ∂

ν
x

∂2
x

] +
1
λ

∂µx ∂
ν
x

∂4
x
}δ(x− y)

������ ���uuu���ÆÆÆ
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i(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C =

δ2W[J, I, I]
δJµ(x)δJν(y)

∣∣∣∣
Jµ=I=I=0

= iDµν(x, y) = [i(D̃−1
0 + Π)−1]µν(x, y)

Πµν(x, y)= tr[eγµS0(x, y)eγνS0(y, x)]+O(e4)=

∫
d4p

(2π)4 e−ip·(x−y)(pµpν−p2gµν)π(p2)

π(p2) = − ie2

12π2

[
1

2− D/2
− γ − 6

∫ 1

0
dx (1− x)x ln

[M2−i0+−p2x(1−x)]

4πµ2

]
+ O(e4)

Πµν(x, y)=(−gµν∂2
x +∂µx ∂

ν
x )π(−∂2

x )δ(x−y) iD̃−1,µν
0 (x, y)=[Z3gµν∂2

x−(Z3−λ)∂µx ∂
ν
x ]δ(x−y)

(D̃−1
0 + Π)µν(x, y) = −i{(gµν∂2

x − ∂µx ∂νx )[Z3 − iπ(−∂2
x )] + λ∂µx ∂

ν
x }δ(x− y)

���¦¦¦���zzz:::p2 = −µ2???���333êêê���gggddd|||���ÓÓÓ µ = 0:333������zzz

Z3(µ)−iπ(−µ2)=1 V Z3(µ)=1+
e2

12π2 [
1

2− D
2

−γ−6
∫ 1

0
dx (1−x)x ln

[M2+µ2x(1−x)]

4πµ2 ]+O(e4)

π̃(p2, µ) ≡ iπ(p2)− iπ(−µ2) = − e2

2π2

∫ 1

0
dx (1− x)x ln

M2−i0+−p2x(1−x)

M2+µ2x(1−x)
+O(e4)

(Ψ−0 ,T Aµ(x)Aν(y) Ψ+
0 )C = { i

∂2
x [1− π̃(−∂2

x , µ)]
[gµν − ∂µx ∂

ν
x

∂2
x

] +
1
λ

∂µx ∂
ν
x

∂4
x
}δ(x− y)
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¤¤¤���fffDDDÂÂÂfff D0 → D̃0 S0 → S̃0 e→ Z2e

−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y)

= −i
e
∫

d4yd4z [ 1
2 D̃µν0 (y,z) δ2

δAµ(y)δAν (z) +S̃0(y,z) δ2

δψ(z)δψ(y)
]
ψl(x)ψl′(y) e−i

∫
d4x Z2eAµψγµψ

e
∫

d4yd4z [ 1
2 D̃µν0 (y,z) δ2

δAµ(y)δAν (z) +S̃0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x Z2eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

= −iS̃0,ll′(x, y)− i
∫

d4x1d4y1S̃0,ll1 (x, x1)(−1)Σl1l′1
(x1, y1)iS̃0,l′1l(y1, y)

−i
∫

d4x1d4y1d4x2d4y2S̃0,ll1 (x, x1)Σl1l′1
(x1, y1)S̃0,l′1l2 (y1, x2)Σl2l′2

(x2, y2)S̃0,l′2l′(y2, y) + · · ·

=−i[S̃0(1−ΣS̃0+ΣS̃0ΣS̃0+· · ·)]ll′(x, y)=[S̃0(1+ΣS̃0)
−1]ll′(x, y)=[(S̃−1

0 +Σ)−1]ll′(x, y)

Σll′(x, y) = Z2
2 [(−i)eγµS̃0(x, y)D̃0,µν(x, y)(−i)eγν ]ll′ + O(e4) =

∫
d4p

(2π)4 e−ip·(x−y)Σll′(p)

= Z2Z−1
3 e2{γµ(i∂/x−M−δM−i0+)−1δ(x−y)γν

1
∂2

y−i0+
[gµν−(1− Z3

λ
)
∂µ,y∂ν,y
∂2

y
]}ll′δ(y−x)+O(e4)

ªªª¥¥¥���Z2, Z3���±±±������1,δM���±±±ÑÑÑ���§§§���OOO´́́ppp���������EEE������¤¤¤ùùù555���λ = 1
������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

������ããã������zzz

−i(Ψ−0 ,T ψl(x)ψl′(y) Ψ+
0 )C =

δ2W[J, I, I]
δIl(x)δIl′(y)

∣∣∣∣
Jµ=I=I=0

= −iSll′(x, y) =−i[(S̃−1
0 +Σ)−1]ll′(x, y)

Σ(x,y)=

∫
d4p

(2π)4 e−ip·(x−y)Σ(p) Σ(p)=p/ΣA(p2)−MΣB(p2) iS̃−1
0 =Z2[i∂/−M−δM−i0+]

ΣA(p2) =
ie2

16π2

[
(

1
2− D/2

− γ)− 2
∫ 1

0
dx (1− x) ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

ΣB(p2) =
ie2

4π2

[
(

1
2− D/2

− γ)−
∫ 1

0
dx ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

Z2 = 1 + δZ2

−i(Ψ−0 ,Tψl(x)ψl′(y)Ψ+
0 )C = Z−1

2 (i∂/−M − δM − i0+ − iΣ)−1
ll′ (x, y)

=

∫
d4p

(2π)4 e−ip·(x−y){p/[1−iΣA(p2)−δZ2]−M[1−iΣB(p2)−δZ2]−δM}−1

Σ̃A(p2) ≡ iΣA(p2) + δZ2 Σ̃B(p2) = iΣB(p2) + δZ2 − δM/M

(Ψ−0 ,Tψl(x)ψl′(y)Ψ+
0 )C =

∫
d4p

(2π)4

i e−ip·(x−y)

p/[1− Σ̃A(p2)]−M[1− Σ̃B(p2)]

������ ���uuu���ÆÆÆ
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(Ψ−0 ,Tψl(x)ψl′(y)Ψ+
0 )C =

∫
d4p

(2π)4

i e−ip·(x−y)

p/[1− Σ̃A(p2)]−M[1− Σ̃B(p2)]

Σ̃A(p2) ≡ iΣA(p2) + δZ2 Σ̃B(p2) = iΣB(p2) + δZ2 − δM/M Z2 = 1 + δZ2

ΣA(p2) =
ie2

16π2

[
(

1
2− D/2

− γ)− 2
∫ 1

0
dx (1− x) ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

ΣB(p2) =
ie2

4π2

[
(

1
2− D/2

− γ)−
∫ 1

0
dx ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

MS���zzz

δZMS
2 =

e2

16π2

[
(

1
2− D/2

− γ)− ln
4πµ2

M2

]
+ O(e4)

δZMS
2 − δMMS/M =

e2

4π2

[
(

1
2− D/2

− γ)− ln
4πµ2

M2

]
+ O(e4)

Σ̃MS
A (p2) =

e2

8π2

∫ 1

0
dx (1− x) ln

x(x− 1)p2 + xM2 − i0+

M2 + O(e4)

Σ̃MS
B (p2) =

e2

4π2

∫ 1

0
dx ln

x(x− 1)p2 + xM2 − i0+

M2 + O(e4)
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(Ψ−0 ,Tψl(x)ψl′(y)Ψ+
0 )C =

∫
d4p

(2π)4

i e−ip·(x−y)

p/[1− Σ̃A(p2)]−M[1− Σ̃B(p2)]

Σ̃A(p2) ≡ iΣA(p2) + δZ2 Σ̃B(p2) = iΣB(p2) + δZ2 − δM/M Z2 = 1 + δZ2

ΣA(p2) =
ie2

16π2

[
(

1
2− D/2

− γ)− 2
∫ 1

0
dx (1− x) ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

ΣB(p2) =
ie2

4π2

[
(

1
2− D/2

− γ)−
∫ 1

0
dx ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

333������zzz: Σ̃A(M2) = Σ̃B(M2) = 0

ZOnShell
2 = 1− iΣA(M2) = 1 +

e2

16π2

[
(

1
2− D/2

− γ)− 2
∫ 1

0
dx (1− x) ln

x2M2

4πµ2

]
+ O(e4)

−δMOnShell = M[−iΣB(M2)−δZ2] = iMΣA(M2) +
Me2

4π2

[
(

1
2− D/2

−γ)−
∫ 1

0
dx ln

x2M2

4πµ2

]
+O(e4)

Σ̃OnShell
A (p2) =

e2

8π2

∫ 1

0
dx (1− x) ln

(x− 1)p2 + M2 − i0+

xM2 + O(e4)

Σ̃OnShell
B (p2) =

e2

4π2

∫ 1

0
dx ln

(x− 1)p2 + M2 − i0+

xM2 + O(e4)
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(Ψ−0 ,Tψl(x)ψl′(y)Ψ+
0 )C =

∫
d4p

(2π)4

i e−ip·(x−y)

p/[1− Σ̃A(p2)]−M[1− Σ̃B(p2)]

Σ̃A(p2) ≡ iΣA(p2) + δZ2 Σ̃B(p2) = iΣB(p2) + δZ2 − δM/M Z2 = 1 + δZ2

ΣA(p2) =
ie2

16π2

[
(

1
2− D/2

− γ)− 2
∫ 1

0
dx (1− x) ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

ΣB(p2) =
ie2

4π2

[
(

1
2− D/2

− γ)−
∫ 1

0
dx ln

x(x− 1)p2 + xM2 − i0+

4πµ2

]
+ O(e4)

333aaa���:::p2 = −µ2???���zzz: Σ̃A(−µ2) = Σ̃B(−µ2) = 0

Z2(µ) = 1−iΣA(−µ2)=1+
e2

16π2

[
1

2−D/2
−γ−2

∫ 1

0
dx (1−x) ln

x(1−x)µ2+xM2

4πµ2

]
+O(e4)

−δM(µ)=M[−iΣB(−µ2)−δZ2]= iMΣA(−µ2)+
Me2

4π2

[
1

2−D/2
−γ−

∫ 1

0
dx ln

x(1−x)µ2+xM2

4πµ2

]
+O(e4)

Σ̃A(p2, µ) =
e2

8π2

∫ 1

0
dx (1− x) ln

(x− 1)p2 + M2 − i0+

(1− x)µ2 + M2
+ O(e4)

Σ̃B(p2, µ) =
e2

4π2

∫ 1

0
dx ln

(x− 1)p2 + M2 − i0+

(1− x)µ2 + M2
+ O(e4)
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¤¤¤���fff���111fff���ppp���^̂̂ººº��� D0 → D̃0 S0 → S̃0 e→ Z2e

(Ψ−0 ,T Aµ(x)ψl(y)ψl′(z) Ψ+
0 )C =

δ3W[J, I, I]
δJµ(x)δIl(y)δIl′(z)

∣∣∣∣
Jµ=I=I=0

= Gµ,ll′(x, y, z)

=−e
∫

d4yd4z[ 1
2 D̃µν0 (y,z) δ2

δAµ(y)δAν (z) +S̃0(y,z) δ2

δψ(z)δψ(y)
]
Aµ(x)ψl(y)ψl′(z)e−i

∫
d4xZ2eAµψγµψ

e
∫

d4yd4z [ 1
2 D̃µν0 (y,z) δ2

δAµ(y)δAν (z) +S̃0(y,z) δ2
δψ(z)δψ(y)

]
e−i

∫
d4x Z2eAµψγµψ

∣∣∣∣
Aµ=ψ=ψ=0

=

∫
d4x′ D̃0,µν(x, x′)S̃0,ll1 (y, x′)iZ2eγνl1l2 S̃0,l2l′(x′, z) +

∫
d4x′d4y′d4z′ D̃0,µν(x, x′)

×S̃0,ll1 (y, y′)iZ2eγµ
′

l1l2
S̃0,l2l3 (y′, x′)(−i)Z2eγνl3l4 S̃0,l4l5 (x′, z′)(−i)Z2eγν

′
l5l6 S0,l5l′(z′, z)D̃0,µ′ν′(y′, z′) + O(e5)

=

∫
d4x′d4y′d4z′ D̃0,µν(x, x′)S̃0,ll1 (y, y′)iΓνl1l2 (x′, y′, z′)S̃0,l2l′(z′, z)

nnn���ººº���: òòò???������¥¥¥������zzz~~~êêêÑÑÑ���§§§§§§���áááuuuppp������AAA

Γν(x, y, z) = Z2eγνδ(y− x)δ(x− z)− e3γµ
′
S0(y, x)γνS0(x, z)γν

′
D0,µ′ν′(y, z) + O(e5)

=Z2eγνδ(y−x)δ(x−z)+ie3γµ
′
(i∂/y−M−i0+)−1δ(y−x)γν(i∂/x−M−i0+)−1δ(x−z)γν

′

× 1
∂2

y−i0+
[gµ′ν′− (1− 1

λ
)
∂µ′,y∂ν′,y

∂2
y

]δ(y−z) + O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D̃0,µν(x, x′)S̃0(y, y′)iΓν(x′, y′, z′)S̃0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p, p′)= Z2eγν−
e3

8π2

[
γν{ −1/2

2−D/2
+
γ

2
+

∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

MS���zzz

ZMS
2 = 1 +

e2

16π2

[
(

1
2− D/2

− γ)− ln 4π
]

+ O(e4)

ΓMS,ν(p, p′)=eγν− e3

8π2

[
γν
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

µ2

−
∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D̃0,µν(x, x′)S̃0(y, y′)iΓν(x′, y′, z′)S̃0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p, p′)= Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

333������zzz

ZOnShell
2 = 1 +

e2

16π2

[
(

1
2− D/2

− γ)− 2
∫ 1

0
dx (1− x) ln

x2M2

4πµ2

]
+ O(e4)

ΓOnShell,ν(p, p′)=eγν− e3

8π2

[
γν
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

(1− x)2M2

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)
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(Ψ−0 ,T Aµ(x)ψ(y)ψ(z) Ψ+
0 )C =

∫
d4x′d4y′d4z′D̃0,µν(x, x′)S̃0(y, y′)iΓν(x′, y′, z′)S̃0(z′, z)

Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′)

Γν(p, p′)= Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4πµ2 }

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

333aaa���:::p2 = µ2���zzz

Z2(µ) =1+
e2

16π2

[
1

2−D/2
−γ−2

∫ 1

0
dx (1−x) ln

x(1−x)µ2+xM2

4πµ2

]
+O(e4)

Γν(p, p′, µ)=eγν− e3

8π2

[
γν
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

x(1− x)µ2 + xM2

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)
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���zzzÍÍÍÜÜÜ~~~êêê���ºººÝÝÝ���666 eBZ2Z1/2
3 =Z1e Z1 =Z2⇒ αB≡ e2

B
4π =ZMS,−1

3 (µ)αMS
Z3������???������λÃÃÃ'''

ZMS
3 (µ) = 1 +

e2

12π2 [
1

2− D
2

− γ + ln
4πµ2

M2 ] + O(e4)

αB =
αMS(µ)

1+
αMS(µ)

3π [ 1
2− D

2
−γ+ln 4πµ2

M2 ]+O(α2)

1
αB

=
1

αMS(µ)
+

1
3π

[
1

2− D
2

−γ+ ln
4πµ2

M2 ] + O(α)

αMS(µ)

∣∣∣∣
4πµ2=M2e

γ− 1
2− D

2

= αB

+++ÞÞÞ���éééêêêαn lnn¦¦¦ÚÚÚ : uuuyyy333Z3¥¥¥���O(e4)���ØØØ¹¹¹ln���§§§������¹¹¹ln2���

αB = αMS(µ0)[1 + c + c2 + c3 + c4 + · · · ] c ≡ − 1
3π

[
1

2− D
2

−γ+ ln
4πµ2

M2 ]

ggg+++ÞÞÞ���µµµαn lnn−1 1
αMS(µ)

=
1

αMS(µ0)
− 1

3π
ln
µ2

µ2
0

αMS(µ) = αMS(µ0)[1 + c0 + c2
0 + c3

0 + c4
0 + · · · ] c0 ≡ −

αMS(µ0)

3π
ln
µ2

µ2
0
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���zzzÍÍÍÜÜÜ~~~êêê���ºººÝÝÝ���666555

αB = ZMS,−1
3 αMS(µ) ZMS

3 (µ) = 1 +
αMS

3π
[

1
2− D

2

− γ +
4πµ2

M2 ] + O(e4)

αMS(µ) =
αMS(µ0)

1− 1
3παMS(µ0) ln µ2

µ2
0

1
αMS(µ)

+ 1
3π [ 1

2− D
2
−γ+ 4πµ2

M2 ] = 1
αMS(µ0)

+ 1
3π [ 1

2− D
2
−γ+

4πµ2
0

M2 ]

ºººÝÝÝ���666555:
I ���ºººÝÝÝ: αMS(µ)

µ→0Thomson444���
=========⇒ 0 OOO999kkk������

======⇒ 1
137

I ���ºººÝÝÝ: αMS(µ)
µ→µ0e

3π
αMS(µ0)

============⇒∞ KKK���444::: ! ýýýóóóØØØ���������

²²²TTT555:
αMS(µ) =

αMS(µ0)

1− 1
3παMS(µ0) ln µ2

µ2
0

µ0→∞====⇒ 0

eeennnØØØ···^̂̂uuu¤¤¤kkkºººÝÝÝ,KKK���zzz���ÍÍÍÜÜÜ~~~êêê���""" !
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nnnØØØþþþ���(((¾¾¾:"""ÖÖÖ¯̄̄KKK

I XXXJJJ���¦¦¦nnnØØØ···^̂̂���ÃÃÃ¡¡¡���UUUIIIV���zzz���>>>ÖÖÖ���"""

I nnnØØØ···^̂̂���ÃÃÃ¡¡¡���UUUIII������ÃÃÃ>>>^̂̂���ppp���^̂̂

I þþþfff>>>ÄÄÄåååÆÆÆØØØUUU···^̂̂���¤¤¤kkkUUUþþþ«««mmm

I ������AAA���¤¤¤kkk|||���þþþfffnnnØØØÑÑÑäääkkkddd555���

I ÚÚÚåååéééþþþfff|||ØØØ ���444���ØØØ&&&???

1955:fffÍÍÍÜÜÜþþþfff>>>ÄÄÄåååÆÆÆ���´́́������nnnØØØ,§§§������þþþÚÚÚÜÜÜ666þþþ´́́ØØØ���������!

þþþfff|||nnnØØØ���pppUUUØØØ������!
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"""ÖÖÖ¯̄̄KKK
Landau, L.D. and I.Pomeranchuk, Dokl. Akad. Nauk SSSR 102,489(1955)
We reach the conclusion that within the limits of formal electrodynamics a
point interaction is equivalent, for any intensity whatever, to no interaction at
all

QEDýýýóóópppUUU«««���^̂̂OOOrrr,nnnØØØØØØgggUUU⇒   uuupppUUU«««���rrr���^̂̂���AAAØØØgggUUU !

Landau, L.D., Fundamental Problems, in Pauli Memorial Volume, pg.245,
(Interscience, New York, 1960)
We are driven to the conclusion that the Hamiltonian method for strong
interaction is dead and must be buried, although of course with deserved
honor.
It is well known that theoretical physics is at present almost helpless in
dealing with the problem of strong interactions.... By now the nullification of
the theory is tacitly accepted even by theoretical physicists who profess to
dispute it. This is evident from the almost complete disappearance of papers
on meson theory and particularly from Dyson’s assertion that
the correct theory will not be found in the next hundred years.
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"""ÖÖÖ¯̄̄KKK

Why discovery of zero charge problem did not inspire a search for
asymptotically free theories?
David J. Gross, hep-th/9809060

I many other theories were explored, in each case they behaved as QED
I Landau and Pomeranchuk concluded that this problem was inherent in

any quantum field theory, that an asymptotically free theory could not
exist.

Goldberger, M. in The Quantum theory of Fields: The 12th Solvay
Conference, 1961 (Interscience, New York)
My own feeling is that we have learned a great deal from field theory....that I
am quite happy to discard it as an old, but rather friendly, mistress who I
would be willing to recognize on the street if I should encounter her again.
From a philosophical point of view and certainly from a practical one the
S-matrix approach at the moment seems to me by far the most attractive.
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αB = ZMS,−1
3 αMS(µ) ZMS

3 (µ) = 1 +
α

3π
[

1
2− D

2

− γ +
4πµ2

M2 ] + O(e4)

αMS(µ) =
αMS(µ0)

1− 1
3παMS(µ0) ln µ2

µ2
0

���333ØØØ���ºººÝÝÝCCCzzz���IIIÝÝÝ ΛQED

1
αMS(µ)

− 1
αMS(µ0)

= − 1
3π

ln
µ2

µ2
0

1
αMS(µ)

+
1

3π
lnµ2 =

1
αMS(µ0)

+
1

3π
lnµ2

0 ≡
1

3π
ln Λ2

QED αMS(µ) =
3π

ln
Λ2

QED
µ2

I ���ºººÝÝÝCCCzzz���ÃÃÃþþþjjjëëëêêêα(µ) ⇔ ØØØ���ºººÝÝÝCCCzzz���kkkþþþjjjëëëêêêΛQED

I µ2 ≈ Λ2
QED V αMS(ΛQED) ≈ ∞.

ΛQED =µe
3π

2αMS(µ)CCCqqq´́́KKK���<<<���ºººÝÝÝ���

���±±±^̂̂ÃÃÃþþþjjj���ëëëêêê���)))nnnØØØ���þþþjjjëëëêêê���
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���ÄÄÄÍÍÍÜÜÜ~~~êêê

ººº���¼¼¼êêê���ºººÝÝÝ���666555 ���ÄÄÄ2n:::¤¤¤���m:::111fff������ppp���^̂̂ººº���
ΓB,2n+m[pi, αB,MB, λB] = ZMS,−n

2 (µ)ZMS,−m/2
3 (µ)Γ[pi, αMS(µ),M(µ), λ(µ), µ]

Γ[pi, αMS(µ),M, λ(µ), µ]������þþþþþþjjj���− 3n− m + 4

Γ2n+m[etpi, αMS(µ), etM, λ(µ), etµ] = e(4−3n−m)tΓ2n+m[pi, αMS(µ),M, λ(µ), µ]

ΓB,2n+m(etpi, αB,MB, λB) = ZMS,−n
2 (µ)ZMS,−m/2

3 (µ)Γ2n+m[etpi, αMS(µ),M(µ), λ(µ), µ]

= ZMS,−n
2 (etµ)ZMS,−m/2

3 (etµ)Γ2n+m[etpi, αMS(etµ),M(etµ), λ(etµ), etµ]

= et(4−3n−m)ZMS,−n
2 (etµ)ZMS,−m/2

3 (etµ)Γ2n+m[pi, αMS(etµ), e−tM(etµ), λ(etµ), µ]

Γ2n+m[etpi, αMS(µ),M(µ), λ(µ), µ] =
et(4−3n−m)ZMS,−n

2 (etµ)ZMS,−m/2
3 (etµ)

ZMS,−n
2 (µ)ZMS,−m/2

3 (µ)

×Γ2n+m[pi, α(t), e−tM(t), λ(t), µ]

α(t) ≡ αMS(etµ) =
αMS(µ)

1− 1
3παMS(µ)t

M(t)≡M(etµ) λ(t)≡λ(etµ) ººº���¼¼¼êêêºººÝÝÝCCCzzz���^̂̂���ÄÄÄÍÍÍÜÜÜ~~~êêê���NNN !
������þþþKKK���,������þþþ���ÑÑÑ

������ ���uuu���ÆÆÆ
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'''uuu���ÄÄÄ111������???ØØØ
QED α(t) =

αMS(µ)

1− 1
3παMS(µ)t

I MS���zzz���YYY������ùùù			ììì???gggddd

I α(ΛnnnØØØ) =∞½½½ÂÂÂ


nnnØØØ···^̂̂ºººÝÝÝ���þþþ���ΛnnnØØØ: JJJ���<<<
I ���···^̂̂$$$UUU§§§ÄÄÄKKK²²²TTTV���333ÙÙÙ§§§���pppUUUnnnØØØ >>>fffÚÚÚ���

I ���333$$$UUU«««???111���666OOO���

I ýýý���õõõêêêþþþfff|||ØØØÑÑÑ´́́dddaaannnØØØ

bbb			ììì???gggdddnnnØØØ

I α(ΛnnnØØØ) =∞½½½ÂÂÂ


���666nnnØØØ···^̂̂ºººÝÝÝ���eee444���ΛnnnØØØ: ùùù			âââ¸̧̧
I pppUUU«««CCC¤¤¤CCCqqq���gggddd|||nnnØØØV···^̂̂ºººÝÝÝ���±±±???¿¿¿///íííppp

V ´́́ÚÚÚ���nnnØØØ���ÿÿÿÀÀÀööö

I ���333pppUUU«««???111���666OOO���

I ���kkk���CCC������555���nnnØØØ���±±±äääkkkbbb			ììì???gggddd 2004cccììì������ÔÔÔnnnøøø

������ ���uuu���ÆÆÆ
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���ÄÄÄÍÍÍÜÜÜ~~~êêê

A.Zee Phys.Rev.D7, June 15, 1973 (received March 12)
///Study of the Renormalization Group for Small Coupling Constants000

A renormalizable quantum field theory is said to be stagnant if it is
asymptotically free. .......We show that Cartan’s four families A,B,C,D
and exceptional algebra G2 possess no stagnant representation. On the
basis of this result we conjecture that there are no assymptotically free
quantum field theories in four dimensions.

D.J.Gross and F.Wilczek PRL, 30, June 25 1973 (Received April 27)
///Ultraviolet Behavior of Non-Abelian Gauge Theories000

It is shown that a wide class of non-abelian gauge theories have, up to
calculate logarithmic corrections, free-field-theory asymptotic behavior.

David Politzer Phys.Rev.Lett, 30, 25 June 1973 (Received 3 May)
///Reliable Purturbative Results for Strong Interactions?000

An explicit calculation shows perturbation theory to be arbitrarily good
for the deep Euclidean Green’s functions of any Yang-Mills theory and
of many Yang-Mills theories with fermions.

������ ���uuu���ÆÆÆ
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'''uuuÍÍÍÜÜÜ~~~êêê������ÄÄÄ111������ÚÚÚ���|||ØØØ

♣ rrr!!!fffÚÚÚ>>>^̂̂���^̂̂ÑÑÑddd555���|||nnnØØØ£££ããã
���ÚÚÚ���JJJøøø


���¢¢¢ÚÚÚÄÄÄ::: !

♦ ���ØØØÓÓÓ���^̂̂���rrrÝÝÝØØØÓÓÓ§§§NNNoooÚÚÚ���ººº

♥ ���^̂̂rrrÝÝÝ���UUUþþþºººÝÝÝ���ÄÄÄJJJøøø���UUU555 !

♠ fffÚÚÚ>>>^̂̂���^̂̂|||rrrÝÝÝ333250GeVºººÝÝÝþþþ
CCC¤¤¤������>>>fffÚÚÚ��� !

¶ rrr!!!fffÚÚÚ>>>^̂̂���^̂̂���rrrÝÝÝ3331015GeV���
ºººÝÝÝþþþCCCqqqCCC¤¤¤���������ÚÚÚ��� !

z ���ééé¡¡¡���333������ãããYYY²²²¦¦¦���ppp���^̂̂rrrÝÝÝ3331015GeVºººÝÝÝþþþCCC¤¤¤���������

������ ���uuu���ÆÆÆ
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'''uuu���~~~þþþjjj���???ØØØ:���ÄÄÄ2n:::¤¤¤���m:::111fff������ppp���^̂̂ººº���

Γ[pi, αMS(µ),M, λ(µ), µ]������þþþþþþjjj���4− 3n− m

Γ2n+m[etpi, αMS(µ),M(µ), λ(µ), µ] =
et(4−3n−m)ZMS,−n

2 (etµ)ZMS,−m/2
3 (etµ)

ZMS,−n
2 (µ)ZMS,−m/2

3 (µ)

×Γ2n+m[pi, α(t), e−tM(t), λ(t), µ]

ZMS,−n
2 (etµ)ZMS,−m/2

3 (etµ)

ZMS,−n
2 (µ)ZMS,−m/2

3 (µ)
≡ etDΓ(t) DΓ(t) : ���~~~þþþjjj

�p�^¬UCº�¼ê�IÝC�1��
I ���ppp���^̂̂���������~~~þþþjjjγi§§§ c′i = cisgi−γi ¦¦¦ººº���   lll���©©©���IIIÝÝÝ111���

I rrr£££fff¤¤¤������ppp���^̂̂⇔rrr£££fff¤¤¤���IIIÝÝÝ111���»»»��� QCD���ïïïááá

I bbb			£££ùùù			¤¤¤ììì???gggddd⇔bbb			£££ùùù			¤¤¤«««���CCCqqq������©©©IIIÝÝÝ111���
I ���~~~þþþjjj���UUUCCC”���'''”,”���...”,”ØØØ���'''”555��� ψψ333walkingnnnØØØ¥¥¥lll3CCC���1

������ ���uuu���ÆÆÆ
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���ÄÄÄÍÍÍÜÜÜ~~~êêê

������ooo£££ãããÄÄÄ������ppp���^̂̂���þþþfff|||ØØØ���½½½´́́

���CCC������555���nnnØØØººº

ÏÏÏ������kkk§§§´́́ gggUUU���þþþfff|||ØØØ !

I UUU***ÿÿÿ���������"""���ÍÍÍÜÜÜ ØØØ²²²TTT���

I kkk���������ppp���^̂̂���ºººÝÝÝOOO���ØØØäääPPP~~~§§§���������""" ììì???gggddd���

I ØØØ777LLL���¦¦¦333pppUUU«««ÑÑÑyyy###������ppp���^̂̂ ÄÄÄ���nnnØØØ���

I ØØØÓÓÓ���ppp���^̂̂���ÍÍÍÜÜÜ~~~êêê333pppUUU«««---������ååå ���ppp���^̂̂���ÚÚÚ������

������ ���uuu���ÆÆÆ
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���§§§éééììì

I 555555���|||66670439024£££ÔÔÔnnnXXX¤¤¤¶¶¶555555���|||ØØØ66670320264(óóóÔÔÔXXX)

I 555âââfffÔÔÔnnn66670430064£££ÔÔÔnnnXXX¤¤¤; 70320244(óóóÔÔÔXXX)

������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

���666QED

LQED =−1
4

Fµν(x)Fµν(x)+ψ(x)[i∂/−eA/(x)−Me−δM]ψ(x) LI(ψ, π)=ψ(x)[−eA/(x)−δM]ψ(x)

S = T e−i
∫∞
−∞ dt V(ψ,π) = T ei

∫
d4x LI(ψ,π) V(ψ, π) = −

∫
d3x LI(ψ, π)

ψ(x) =
∑
σ

∫
d~p

(2π)3/2 [e−ip·xu(~p, σ)a(~p, σ) + eip·xv(~p, σ)ac†(~p, σ)]

ψ(x) =
∑
σ

∫
d~p

(2π)3/2 [e−ip·xv(~p, σ)ac(~p, σ) + eip·xu(~p, σ)a†(~p, σ)]

Aµ(x) = (2π)−3/2
∑
σ=±1

∫
d~p√
2p0

[eµ(~p, σ)a(~p, σ)e−ip·x + eµ∗(~p, σ)a†(~p, σ)eip·x]

���666ÐÐÐmmm OOO���������ÅÅÅ¼¼¼êêê���---������vvvkkk���zzz!

S = 1 + S1 + S2 + · · · S1 =−ie
∫

d4xT[ψ(x)A/ (x)ψ(x)]

S2 = − e2

2

∫
d4xd4yT[ψ(x)A/(x)ψ(x)ψ(y)A/(y)ψ(y)]− iδM

∫
d4xT[ψ(x)ψ(x)]

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ



888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ




S1 = −ie
∫

d4x T[ψ(x)A/ (x)ψ(x)] = −ie
∫

d4x {N[ψ(x)A/ (x)ψ(x)] + N[ψ(x)A/ (x)ψ(x)]}

= −ie
∫

d4x {N[ψ(x)A/ (x)ψ(x)] + ψ(x)γµψ(x)Aµ(x)}

ψ(x)γµψ(x) = −tr[γµψ(x)ψ(x)] =

∫
d4p

(2π)4 tr[γµ
i

p/ −M + i0†
] = 0

= −ie
∫

d4x { ψ+
(x)γµψ+(x)A+

µ (x)︸ ︷︷ ︸
0 ← e+ e γ

+ψ
−

(x)γµψ+(x)A+
µ (x)︸ ︷︷ ︸

e ← e γ

+ψ
−

(x)γµψ−(x)A+
µ (x)︸ ︷︷ ︸

e e+ ← γ

− tr[ψ−(x)ψ
+

(x)γµ]A+
µ (x)︸ ︷︷ ︸

e+ ← e+ γ

+ A−µ (x)ψ
+

(x)γµψ+(x)︸ ︷︷ ︸
γ ← e+ e

+ψ
−

(x)γµA−µ (x)ψ+(x)︸ ︷︷ ︸
e γ ← e

+ψ
−

(x)γµψ−(x)A−µ (x)︸ ︷︷ ︸
e e+ γ ← 0

−A−µ (x)tr[γµψ−(x)ψ
+

(x)]︸ ︷︷ ︸
γ e+ ← e+

} = 0

S1éééÝÝÝ


���vvvkkk���zzz! ½½½ööö���%%%XXXUUUþþþ!!!ÄÄÄþþþÅÅÅðððÃÃÃ{{{¢¢¢yyy
½½½^̂̂���pµe + pµe+ = kµÚÚÚp2

e = p2
e+ = M2

e , k2 = 0���ÀÀÀâââ���
������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ




S2 = − e2

2

∫
d4xd4y T[ψ(x)A/ (x)ψ(x)ψ(y)A/ (y)ψ(y)]− iδM

∫
d4xT[ψ(x)ψ(x)]

= − e2

2

∫
d4xd4y{N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]+N[ψ(x)γµψ(x)ψ(y)γνψ(y)]Aµ(x)Aν(y)

+N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)] + N[ψ(y)γνψ(y)ψ(x)γµψ(x)Aµ(x)Aν(y)]

+N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)] + N[ψ(y)γνψ(y)ψ(x)γµψ(x)Aµ(x)Aν(y)]

+N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)] + N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]}+ . . .

= − e2

2

∫
d4xd4y{N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]ÏÏÏUUUÄÄÄþþþÅÅÅððð���������^̂̂���ÀÀÀâââéééÝÝÝ


���ÃÃÃ���zzz!

+N[ψ(x)γµψ(x)ψ(y)γνψ(y)]Aµ(x)Aν(y) + 2N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]

+2N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)] + N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]

+N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]} − iδM
∫

d4x{N[ψ(x)ψ(x)]− tr[ψ(x)ψ(x)]}

������ ���uuu���ÆÆÆ
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QED������SÝÝÝ




S2|éééÝÝÝ


���kkk���zzz���ÜÜÜ°°°

=−iδM
∫

d4x{N[ψ(x)ψ(x)]︸ ︷︷ ︸
>>>fffgggUUU

− tr[ψ(x)ψ(x)]︸ ︷︷ ︸
ýýý���→ýýý���

}− e2

2

∫
d4xd4y{N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]︸ ︷︷ ︸

ýýý���→ýýý���

+ 2N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]︸ ︷︷ ︸
>>>fffgggUUU

+ N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]︸ ︷︷ ︸
111fffgggUUU

+ N[ψ(x)γµψ(x)ψ(y)γνψ(y)]Aµ(x)Aν(y)︸ ︷︷ ︸
4>>>fffLLL§§§

+ 2N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]︸ ︷︷ ︸
2>>>fff2111fffLLL§§§

}

������ ���uuu���ÆÆÆ
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QED������SÝÝÝ


¥¥¥ýýý���ýýý������[[[���

S2|ýýý���→ýýý��� = − e2

2

∫
d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)] + iδM

∫
d4xtr[ψ(x)ψ(x)]

=
e2

2

∫
d4xd4y tr[ψ(y)ψ(x)γµψ(x)ψ(y)γν ]Aµ(x)Aν(y) + iδM

∫
d4xtr[ψ(x)ψ(x)]

= − ie2

2

∫
d4xd4y

∫
d4pd4p′d4q

(2π)12 e−i(p−p′+q)·(x−y)tr[
1

p/′−Me+i0†
γµ

1
p/−Me+i0†

γν ]
−gµν+(1− 1

λ
)

qµqν
q2

q2+i0†

= − ie2

2

∫
d4x
∫

d4pd4q
(2π)8 tr[

1
p/+ q/−Me+i0†

γµ
1

p/−Me+i0†
γν ]
−gµν+(1− 1

λ
)

qµqν
q2

q2+i0†
+ . . .

(Φ0, SΦ0) = 1− ie2

2

∫
d4x
∫

d4pd4q
(2π)8 tr[

1
p/+ q/−Me+i0†

γµ
1

p/−Me+i0†
γν ]
−gµν+(1− 1

λ
)

qµqν
q2

q2+i0†

−δM
∫

d4x
∫

d4p
(2π)4 tr

1
p/−Me + i0†

+ O(e4) AAATTT������zzzXXX���ÏÏÏfff���

ooogggÚÚÚ���ggguuuÑÑÑµµµ���KKKuuuÑÑÑIII���333...¼¼¼þþþ¥¥¥\\\\\\���|||þþþÃÃÃ'''���XXXýýý���UUU---������!

������ ���uuu���ÆÆÆ
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QED������SÝÝÝ


¥¥¥>>>fffgggUUU���[[[���

S2|>>>fffgggUUU = −e2
∫

d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)]Aµ(x)Aν(y)− iδM
∫

d4xN[ψ(x)ψ(x)]

= −e2
∫

d4xd4y tr{N[ψ(y)ψ(x)]γµψ(x)ψ(y)γν}Aµ(x)Aν(y)− iδM
∫

d4xN[ψ(x)ψ(x)]

= −e2
∫

d4xd4y tr{[ ψ+(y)ψ
+

(x)︸ ︷︷ ︸
0 ← e e+ ���UUUþþþÅÅÅðððBBB+++

+ ψ−(y)ψ
−

(x)︸ ︷︷ ︸
e e+ ← 0 ���UUUþþþÅÅÅðððBBB+++

+ψ−(y)ψ
+

(x)︸ ︷︷ ︸
e+ ← e+

−ψ−(x)ψ+(y)︸ ︷︷ ︸
e ← e

]γµψ(x)ψ(y)γν}Aµ(x)Aν(y)− iδM
∫

d4xN[ψ(x)ψ(x)]

= −e2
∫

d4xd4y
∫

d~pd~p′

(2π)3

d4qd4q′

(2π)8 e−i(q+q′)·(x−y)
∑
σσ′

tr{[e−ip·x+ip′·yv(~p′, σ′)v(~p, σ)ac†(~p′, σ′)ac(p, σ)

−eip·x−ip′·yu(~p, σ)u(~p′, σ′)a†(~p, σ)a(~p′, σ′)]γµ
1

q/′ −Me + i0†
γν}

gµν−(1− 1
λ

)
qµqν

q2

q2+i0†
+ . . .

������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥>>>fffgggUUU���[[[���

S2|>>>fffgggUUU

= −e2
∫

d4xd4y
∫

d~pd~p′

(2π)3

d4qd4q′

(2π)8 e−i(q+q′)·(x−y)
∑
σσ′

tr{[e−ip·x+ip′·yv(~p′, σ′)v(~p, σ)ac†(~p′, σ′)ac(p, σ)

−eip·x−ip′·yu(~p, σ)u(~p′, σ′)a†(~p, σ)a(~p′, σ′)]γµ
1

q/′ −Me + i0†
γν}

gµν−(1− 1
λ

)
qµqν

q2

q2+i0†
+ . . .

q′→q′−q
=====−2π

∫
d~pd~p′d4q′

∑
σσ′

tr{[δ4(p + q′)δ4(p′ + q′)v(~p′, σ′)v(~p, σ)ac†(~p′, σ′)ac(~p, σ)

−δ4(−p + q′)δ4(−p′ + q′)u(~p, σ)u(~p′, σ′)a†(~p, σ)a(~p′, σ′)]Σ(q′)} − iδM
∫

d4xN[ψ(x)ψ(x)]

Σ(q′) = e2
∫

d4q
(2π)4 γ

µ 1
q/′ − q/−Me + i0†

γν
gµν−(1− 1

λ
)

qµqν
q2

q2+i0†

=−2π
∫

d~pd~p′ δ4(p− p′)
∑
σσ′

tr{v(~p, σ)[Σ(−p)− iδM]v(~p, σ′)ac†(~p, σ′)ac(~p, σ)

−u(~p, σ)[Σ(p)− iδM]u(~p, σ′)a†(~p, σ)a(~p, σ′)}
������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥>>>fffgggUUU���[[[���

S2|>>>fffgggUUU =−2π
∫

d~pd~p′ δ4(p− p′)
∑
σσ′

tr{v(~p, σ)[Σ(−p)− iδM]v(~p, σ′)ac†(~p, σ′)ac(~p, σ)

−u(~p, σ)[Σ(p)− iδM]u(~p, σ′)a†(~p, σ)a(~p, σ′)}

333������zzz p2 = pc2 = M2
e (p/−Me)u(~p, σ) = (p/+ Me)v(~p, σ) = 0

Σ(p) = p/ΣA(p2)−MeΣB(p2) 0 = Σ̃A(M2
e ) = iΣA(M2

e ) + δZ2 ΣA(M2
e ) = iδZ2

0 = Σ̃B(M2
e ) = iΣB(M2

e ) + δZ2 − δM/Me ΣB(M2
e ) = iδZ2 − iδM/Me

u(~p, σ)[Σ(p)− iδM]u(~p, σ′) = u(~p, σ)[MeΣA(M2
e )−MeΣB(M2

e )− iδM]u(~p, σ′) = 0

v(~p, σ)[Σ(−p)− iδM]v(~p, σ′) = v(~p, σ)[MeΣA(M2
e )−MeΣB(M2

e )− iδM]v(~p, σ′) = 0

>>>fff´́́½½½���!

(Φ~p′e,σ′ , SΦ~pe,σ)

∣∣∣∣
OOO���������

= δ4(pe−p′e){δσσ′+2πu(~pe, σ)[Σ(pe)−iδM]u(~pe, σ
′)}=δ4(pe−p′e)δσσ′

(Φ~p′
e+
,σ′ , SΦ~pe+,σ

)

∣∣∣∣
OOO���������

= δ4(p′e+−pe+){δσσ′−2πv(~pe+,σ)[Σ(−pe+)−iδM]v(~pe+,σ
′)}=δ4(pe+−p′e+)δσσ′

������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥111fffgggUUU���[[[���

S2|111fffgggUUU = − e2

2

∫
d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]

=
e2

2

∫
d4xd4y tr[ψ(y)ψ(x)γµψ(x)ψ(y)γν ]N[Aµ(x)Aν(y)]

=
e2

2

∫
d4xd4y tr[ψ(y)ψ(x)γµψ(x)ψ(y)γν ][A−µ (x)A+

ν (y) + A−ν (y)A+
µ (x)]

= e2
∫

d4xd4y tr[ψ(y)ψ(x)γµψ(x)ψ(y)γν ]A−µ (x)A+
ν (y)

= −e2
∫

d4xd4y
∫

d~pd~p′

2
√

p0p′0(2π)3

d4q′d4q
(2π)8 e−i(q′−q)·(x−y)tr[

1
q/−Me + i0†

γµ
1

q/′ −Me + i0†
γν ]

×
∑
σσ′

e−ip·y+ip′·xe∗µ(~p′, σ′)eν(~p, σ)a†(~p′, σ′)a(~p, σ)

= −e2
∫

d~pd~p′

2
√

p0p′0(2π)3
d4q′d4qtr[

1
q/−Me + i0†

γµ
1

q/′ −Me + i0†
γν ]

×δ(q′ − q− p′)δ(q′ − q− p)
∑
σσ′

e∗µ(~p′, σ′)eν(~p, σ)a†(~p′, σ′)a(~p, σ)

������ ���uuu���ÆÆÆ
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888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥111fffgggUUU���[[[���

S2|111fffgggUUU = e2
∫

d4xd4y tr[ψ(y)ψ(x)γµψ(x)ψ(y)γν ]A−µ (x)A+
ν (y)

= −e2
∫

d~pd~p′

2
√

p0p′0(2π)3
d4q′d4qtr[

1
q/−Me + i0†

γµ
1

q/′ −Me + i0†
γν ]

×δ(q′ − q− p′)δ(q′ − q− p)
∑
σσ′

e∗µ(~p′, σ′)eν(~p, σ)a†(~p′, σ′)a(~p, σ)

= −π
∫

d~pd~p′√
p0p′0

δ(p′ − p) e2
∫

d4q
(2π)4 tr[

1
q/−Me + i0†

γµ
1

q/+ p/−Me + i0†
γν ]

×
∑
σσ′

e∗µ(~p′, σ′)eν(~p, σ)a†(~p′, σ′)a(~p, σ)

= −π
∫

d~pd~p′√
p0p′0

δ4(p− p′)Πµν(p)
∑
σσ′

e∗µ(~p′, σ′)eν(~p, σ)a†(~p′, σ′)a(~p, σ)

������ ���uuu���ÆÆÆ
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888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥111fffgggUUU���[[[���

S2|111fffgggUUU = −π
∫

d~pd~p′√
p0p′0

δ4(p− p′)Πµν(p)
∑
σσ′

e∗µ(~p′, σ′)eν(~p, σ)a†(~p′, σ′)a(~p, σ)

p2=0, pνeν(~p,σ)=0
========= π

∫
d~pd~p′√

p0p′0
δ4(p−p′)[pµpν−p2gµν ]π(p2)

∑
σσ′

e∗µ(~p′,σ′)eν(~p,σ)a†(~p′,σ′)a(~p,σ)

= 0

111fff´́́½½½���!

(Φ~p′γ,σ′ , SΦ~pγ ,σ)

∣∣∣∣
OOO���������

= δ4(pγ−p′γ){δσσ′ +
π√

p0
γp′0γ

[pµγpνγ−p2
γgµν ]π(p2

γ)
∑
σσ′

e∗µ(~p′γ,σ
′)eν(~pγ,σ)a†(~p′γ,σ

′)a(~pγ,σ)}

= δ4(pγ−p′γ)δσσ′

������ ���uuu���ÆÆÆ
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888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥4>>>fffLLL§§§���

©©©ÛÛÛ���«««���UUU������

I 0→ 4ÚÚÚ4→ 0LLL§§§ØØØ÷÷÷vvvUUUþþþÅÅÅððð§§§���BBB+++

I 1→ 3ÚÚÚ3→ 13331���···���XXXwwwØØØUUU÷÷÷vvvUUUþþþÅÅÅððð§§§���BBB+++

I ���kkk2→ 2���LLL§§§´́́���###NNN���

¤¤¤kkk���UUU���2→ 2LLL§§§

S2|4>>>fffLLL§§§��� = − e2

2

∫
d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)]Aµ(x)Aν(y)

= − e2

2

∫
d4xd4y {ψ−(y)γνψ−(y)ψ

+
(x)γµψ+(x) + ψ

−
(x)γµψ−(x)ψ

+
(y)γνψ+(y)

−γµl1l2
ψ−l2 (x)γνl3l4ψ

−
l4 (y)ψ

+

l1
(x)ψ

+

l3
(y)− ψ−l1 (x)γµl1l2

ψ
−
l3

(y)γνl3l4ψ
+
l2 (x)ψ+

l4 (y)

+tr[γµψ−(x)ψ
−

(y)γνψ+(y)ψ
+

(x)] + tr[γνψ−(y)ψ
−

(x)γµψ+(x)ψ
+

(y)]}Aµ(x)Aν(y)

������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥4>>>fffLLL§§§���

¤¤¤kkk���UUU���2→ 2LLL§§§

S2|4>>>fffLLL§§§��� = − e2

2

∫
d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)]Aµ(x)Aν(y)

= − e2

2

∫
d4xd4y {ψ−(y)γνψ−(y)ψ

+
(x)γµψ+(x) + ψ

−
(x)γµψ−(x)ψ

+
(y)γνψ+(y)

−γµl1l2
ψ−l2 (x)γνl3l4ψ

−
l4 (y)ψ

+

l1
(x)ψ

+

l3
(y)− ψ−l1 (x)γµl1l2

ψ
−
l3

(y)γνl3l4ψ
+
l2 (x)ψ+

l4 (y)

−tr[γµψ−(x)ψ
−

(y)γνψ+(y)ψ
+

(x)]− tr[γνψ−(y)ψ
−

(x)γµψ+(x)ψ
+

(y)]}Aµ(x)Aν(y)

= − e2

2

∫
d4xd4y {2ψ−(y)γνψ−(y)ψ

+
(x)γµψ+(x)− 2tr[γµψ−(x)ψ

−
(y)γνψ+(y)ψ

+
(x)]︸ ︷︷ ︸

JJJ���«««ÚÚÚ222���))) >>>fff���>>>fffÑÑÑ���(BhabhaÑÑÑ���)µµµ e e+ ← e e+ ������JJJ111fff

− γµl1l2
ψ−l2 (x)γνl3l4ψ

−
l4 (y)ψ

+

l1
(x)ψ

+

l3
(y)︸ ︷︷ ︸

���>>>fff���>>>fffÑÑÑ���µµµ e+ e+ ← e+ e+

−ψ−l1 (x)γµl1l2
ψ
−
l3

(y)γνl3l4ψ
+
l2 (x)ψ+

l4 (y)︸ ︷︷ ︸
>>>fff>>>fffÑÑÑ���(M∅llerÑÑÑ���)µµµ e e ← e e

} Aµ(x)Aν(y)

������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|BhabhaÑÑÑ���

= −e2
∫

d4xd4y {ψ−(y)γνψ−(y)ψ
+

(x)γµψ+(x)− tr[γµψ−(x)ψ
−

(y)γνψ+(y)ψ
+

(x)]︸ ︷︷ ︸
JJJ���«««ÚÚÚ222���))) >>>fff���>>>fffÑÑÑ���(BhabhaÑÑÑ���)µµµ e e+ ← e e+ ������JJJ111fff

Aµ(x)Aν(y)

Feynman gauge
======== ie2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6

∑
σ1,σ2,σ3,σ4

[
eip1·y+ip2·y−ip3·x−ip4·xu(~p1, σ1)γµv(~p2, σ2)

×v(~p3,σ3)γ
µu(~p4,σ4)

∫
d4q

(2π)4

e−iq·(x−y)

q2+i0+
a†(~p1,σ1)ac†(~p2,σ2)ac(~p3,σ3)a(~p4,σ4)− eip1·x+ip2·y−ip3·y−ip4·x

×tr[γµv(~p1,σ1)u(~p2,σ2)γµu(~p3,σ3)v(~p4,σ4)]

∫
d4q′

(2π)4

eiq′·(x−y)

q′2+i0+
a†,c(~p1,σ1)a†(~p2,σ2)a(~p3,σ3)ac(~p4,σ4)

]
= ie2(2π)−2

∫
d3p1d3p2d3p3d3p4

∑
σ1,σ2,σ3,σ4

[
δ(p1+p2−p3−p4)u(~p1,σ1)γµv(~p2,σ2)v(~p3,σ3)γ

µu(~p4,σ4)

× 1
(p1 + p2)2 + i0+

a†(~p1, σ1)ac†(~p2, σ2)ac(~p3, σ3)a(~p4, σ4)− δ(p2 − p3 − p4 + p1)

×tr[γµv(~p1,σ1)u(~p2,σ2)γµu(~p3,σ3)v(~p4,σ4)]
1

(p2−p3)2+i0+
ac†(~p1,σ1)a†(~p2,σ2)a(~p3,σ3)ac(~p4,σ4)

]
������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|���>>>fff���>>>fffÑÑÑ��� = e2/2
∫

d4xd4y γµl1l2
ψ−l2 (x)γνl3l4ψ

−
l4 (y)ψ

+

l1
(x)ψ

+

l3
(y) Aµ(x)Aν(y)

Feynman gauge
======== −ie2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6

∑
σ1,σ2,σ3,σ4

eip1·x+ip2·y−ip3·x−ip4·yγµl1l2
vl2 (~p1, σ1)

×γνl3l4 vl4 (~p2, σ2)vl1 (~p3, σ3)vl3 (~p4, σ4)

∫
d4q

(2π)4 e−iq·(x−y) gµν
q2 + i0+

×ac†(~p1, σ1)ac†(~p2, σ2)ac(~p3, σ3)ac(~p4, σ4)

=−ie2
∫

d3p1d3p2d3p3d3p4

(2π)2 δ(p1+p2−p3−p4)
∑

σ1,σ2,σ3,σ4

v(~p3, σ3)γ
µv(~p1, σ1)vl3 (~p4, σ4)γµv(~p2, σ2)

(p1 − p3)2 + i0+

× ac†(~p1, σ1)ac†(~p2, σ2)ac(~p3, σ3)ac(~p4, σ4)

������ ���uuu���ÆÆÆ

þþþfff|||ØØØ þþþfff>>>ÄÄÄåååÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|M∅llerÑÑÑ��� = e2/2
∫

d4xd4y ψ
−
l1

(x)γµl1l2
ψ
−
l3

(y)γνl3l4ψ
+
l2 (x)ψ+

l4 (y) Aµ(x)Aν(y)

Feynman gauge
======== −ie2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6

∑
σ1,σ2,σ3,σ4

eip1·x+ip2·y−ip3·x−ip4·yul1 (~p1, σ1)

×γµl1l2
u−l3 (~p2, σ2)γ

ν
l3l4 ul2 (~p3, σ3)ul4 (~p4, σ4)

∫
d4q

(2π)4 e−iq·(x−y) gµν
q2 + i0+

× a†(~p1, σ1)a†(~p2, σ2)a(~p3, σ3)a(~p4, σ4)

=−ie2
∫

d3p1d3p2d3p3d3p4

(2π)2 δ(p1+p2−p3−p4)
∑

σ1,σ2,σ3,σ4

u(~p1, σ1)γ
µu(~p3, σ3)u(~p2, σ2)γµu(~p4, σ4)

(p1 − p3)2 + i0+

× a†(~p1, σ1)a†(~p2, σ2)a(~p3, σ3)a(~p4, σ4)

������ ���uuu���ÆÆÆ
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888¹¹¹ nnnØØØÄÄÄ::: ������ããã ���zzz ÄÄÄ���ÔÔÔnnnLLL§§§���ÔÔÔnnnþþþ

ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥2>>>fff2111fffLLL§§§���

©©©ÛÛÛ���«««���UUU������
I 0→ 4ÚÚÚ4→ 0LLL§§§ØØØ÷÷÷vvvUUUþþþÅÅÅððð§§§���BBB+++

I >>>fff→ 3ÚÚÚ3→>>>fffLLL§§§333>>>fff���···���XXXØØØUUU÷÷÷vvvUUUþþþÅÅÅððð§§§���BBB+++
I 111fff→ 3ÚÚÚ3→111fffLLL§§§3332>>>fff���%%%XXXØØØUUU÷÷÷vvvUUUþþþÅÅÅððð§§§���BBB+++
I ���kkk2→ 2���LLL§§§´́́���###NNN���

¤¤¤kkk���UUU���2→ 2LLL§§§

S2|2>>>fff2111fffLLL§§§��� = − e2

2

∫
d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]

=
e2

2

∫
d4xd4y [ψ−l′ (y)ψ

−
l (x)A+

µ (x)A+
ν (y) + A−µ (x)A−ν (y)ψ+

l′ (y)ψ
+

l (x)

−ψ−l (x)A−µ (x)A+
ν (y)ψ+

l′ (y) + A−ν (y)ψ−l′ (y)ψ
+

l (x)A+
µ (x)

+A−µ (x)ψ−l′ (y)ψ
+

l (x)A+
ν (y)− A−ν (y)ψ

−
l (x)ψ+

l′ (y)A+
µ (x)][γµψ(x)ψ(y)γν ]ll′

������ ���uuu���ÆÆÆ
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ÄÄÄ���ÔÔÔnnnLLL§§§

QED������SÝÝÝ


¥¥¥2>>>fff2111fffLLL§§§���
¤¤¤kkk���UUU���2→ 2LLL§§§

S2|2>>>fff2111fffLLL§§§��� = − e2

2

∫
d4xd4y N[ψ(x)γµψ(x)ψ(y)γνψ(y)Aµ(x)Aν(y)]

=
e2

2

∫
d4xd4y [ψ−l′ (y)ψ

−
l (x)A+

µ (x)A+
ν (y) + A−µ (x)A−ν (y)ψ+

l′ (y)ψ
+

l (x)

−ψ−l (x)A−µ (x)A+
ν (y)ψ+

l′ (y) + A−ν (y)ψ−l′ (y)ψ
+

l (x)A+
µ (x)

+A−µ (x)ψ−l′ (y)ψ
+

l (x)A+
ν (y)− A−ν (y)ψ

−
l (x)ψ+

l′ (y)A+
µ (x)][γµψ(x)ψ(y)γν ]ll′

=
e2

2

∫
d4xd4y [ ψ−l′ (y)ψ

−
l (x)A+

µ (x)A+
ν (y)︸ ︷︷ ︸

111ffféééEEE���KKK>>>fffééé���)))µµµ e+ e ← γ γ

+ A−µ (x)A−ν (y)ψ+
l′ (y)ψ

+

l (x)︸ ︷︷ ︸
���KKK>>>fffééé���«««¤¤¤���ééé111fffµµµ γ γ ← e+ e

− ψ
−
l (x)A−µ (x)A+

ν (y)ψ+
l′ (y)︸ ︷︷ ︸

>>>fff111fffÑÑÑ���(ComptonÑÑÑ���)µµµ e γ ← e γ

+ A−ν (y)ψ−l′ (y)ψ
+

l (x)A+
µ (x)︸ ︷︷ ︸

���>>>fff111fffÑÑÑ���µµµ e+ γ ← e+ γ

] [γµψ(x)ψ(y)γν ]ll′
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|111ffféééEEE���KKK>>>fffééé���))) =
e2

2

∫
d4xd4y ψ−l′ (y)ψ

−
l (x)A+

µ (x)A+
ν (y)︸ ︷︷ ︸

111ffféééEEE���KKK>>>fffééé���)))µµµ e+ e ← γ γ

[γµψ(x)ψ(y)γν ]ll′

= − ie2

2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6
√

2(p3)0
√

2(p4)0

∑
σ1,σ2,σ3,σ4

eip1·y+ip2·x−ip3·x−ip4·yvl′(~p1,σ1)ul(~p2,σ2)eµ(~p3,σ3)

×eν(~p4, σ4)

∫
d4q

(2π)4 e−iq·(x−y)
[
γµ

1
q/−M + i0+

γν
]

ll′
ac†(~p1, σ1)a†(~p2, σ2)aγ(~p3, σ3)aγ(~p4, σ4)

= − ie2

2

∫
d3p1d3p2d3p3d3p4

(2π)2
√

2(p3)0
√

2(p4)0
δ(p1 + p2 − p3 − p4)

∑
σ1,σ2,σ3,σ4

eµ(~p3, σ3)eν(~p4, σ4)

×u(~p2, σ2)

[
γµ

p/2 − p/3 + M
(p2 − p3)2 −M2 + i0+

γν
]

v(~p1, σ1) ac†(~p1, σ1)a†(~p2, σ2)aγ(~p3, σ3)aγ(~p4, σ4)
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|���KKK>>>fffééé���«««¤¤¤���ééé111fff =
e2

2

∫
d4xd4y A−µ (x)A−ν (y)ψ+

l′ (y)ψ
+

l (x)︸ ︷︷ ︸
���KKK>>>fffééé���«««¤¤¤���ééé111fffµµµ γ γ ← e+ e

[γµψ(x)ψ(y)γν ]ll′

= − ie2

2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6
√

2(p1)0
√

2(p2)0

∑
σ1,σ2,σ3,σ4

eip1·x+ip2·y−ip3·y−ip4·xe∗µ(~p1,σ1)e∗ν(~p2, σ2)ul′(~p3,σ1)

×vl(~p4,σ4)

∫
d4q

(2π)4 e−iq·(x−y)
[
γµ

1
q/−M + i0+

γν
]

ll′
a†γ(~p1, σ1)a†γ(~p2, σ2)a(~p3, σ3)ac(~p4, σ4)

= − ie2

2

∫
d3p1d3p2d3p3d3p4

(2π)2
√

2(p1)0
√

2(p2)0
δ(p1 + p2 − p3 − p4)

∑
σ1,σ2,σ3,σ4

e∗µ(~p1,σ1)e∗ν(~p2, σ2)

×v(~p4,σ4)

[
γµ

p/1 − p/4 + M
(p1 − p4)2 −M2 + i0+

γν
]

u(~p3,σ1)a†γ(~p1, σ1)a†γ(~p2, σ2)a(~p3, σ3)ac(~p4, σ4)
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|ComptonÑÑÑ��� = − e2

2

∫
d4xd4y ψ

−
l (x)A−µ (x)A+

ν (y)ψ+
l′ (y)︸ ︷︷ ︸

>>>fff111fffÑÑÑ���(ComptonÑÑÑ���)µµµ e γ ← e γ

[γµψ(x)ψ(y)γν ]ll′

=
ie2

2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6
√

2(p2)0
√

2(p3)0

∑
σ1,σ2,σ3,σ4

eip1·x+ip2·x−ip3·y−ip4·xul(~p1,σ1)e∗µ(~p2,σ2)eν(~p3,σ3)

×ul′(~p4,σ4)

∫
d4q

(2π)4 e−iq·(x−y)
[
γµ

1
q/−M + i0+

γν
]

ll′
a†(~p1, σ1)a†γ(~p2, σ2)aγ(~p3, σ3)a(~p4, σ4)

=
ie2

2

∫
d3p1d3p2d3p3d3p4

(2π)2
√

2(p2)0
√

2(p3)0
δ(p1 + p2 − p3 − p4)

∑
σ1,σ2,σ3,σ4

e∗µ(~p2,σ2)eν(~p3,σ3)

×u(~p1,σ1)

[
γµ

p/1 + p/2 + M
(p1 + p2)2 −M2 + i0+

γν
]

u(~p4,σ4) a†(~p1, σ1)a†γ(~p2, σ2)aγ(~p3, σ3)a(~p4, σ4)
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ÄÄÄ���ÔÔÔnnnLLL§§§

S2|���>>>fff111fffÑÑÑ��� =
e2

2

∫
d4xd4y A−ν (y)ψ−l′ (y)ψ

+

l (x)A+
µ (x)︸ ︷︷ ︸

���>>>fff111fffÑÑÑ���µµµ e+ γ ← e+ γ

[γµψ(x)ψ(y)γν ]ll′

= − ie2

2

∫
d4xd4y

∫
d3p1d3p2d3p3d3p4

(2π)6
√

2(p1)0
√

2(p4)0

∑
σ1,σ2,σ3,σ4

eip1·y+ip2·y−ip3·x−ip4·xe∗ν(~p1,σ1)vl′(~p2,σ2)vl(~p3,σ3)

×eµ(~p4,σ4)

∫
d4q

(2π)4 e−iq·(x−y)
[
γµ

1
q/−M + i0+

γν
]

ll′
a†γ(~p1, σ1)ac†(~p2, σ2)ac(~p3, σ3)aγ(~p4, σ4)

=
ie2

2

∫
d3p1d3p2d3p3d3p4

(2π)2
√

2(p1)0
√

2(p4)0
δ(p1 + p2 − p3 − p4)

∑
σ1,σ2,σ3,σ4

e∗ν(~p1,σ1)eµ(~p4,σ4)

×v(~p3,σ3)

[
γµ

−p/1 − p/2 + M
(p1 + p2)2 −M2 + i0+

γν
]

v(~p2,σ2) a†γ(~p1, σ1)ac†(~p2, σ2)ac(~p3, σ3)aγ(~p4, σ4)
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e+e− → µ+µ−

LLL§§§e+e− → µ+µ−���ÄÄÄ������¹¹¹

I ���{{{üüü���QEDLLL§§§,���´́́pppUUUÔÔÔnnn���������LLL§§§
I e+e−éééEEEÅÅÅ^̂̂dddLLL§§§éééÅÅÅììì???111���ÝÝÝ

I ���'''LLL§§§e+e− → qqééé(((½½½ÄÄÄ���âââfff555���444àààkkk^̂̂

ÑÑÑ������¡¡¡

dσ(e+e−→µ+µ−)

dΩ
=

(2π)4|~pµ− |Eµ−Eµ+Ee−Ee+

E2|~pe− |
|M~p

µ−,σ1, ~pµ+,σ2, ~pe+,σ
′
1, ~pe−,σ

′
2
|2

S~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2

= −2πiM~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2
δ(pµ+ + pµ− − pe+ − pe−)

���%%%XXX: UUUþþþÅÅÅððð���¦¦¦E ≥ 2Mµ

Ee− = Ee+ =
1
2

E =
√
|~pe− |2 + M2

e ~pe− = −~pe+ =

√
1
4

E2 −M2
e~ez

~pµ− ·~ez = |pµ− | cos θ ~pµ− +~pµ+ = 0 Eµ− = Eµ+ =
1
2

E =
√
|~pµ− |2 + M2

µ

dσ(e+e− → µ+µ−)

dΩ
= π4E2

√
E2 − 4M2

µ

E2 − 4M2
e
|M~p

µ− ,σ1, ~pµ+ ,σ2, ~pe+ ,σ
′
1, ~pe− ,σ

′
2
|2
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e+e− → µ+µ−

������½½½nnn

S2|e+e− → µ+µ− = −e2
∫

d4xd4y ψ
−
µ (y)γνψ−µ (y)ψ

+

e (x)γµψ+
e (x) Aµ(x)Aν(y)

Feynman gauge
======== ie2

∫
d4xd4y

∫
d3pµ−d3pµ+d3pe+d3pe−

(2π)6

∑
σ1,σ2,σ

′
1,σ
′
2

eip
µ− ·y+ip

µ+ ·y−ipe+ ·x−ipe− ·x

×u(~pµ− , σ1)γµv(~pµ+ , σ2)v(~pe+ ,σ
′
1)γ

µu(~pe− ,σ
′
2)

∫
d4q

(2π)4

e−iq·(x−y)

q2+i0+

a†(~pµ− ,σ1)ac†(~pµ+ ,σ2)ac(~pe+ ,σ
′
1)a(~pe− ,σ

′
2)

= ie2(2π)−2
∫

d3pµ−d3pµ+d3pe+d3pe−
∑

σ1,σ2,σ
′
1,σ
′
2

δ(pµ−+pµ+−pe+−pe−)
1

(pµ− + pµ+)2 + i0+

×u(~pµ− ,σ1)γµv(~pµ+ ,σ2)v(~pe+ ,σ
′
1)γ

µu(~pe− ,σ
′
2)a†(~pµ− , σ1)ac†(~pµ+ , σ2)ac(~pe+ , σ

′
1)a(~pe− , σ

′
2)

S~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2

= −2πiM~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2
δ(pµ+ + pµ− − pe+ − pe−)

= ie2(2π)−2δ(pµ−+pµ+−pe+−pe−)
u(~pµ− ,σ1)γµv(~pµ+ ,σ2)v(~pe+ ,σ

′
1)γ

µu(~pe− ,σ
′
2)

(pµ− + pµ+)2 + i0+
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e+e− → µ+µ−

���zzzúúúªªª

dσ(e+e−→µ+µ−)

dΩ
= π4E2

√
E2 − 4M2

µ

E2 − 4M2
e
|M~p

µ−,σ1, ~pµ+,σ2, ~pe+,σ
′
1, ~pe−,σ

′
2
|2

S~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2

= −2πiM~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2
δ(pµ+ + pµ− − pe+ − pe−)

(Ψ−~p
µ− ,σ1,~pµ+ ,σ2

,Ψ+
~pe+ ,σ

′
1,~pe− ,σ

′
2
) = (2π)−6ul1 (~pµ− , σ1)vl2 (~pµ+ , σ2)vl′1

(~pe+ , σ
′
1)ul′2

(~pe− , σ
′
2)

×
∫

d4x1d4x2d4y1d4y2 eip
µ− ·x1+ip

µ+ ·x2−ipe+ ·y1−ipe− ·y2 (i∂/x1−Mµ)l1̄l1 (−i∂/x2−Mµ)̄l2l2 (i∂/y1−Me)l′1 l̄′1

×(−i∂/y2 −Me)̄l′2l′2
(Ψ−0 ,TψH,µ,̄l1 (x1)ψH,µ,̄l2

(x2)ψH,e,̄l′1
(y1)ψH,e,̄l′2

(y2)Ψ
+
0 )

iS−1
0 (x, y,M) = (i∂/x−M−i0+)δ(x−y)

= (2π)−6ul1 (~pµ− , σ1)vl2 (~pµ+ , σ2)vl′1
(~pe+ , σ

′
1)ul′2

(~pe− , σ
′
2)

∫
d4x1d4x′1d4x2d4x′2d4y1d4y′1d4y2d4y′2

× eip
µ− ·x1+ip

µ+ ·x2−ipe+ ·y1−ipe− ·y2 S−1
0,l1̄l1

(x1, x′1,Mµ)S−1
0,̄l2l2

(x′2, x2,Mµ)S−1
0,l′1 l̄′1

(y1, y′1,Me)

×S−1
0,̄l′2l′2

(y′2, y2,Me)(Ψ
−
0 ,TψH,µ,̄l1 (x′1)ψH,µ,̄l2

(x′2)ψH,e,̄l′1
(y′1)ψH,e,̄l′2

(y′2)Ψ
+
0 )
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e+e− → µ+µ−

ÄÄÄ���úúúªªª

dσ(e+e−→µ+µ−)

dΩ
= π4E2

√
E2 − 4M2

µ

E2 − 4M2
e
|M~p

µ−,σ1, ~pµ+,σ2, ~pe+,σ
′
1, ~pe−,σ

′
2
|2

S~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2

= −2πiM~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2
δ(pµ+ + pµ− − pe+ − pe−)

= (2π)−6ul1 (~pµ− ,σ1)vl2 (~pµ+ ,σ2)vl′1
(~pe+ ,σ

′
1)ul′2

(~pe− ,σ
′
2)

∫
d4x1d4x′1d4x2d4x′2d4y1d4y′1d4y2d4y′2

×eip
µ−·x1+ip

µ+
·x2−ipe+·y1−ipe−·y2 S−1

0,l1̄l1
(x1, x′1,Mµ)S−1

0,̄l2l2
(x′2, x2,Mµ)S−1

0,l′1 l̄′1
(y1, y′1,Me)S−1

0,̄l′2l′2
(y′2, y2,Me)

×(Ψ−0 ,TψH,µ,̄l1 (x′1)ψH,µ,̄l2
(x′2)ψH,e,̄l′1

(y′1)ψH,e,̄l′2
(y′2)Ψ

+
0 )

(Ψ−0 ,T [ψl1 (x1)ψl2
(x2)ψl′1

(y1)ψl′2
(y2)] Ψ+

0 )

= C × e
∫

d4yd4z [ 1
2

δ
δAµ(y) D̃µν0 (y,z) δ

δAν (z) + δ
δψe(y) S̃0(y,z,Me)

δ
δψe(z)

+ δ
δψµ(y) S̃0(y,z,Mµ) δ

δψµ(z)
]

× [ψµ,l1 (x1)ψµ,l2 (x2)ψe,l′1
(y1)ψe,l′2

(y2)] e−i
∫

d4x Z2eAµ(ψµγ
µψµ+ψeγ

µψe)

∣∣∣∣
Aµ=ψµ=ψµ=ψe=ψe=0
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e+e− → µ+µ−

êêêãããOOO���
(Ψ−0 ,T [ψl1 (x1)ψl2

(x2)ψl′1
(y1)ψl′2

(y2)] Ψ+
0 )C

= e
∫

d4yd4z [ 1
2

δ
δAµ(y) D̃µν0 (y,z) δ

δAν (z) + δ
δψe(y) S̃0(y,z,Me)

δ
δψe(z)

+ δ
δψµ(y) S̃0(y,z,Mµ) δ

δψµ(z)
]

× [ψµ,l1 (x1)ψµ,l2 (x2)ψe,l′1
(y1)ψe,l′2

(y2)] e−i
∫

d4x Z2eAµ(ψµγ
µψµ+ψeγ

µψe)

∣∣∣∣
Aµ=ψµ=ψµ=ψe=ψe=0, connect

êêêããã
===

∫
d4yd4z[S0(x1, y,Mµ)ieγµS0(y, x2,Mµ)]l1l2 Dµν0 (y, z)[S0(y1, z,Me)ieγνS0(z, y2,Me)]l′1l′2

M~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2
δ(pµ+ + pµ− − pe+ − pe−)

= i(2π)−7ul1 (~pµ− ,σ1)vl2 (~pµ+ ,σ2)vl′1
(~pe+ ,σ

′
1)ul′2

(~pe− ,σ
′
2)

∫
d4x1d4x′1d4x2d4x′2d4y1d4y′1d4y2d4y′2

×eip
µ−·x1+ip

µ+
·x2−ipe+·y1−ipe−·y2 S−1

0,l1̄l1
(x1, x′1,Mµ)S−1

0,̄l2l2
(x′2, x2,Mµ)S−1

0,l′1 l̄′1
(y1, y′1,Me)S−1

0,̄l′2l′2
(y′2, y2,Me)

×
∫

d4yd4z[S0(x′1, y,Mµ)ieγµS0(y, x′2,Mµ)]̄l1̄l2 Dµν0 (y, z)[S0(y′1, z,Me)ieγνS0(z, y′2,Me)]̄l′1 l̄′2
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e+e− → µ+µ−

M~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2
δ(pµ+ + pµ− − pe+ − pe−)

= i(2π)−7ul1 (~pµ− ,σ1)vl2 (~pµ+ ,σ2)vl′1
(~pe+ ,σ

′
1)ul′2

(~pe− ,σ
′
2)

∫
d4x1d4x′1d4x2d4x′2d4y1d4y′1d4y2d4y′2

×eip
µ−·x1+ip

µ+
·x2−ipe+·y1−ipe−·y2 S−1

0,l1̄l1
(x1, x′1,Mµ)S−1

0,̄l2l2
(x′2, x2,Mµ)S−1

0,l′1 l̄′1
(y1, y′1,Me)S−1

0,̄l′2l′2
(y′2, y2,Me)

×
∫

d4yd4z[S0(x′1, y,Mµ)ieγµS0(y, x′2,Mµ)]̄l1̄l2 D−1µν
0 (y, z)[S0(y′1, z,Me)ieγνS0(z, y′2,Me)]̄l′1 l̄′2

= e2(2π)−7u(~pµ− ,σ1)γµv(~pµ+ ,σ2)v(~pe+ ,σ
′
1)γνu(~pe− ,σ

′
2)

∫
d4yd4z

×ei(p
µ−+p

µ+
)·y−i(pe++pe− )·z 1

∂2
y−i0+

[gµν−(1− 1
λ

)
∂µy ∂

ν
y

∂2
y

]δ(y−z)

q=pe++pe−===== −(2π)−3e2u(~pµ−,σ1)γµv(~pµ+,σ2)v(~pe+,σ
′
1)γνu(~pe−,σ

′
2)
δ(pµ++pµ−−pe+−pe−)

q2+i0+

×[gµν − (1− 1
λ

)
qµqν

q2 ]
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e+e− → µ+µ−

M~p
µ−,σ1, ~pµ+,σ2, ~pe+,σ

′
1, ~pe−,σ

′
2

q=pe++pe−===== −e2(2π)−3u(~pµ−,σ1)γµv(~pµ+,σ2)v(~pe+,σ
′
1)γνu(~pe−,σ

′
2)

1
q2+i0+

[gµν−(1− 1
λ

)
qµqν

q2 ]

(p/−M)u(~p,σ)=0 u(−~p,σ)(p/−M)=0 (p/+M)v(~p,σ)=0 v(−~p,σ)(p/+M)=0

u(−~p,σ)p/v(~p,σ) =
1
2

u(−~p,σ)(p/−M + p/+ M)v(~p,σ) = 0

v(−~p,σ)p/u(~p,σ) =
1
2

v(−~p,σ)(p/−M + p/+ M)u(~p,σ) = 0

M~p
µ− ,σ1, ~pµ+ ,σ2, ~pe+ ,σ

′
1, ~pe− ,σ

′
2

= −e2(2π)−3 u(~pµ− , σ1)γµv(~pµ+ , σ2)v(~pe+ , σ
′
1)γ

µu(~pe− , σ
′
2)

(pe− + pe+)2

|M~p
µ− ,σ1, ~pµ+ ,σ2, ~pe+ ,σ

′
1, ~pe− ,σ

′
2
|2 =

e4(2π)−6

(pe−+ pe+)4 |u(~pµ− , σ1)γµv(~pµ+ , σ2)v(~pe+ , σ
′
1)γ

µu(~pe− , σ
′
2)|2

=
e4(2π)−6

(pe−+pe+)4 u(~pµ−,σ1)γµv(~pµ+,σ2)v(~pµ+,σ2)γνu(~pµ−,σ1)v(~pe+,σ
′
1)γ

µu(~pe−,σ2)u(~pe−,σ2)γ
νv(~pe+,σ

′
1)
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e+e− → µ+µ−

���444zzz e+e− → µ+µ− LLL§§§: \\\������ggg^̂̂²²²þþþ§§§ÑÑÑ������ggg^̂̂¦¦¦ÚÚÚ
|M~p

µ− , ~pµ+ , ~pe+ , ~p
′
e−
|2 =

1
4

∑
σ1,σ2

∑
σ′1σ
′
2

|M~p
µ− ,σ1, ~pµ+ ,σ2, ~pe+ ,σ

′
1, ~pe− ,σ

′
2
|2

=
e4(2π)−6

4(pe−+ pe+)4

∑
σ1,σ2

∑
σ′1σ
′
2

u(~pµ−,σ1)γµv(~pµ+,σ2)v(~pµ+,σ2)γνu(~pµ−,σ1)v(~pe+,σ
′
1)γ

µu(~pe−,σ2)

×u(~pe−,σ2)γ
νv(~pe+,σ

′
1)

∑
σ

u(~p, σ)u(~p, σ) =
p/+ M

2p0

∑
σ

v(~p, σ)v(~p, σ) =
p/−M

2p0

=
e4(2π)−6

64p0
e−p0

e+p0
µ−

p0
µ+

(pe−+pe+)4
tr[(p/µ−+Mµ)γµ(p/µ+−Mµ)γν ]tr[(p/e+−Me)γ

µ(p/e−+Me)γ
ν ]

=
e4(2π)−6[pµ−,µpµ+,ν+ pν−,µpµ+,µ−gµν(pµ− · pµ++M2

µ)][pµe−pνe++ pνe−pµe+−gµν(pe− · pe++M2
e )]

4p0
e−p0

e+p0
µ−

p0
µ+

(pe−+pe+)4

=e4(2π)−6[4p0
e−p0

e+p0
µ−p0

µ+(pe−+pe+)4]−1[2pµ− · pe−pµ+ · pe+ + 2pµ− · pe+pµ+ · pe−

−2pµ− · pµ+(pe− · pe++M2
e )− 2pe− · pe+(pµ− · pµ++M2

µ) + 4(pµ− · pµ++M2
µ)(pe− · pe++M2

e )]

=
e4(2π)−6[pµ−·pe−pµ+·pe+ +pµ−·pe+pµ+·pe−+M2

e pµ−·pµ+ +M2
µpe−·pe+ +2M2

µM2
e ]

2p0
e−p0

e+p0
µ−

p0
µ+

(pe−+pe+)4
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e+e− → µ+µ−

���444zzz e+e− → µ+µ− LLL§§§

���%%%XXX ~pe− = −~pe+ =

√
1
4

E2 + M2
e~ez Ee− = Ee+ =

1
2

E =
√
|~pe− |2 + M2

e

~pµ− ·~ez = |pµ− | cos θ ~pµ− +~pµ+ = 0 Eµ− = Eµ+ =
1
2

E =
√
|~pµ− |2 + M2

µ

dσ(e+e−→µ+µ−)

dΩ
= π4E2

√
E2 − 4M2

µ

E2 − 4M2
e
|M~p

µ−, ~pµ+, ~pe+, ~pe−
|2

|M~p
µ− , ~pµ+ , ~pe+ , ~p

′
e−
|2 =

e4[pµ−·pe−pµ+·pe+ +pµ−·pe+pµ+·pe−+M2
e pµ−·pµ+ +M2

µpe−·pe+ +2M2
µM2

e ]

2(2π)6p0
e−p0

e+p0
µ−

p0
µ+

(pe−+pe+)4

pµ− · pe− = pµ+ · pe+ =
1
4

E2−|pe+ ||pµ− | cos θ pµ− · pµ+ =(p0
µ−)2 +~pµ− ·~pµ−=

1
2

E2−M2
µ

pµ−·pe+=pµ+·pe−=
1
4

E2+|pe− ||pµ−| cos θ pe−·pe+=
1
2

E2−M2
e (pe−+pe+)2 =2M2

e+2(
1
2

E2−M2
e )=E2

=
8e4

E8(2π)6[(
E2

4
−|pµ−||pe− |cos θ)2+(

E2

4
+|pµ−||pe+ |cos θ)2+M2

e(
E2

2
−M2

µ)+M2
µ(

E2

2
−M2

e )+2M2
µM2

e ]

=
e4

E6(2π)6 [E2 +
(E2 − 4M2

µ)(E2 − 4M2
e )

E2 cos2 θ + 4M2
e + 4M2

µ]
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e+e− → µ+µ−

���444zzz e+e− → µ+µ− LLL§§§

���%%%XXX ~pe− = −~pe+ =

√
1
4

E2 −M2
e~ez Ee− = Ee+ =

1
2

E =
√
|~pe− |2 + M2

e

~pµ− ·~ez = |pe− | cos θ ~pµ− +~pµ+ = 0 Eµ− = Eµ+ =
1
2

E =
√
|~pµ− |2 + M2

µ

pµ− · pe− = pµ+ · pe+ =
1
4

E2−|pe+ ||pµ− | cos θ pµ− · pµ+ =(p0
µ−)2 +~pµ− ·~pµ−=

1
2

E2−M2
µ

pµ−·pe+=pµ+·pe−=
1
4

E2+|pe− ||pµ−| cos θ pe−·pe+=
1
2

E2−M2
e (pe−+pe+)2 =2M2

e+2(
1
2

E2−M2
e )=E2

dσ(e+e−→µ+µ−)

dΩ
= π4E2

√
E2 − 4M2

µ

E2 − 4M2
e
|M~p

µ−, ~pµ+, ~pe+, ~pe−
|2

|M~p
µ− , ~pµ+ , ~pe+ , ~p

′
e−
|2 =

e4

E6(2π)6 [E2 +
(E2 − 4M2

µ)(E2 − 4M2
e )

E2 cos2 θ + 4M2
e + 4M2

µ]

dσ(e+e−→µ+µ−)

dΩ
=

α2

4E2

√
E2 − 4M2

µ

E2 − 4M2
e

[1 +
(E2 − 4M2

µ)(E2 − 4M2
e )

E4 cos2 θ +
4M2

e + 4M2
µ

E2 ]

σtotal(e+e− → µ+µ−) =
α2π

E2

√
E2 − 4M2

µ

E2 − 4M2
e

[1 +
(E2 − 4M2

µ)(E2 − 4M2
e )

3E4 +
4M2

e + 4M2
µ

E2 ]
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e+e− → µ+µ−

ííí222������444zzz e+e−→rrrfff���LLL§§§
���444zzz e+e−→ µ+µ− LLL§§§

dσ(e+e−→µ+µ−)

dΩ
=

α2

4E2

√
E2 − 4M2

µ

E2 − 4M2
e

[1 +
(E2 − 4M2

µ)(E2 − 4M2
e )

E4 cos2 θ +
4M2

e + 4M2
µ

E2 ]

σtotal(e+e−→ µ+µ−) =
α2π

E2

√
E2 − 4M2

µ

E2 − 4M2
e

[1 +
(E2 − 4M2

µ)(E2 − 4M2
e )

3E4 +
4M2

e + 4M2
µ

E2 ]

e+e−→rrrfff
I ���±±±^̂̂ e+e−→ qq̄\\\rrrfffzzz555¢¢¢yyy,rrrfffzzz���AAA333pppUUU������ÑÑÑ

I e+e−→ qq̄��� e+e−→ µ+µ−���«««OOO���333uuuµµµ

I òòòµfff>>>ÖÖÖe������§§§���>>>ÖÖÖQe.
Qu = Qc = Qt = 2

3 Qd = Qs = Qb = − 1
3

I òòòzzz«««§§§���EEEOOO���Ncggg£££Nc«««ôôôÚÚÚ¤¤¤

R ≡ σ(e+e−→ qq̄)

σ(e+e−→ µ+µ−)
= Nc

∑
i

Q2
i =


2
3 Nc = 2 Nf = 3 : u, d, s
10
9 Nc = 10

3 Nf = 4 : u, d, s, c
11
9 Nc = 11

3 Nf = 5 : u, d, s, c, b
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e+e− → µ+µ−

R = Nc
∑

i

Q2
i [1 + (

αs

π
) + 1.411(

αs

π
)2 − 12.8(

αs

π
)3 + · · · ]
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e+e− → µ+µ−
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>>>fff^̂̂ÝÝÝ

²²²;;;>>>ÄÄÄåååÆÆÆ
>>>666NNNXXX333			>>>^̂̂|||Aµ¥¥¥���UUUþþþ W =

∫
d3x ~J(x) · ~A(x)

õõõ444ÐÐÐmmm: Pi
²²²;;; =

∫
d3x xiρ Qij

²²²;;;
= 1

3

∫
d3x xixjρ µk

²²²;;; = 1
2

∫
d3x εkilxiJl

~A(t,~r) = ~A(t, 0) +

∞∑
n=1

1
n!

3∑
i1i2...in=1

xi1 xi2 · · · xin

[
∂

∂xi1

∂

∂xi2
· · · ∂

∂xin
~A(t,~x)

]
~x=0

W =

∫
d3x ~J(x) ·

{
~A(t, 0) +

∞∑
n=1

1
n!

3∑
i1i2...in=1

xi1 xi2 · · · xin

[
∂

∂xi1

∂

∂xi2
· · · ∂

∂xin
~A(t,~x)

]
~x=0

}
=
∑
n=0

Wn

Wn =
3∑

i1i2...in=1

∫
d3xxi1 xi2 · · · xin ~J(x) · 1

n!

[
∂

∂xi1
· · · ∂

∂xin
~A(t,~x)

]
~x=0

W0 = Ai(t, 0)

∫
d3x Ji(t,~x) = Ai(t, 0)

∫
d3x

[
∂

∂xl [x
iJl(t,~x)] + xi ∂ρ(t,~x)

∂t

]
= ~A(t, 0) · ~̇P²²²;;;(t)

W1 =
1
2
∂Ai(t,~x)

∂xl

∣∣∣∣
~x=0

∫
d3x[xlJi−xiJl +xlJi+xiJl]

=
1
2
∂Ai(t,~x)

∂xl

∣∣∣∣
~x=0

∫
d3x [xlJi−xiJl +

∂

∂xk (xixlJk)+xixl ∂ρ

∂t
] = ~B(t, 0)·~µ²²²;;;(t) +

1
6
∂Ai(t,~x)

∂xl

∣∣∣∣
~x=0

Q̇il
²²²;;;(t)

ððð>>>666NNNXXX333			>>>^̂̂|||¥¥¥���UUUþþþ^̂̂ÝÝÝåååÌÌÌ������^̂̂���
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>>>fff^̂̂ÝÝÝ

²²²;;;|||ØØØ L = −1
4

Fµν(x)Fµν(x)− λ

2
[∂µAµ]2 + ψ(x)[i∂/ − eA/ (x)−M]ψ(x)

Jµ = eψγµψ ~µ²²²;;; =
1
2

∫
d3x ~x×~J =

e
2

∫
d3x ~x× ψ~γψ

ééégggddd¤¤¤���|||: [i∂/ −M]ψ(x) = 0 ψ(x)[i
←−
∂/ + M] = 0 εijk[γ i, γ j] = −4iσkI

ψ(γµ∂/ −
←−
∂/ γµ +

←−
∂ µ − ∂µ)ψ = ψ(∂νγ

µγν −
←−
∂ νγ

νγµ +
←−
∂ µ − ∂µ)ψ

=
1
2
ψ[γµ, γν ](

←−
∂ ν + ∂ν)ψ =

1
2
∂ν(ψ[γµ, γν ]ψ)

ψγµψ =
1

2M
ψ(Mγµ + γµM)ψ

=
1

2M
ψ[(i
←−
∂/ + M)γµ + γµ(−i∂/ + M)− i

←−
∂ µ + i∂µ]ψ +

i
4M

∂ν(ψ[γµ, γν ]ψ)

=
1

2M
ψ[−i

←−
∂ µ + i∂µ]ψ +

i
4M

∂ν(ψ[γµ, γν ]ψ)

µk
²²²;;; =

e
2
εijk
∫

d3x xiψγ jψ =
e
2
εijk
∫

d3x xi
[

1
2M

ψ[−i
←−
∂ j + i∂ j]ψ +

i
4M

∂ν(ψ[γ j, γν ]ψ)

]
=

ei
2M

εijk
∫

d3x [ψ xi∂ j ψ − 1
4

(ψ[γ j, γ i]ψ)] =
e

2M

∫
d3x ψ [Lk + σk] ψ
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>>>fff^̂̂ÝÝÝ

²²²;;;|||ØØØ L = −1
4

Fµν(x)Fµν(x)− λ

2
[∂µAµ]2 + ψ(x)[i∂/ − eA/ (x)−M]ψ(x)

LI = −Jµ(x)Aµ(x) = −ρ(x)A0(x) +~J(x) · ~A(x) Jµ(x) = eψ(x)γµψ(x)

W =

∫
d3x ~J(x) · ~A(x) =

∑
n=0

Wn

Wn =

3∑
i1i2...in=1

∫
d3x xi1 xi2 · · · xin ~J(x) · 1

n!

[
∂

∂xi1

∂

∂xi2

∂

∂xi2
· · · ∂

∂xin
~A(t,~x)

]
~x=0

W0 = ~A(t, 0) · ~̇P(t) W1 = ~B(t, 0) · ~µ(t) +
1
6
∂Ai(t,~x)

∂xl

∣∣∣∣
~x=0

Q̇il(t)

Pi
²²²;;;(t) =

∫
d3x xiρ(t,~x) Qij

²²²;;;
(t) =

1
3

∫
d3x xixjρ(t,~x) µk

²²²;;;(t) =
1
2

∫
d3x εkilxiJl(t,~x)

~µ²²²;;;(t) =
e

2M

∫
d3x ψ(t,~x) [~L + ~σ] ψ(t,~x) =

e
2M

∫
d3x ψ(t,~x) ~J ψ(t,~x)

~L´́́;;;������ÄÄÄþþþ§§§σ´́́SSS������ÄÄÄþþþ >>>fffäääkkk^̂̂ÝÝÝ µe = e
2M
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þþþfff|||ØØØ∫
d4x LQED = −1

4
Fµν(x)Fµν(x)− λ

2
[∂µAµ]2 + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) V Γ[A, ψ, ψ]

Γ[A, ψ, ψ] = Γ[0, 0, 0] +

∫
d4xd4y [ψ(x)iS−1(x, y)ψ(y) + Aµ(x)iD−1,µν(x, y)Aν(y)]

−
∫

d4xd4yd4z Aν(x)ψ(y)Γν(x, y, z)ψ(z) +���õõõ:::������ppp���^̂̂��� 1PI, O(e5)

iD−1,µν(x, y) =
δ2Γ[A, ψ, ψ]

δAµ(x)δAν(y)

∣∣∣∣
A=ψ=ψ=0

=

∫
d4p

(2π)4 e−ip·(x−y)iD−1,µν(p)

−iS−1
ll′ (x, y) =

δ2Γ[A, ψ, ψ]

δψl(x)δψl′(y)

∣∣∣∣
A=ψ=ψ=0

=

∫
d4p

(2π)4 e−ip·(x−y)(−i)S−1
ll′ (p)

Γνll′(x, y, z) ≡ δ3Γ[A, ψ, ψ]

δAν(x)δψl(y)δψl′(z)

∣∣∣∣
A=ψ=ψ=0

=

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γνll′(p, p′)

Γ[A, ψ, ψ] = Γ[0, 0, 0] +

∫
d4x {ψ(x)iS−1(i∂x)ψ(x) + Aµ(x)iD−1,µν(i∂x)Aν(x)

−Aν(x) [ψ(x)Γν(−i
←−
∂ x, i
−→
∂ x)ψ(x)] }+���õõõ:::������ppp���^̂̂���
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þþþfff|||ØØØ∫
d4x LQED = −1

4
Fµν(x)Fµν(x)− λ

2
[∂µAµ]2 + ψ(x)[i∂/ − eA/ (x)−M]ψ(x) V Γ[A, ψ, ψ]

gggddd¤¤¤���|||���|||���§§§µµµ[i∂/−M]ψ(x) = 0 ψ(x)[i
←−
∂/ + M] = 0

V
δΓ[A, ψ, ψ]

δψ(x)

∣∣∣∣
A=ψ=ψ=0

= 0 V
∫

d4y S−1(x, y)ψ(y) = 0

V
δΓ[A, ψ, ψ]

δψ(x)

∣∣∣∣
A=ψ=ψ=0

= 0 V
∫

d4y ψ(y)S−1(y, x) = 0

iS−1(x, y) =

∫
d4p

(2π)4 e−ip·(x−y){p/[1− Σ̃A(p2)]−M[1− Σ̃B(p2)]} Σ̃A(M2) = Σ̃B(M2) = 0

{i∂/x[1− Σ̃A(−∂2
x )]−M[1− Σ̃B(−∂2

x )]}ψ(x) = 0 V (i∂/x −M)ψ(x) = 0

ψ(x){i
←−
∂/x[1− Σ̃A(−

←−
∂ 2

x)] + M[1− Σ̃B(−
←−
∂ 2

x)]} = 0 V ψ(x)(i
←−
∂/x −M) = 0
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Γ[A, ψ, ψ] = Γ[0, 0, 0] +

∫
d4x {ψ(x)iS−1(i∂x)ψ(x) + Aµ(x)iD−1,µν(i∂x)Aν(x)

−Aν(x) [ψ(x)Γν(−i
←−
∂ x, i
−→
∂ x)ψ(x)] }+���õõõ:::������ppp���^̂̂���

iD−1,µν(p) = (pµpν−p2gµν)[1−π̃(p2)]−λpµpν iS−1(p) = p/ [1−Σ̃A(p2)]−M[1−Σ̃B(p2)]

kkk������zzz

ψ(x)→ 1√
1−Σ̃A(−∂2

x )
ψ(x) ψ(x)→ 1√

1−Σ̃A(−∂2
x )
ψ(x) Aµ(x)→ 1√

1−π̃A(−∂2
x )

Aµ(x)

Γ[A, ψ, ψ] = Γ[0, 0, 0] +

∫
d4x {ψ(x)iS̃−1(i∂x)ψ(x) + Aµ(x)iD̃−1,µν(i∂x)Aν(x)

−Aν(x) [ψ(x)Γ̃ν(−i
←−
∂ x, i
−→
∂ x)ψ(x)] }+���õõõ:::������ppp���^̂̂���

iD̃−1,µν(p) = pµpν − p2gµν − λpµpν

1− π̃(p2)
iS−1(p) = p/ −M

1− Σ̃B(p2)

1− Σ̃A(p2)

Γ̃ν(p, p′) =
Γν(p, p′)√

1− π̃((p− p′)2)
√

1− Σ̃A(p2)
√

1− Σ̃A(p′2)
→ Γν(p, p′)√

1− π̃((p− p′)2)
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LI = −e
∫

d4x ψ(x)A/c(x)ψ(x) V
∫

d4xd4yd4z
δ3Γ[A, ψ, ψ]

δAµ(x)δψl(y)δψl′(z)

∣∣∣∣
A=ψ=ψ=0

Aµc (x)ψl(y)ψl′(z) + · · ·

Γ̃νll′(x, y, z) ≡ δ3Γ[A, ψ, ψ]

δAν(x)δψl(y)δψl′(z)

∣∣∣∣
A=ψ=ψ=0

=

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γ̃νll′(p, p′)

Γ̃ν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γ̃ν(p, p′) = Γ̃ν(i∂y,−i∂z)δ(y− x)δ(x− z)

∂ν,xΓ
ν(x, y, z) = eS−1(y, z)[δ(y− x)− δ(z− x)] S−1(y, z) =

∫
d4p

(2π)4 e−i(y−z)·pS−1(p)

∂ν,xΓ
ν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)i(pν − p′ν)Γν(p, p′)

= e
∫

d4pd4p′

(2π)8 [S−1(p′)e−ip′·(y−z)−ip·(y−x) − S−1(p)e−ip·(y−z)−ip′·(x−z)]

= e
∫

d4pd4p′

(2π)8 [S−1(p′)e−ip′·(x−z)−ip·(y−x) − S−1(p)e−ip·(y−x)−ip′·(x−z)]

i(pν − p′ν)Γν(p, p′) = e[S−1(p′)− S−1(p)] iS−1(p) = p/[1− Σ̃A(p2)]−M[1− Σ̃B(p2)]
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Γ̃ν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γ̃ν(p, p′) = Γ̃ν(i∂y,−i∂z)δ(y− x)δ(x− z)

LI V −
∫

d4xd4yd4y Γ̃νll′(x, y, z)Aµ(x)ψl(y)ψl′(z) + · · ·

= −
∫

d4xd4yd4z Aµ(x)ψl(y)ψl′(z)Γ̃νll′(i∂y,−i∂z)δ(y− x)δ(x− z) + · · ·

= −
∫

d4x Aµ(x) [ ψl(x)Γ̃νll′(−i
←−
∂ x, i
−→
∂ x)ψl′(x) ] + · · ·

[i∂/−M]ψ(x) = 0 V ���mmm>>>���p/′ = M ¤¤¤kkk������p′2 = M2

ψ(x)[−i
←−
∂/ −M] = 0 V ������>>>���p/ = M ¤¤¤kkk������p2 = M2

i(pν − p′ν)Γν(p, p′) = e{p/′[1−Σ̃A(p′2)] + M[1−Σ̃B(p′2)]− p/[1−Σ̃A(p2)]−M[1−Σ̃B(p2)]} = 0

(pν − p′ν)Γ̃ν(p, p′) = 0

Γ̃ν(p, p′) =
Γν(p, p′)√

1−π̃((p−p′)2)
= e[γνF1(q2) +

pν+p′ν

2M
F2(q2)] qµ≡pµ−p′µ

γν =
(−p/+M)γν+γν(−p/+M)+2pν

2M
∼ pν

M
Γν(p,p)=eγν

======⇒ F1(0)+F2(0) = 1 F2(0)´́́;;;������ÄÄÄþþþ���
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LI = −
∫

d4x Aµ(x) [ ψl(x)Γ̃νll′(−i
←−
∂ x, i
−→
∂ x)ψl′(x) ] + · · ·

Γ̃ν(p, p′) =
Γν(p, p′)√

1−π̃((p−p′)2)
= e[γνF1(q2) +

pν+p′ν

2M
F2(q2)] qµ≡pµ−p′µ F1(0)+F2(0) = 1

µk
²²²;;; =

e
2
εijk
∫

d3x xiψγ jψ =
e
2
εijk
∫

d3x xi
[

1
2M

ψ[−i
←−
∂ j + i∂ j]ψ +

i
4M

∂ν(ψ[γ j, γν ]ψ)

]
=

ei
2M

εijk
∫

d3x [ψ xi∂ j ψ − 1
4

(ψ[γ j, γ i]ψ)] =
e

2M

∫
d3x ψ [Lk + σk] ψ µe =

e
2M

Jµ = ψ

[
γµF1(0) +

−i
←−
∂ µ + i∂µ

2M
F2(0)

]
ψ

µk
þþþfff =

e
2
εijk
∫

d3x xiJj =
e
2
εijk
∫

d3x xiψ

[
γ jF1(0) +

−i
←−
∂ j + i∂ j

2M
F2(0)

]
ψ

=
ei

2M
εijk
∫

d3x ψ
[

xi∂ j[F1(0) + F2(0)]− 1
4

[γ j, γ i]F1(0)

]
ψ =

e
2M

∫
d3x ψ[~J − ~σF2(0)]ψ

= µk
²²²;;; + δµk

þþþfff δ~µþþþfff = δµe

∫
d3x ψ~σψ δµe = −F2(0)

e
2M
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Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) = Γν(i∂y,−i∂z)δ(y− x)δ(x− z)

Γν(p, p′)=Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4π
}

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

���mmm>>>���p/′ = M ������>>>���p/ = M ¤¤¤kkk������p2 = p′2 = M2

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2= y2M2+(x−y)2M2+y(x−y)(2M2−q2) = x2M2+y(y−x)q2

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′] = [(1−x+y)p/′−yM]γν[(1−y)p/−(x−y)M]

= (1−x+y)p/′γν(1−y)p/− (1−x+y)p/′γν(x−y)M − yMγν(1−y)p/+ yMγν(x−y)M

p/′γνp/ = (2p′ν−γνp/′)p/ = 2Mp′ν−γν(2p′ ·p− p/p/′) = 2Mp′ν−γν2p′ · p+(2pν−Mγν)p/′

= 2Mp′ν + 2Mpν + γν((p′ − p)2 − 3M2)

= (1−x+y)(1−y)[2M(p′ν + pν) + γν((p′ − p)2 − 3M2)]− (1−x+y)(x−y)(2p′ν − γνM)M

−y(1−y)M(−Mγν + 2pν)+ y(x−y)M2γν

= −(1−x+y)(x− 1)2Mp′ν − (1− y)(x− 1)2Mpν + γν{(1−x+y)(1−y)(p′ − p)2

+[(1− x + y)(x + 2y− 3) + y(1 + x− 2y)]M2}������ ���uuu���ÆÆÆ
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Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) = Γν(i∂y,−i∂z)δ(y− x)δ(x− z)

Γν(p, p′)=Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4π
}

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

���mmm>>>���p/′ = M ������>>>���p/ = M ¤¤¤kkk������p2 = p′2 = M2

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2= x2M2+y(y−x)q2

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]−2M[(1−2y)pν+(1−2x+2y)p′ν]

= −(1−x+y)(x− 1)2Mp′ν − (1− y)(x− 1)2Mpν + γν{(1−x+y)(1−y)(p′ − p)2

+[(1− x + y)(x + 2y− 3) + y(1 + x− 2y)]M2} −2M[(1−2y)pν+(1−2x+2y)p′ν]

= −[(1−x+y)x + y− x]2Mp′ν − [(1− y)x− y]2Mpν + γν{(1−x+y)(1−y)(p′ − p)2

+[(1− x + y)(x + 2y− 3) + y(1 + x− 2y)]M2}
= −2M[(y− x2 + xy)p′ν + (x− xy− y)pν ] + γν{(1−x+y)(1−y)(p′ − p)2 + (1− x)(x− 3)M2}
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Γν(x, y, z) =

∫
d4pd4p′

(2π)8 e−ip·(y−x)−ip′·(x−z)Γν(p, p′) = Γν(i∂y,−i∂z)δ(y− x)δ(x− z)

Γν(p, p′)=Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2−i0+

4π
}

+

∫ 1

0
dx
∫ x

0
dy

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]+M2γν−2M[(1−2y)pν+(1−2x+2y)p′ν]
[yp + (x− y)p′]2 − yp2 − (x− y)p′2+ xM2 − i0+

]
+O(e5)

[yp+(x−y)p′]2−yp2−(x−y)p′2+xM2= x2M2+y(y−x)q2

[(1−x+y)p/′−yp/]γν[(1−y)p/+(y−x)p/′]−2M[(1−2y)pν+(1−2x+2y)p′ν]

= −2M[(y− x2 + xy)p′ν + (x− xy− y)pν ] + γν{(1−x+y)(1−y)q2 + (1− x)(x− 3)M2}

Γν(p, p′)=Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

x2M2+y(y−x)q2 −i0+

4π
}

+

∫ 1

0
dx
∫ x

0
dy
−2M[(y−x2+xy)p′ν+(x−xy−y)pν ]+γν{(1−x+y)(1−y)q2+(1−x)(x−3)M2}

x2M2+y(y−x)q2 − i0+

]
+O(e5)∫ x

0
dy

y−x2+xy
x2M2+y(y−x)q2−i0+

=

∫ 0

−x
dy′

y′+ x+xy′

x2M2+(y′ + x)y′q2−i0+
=

∫ x

0
dy

−y+ x−xy
x2M2+(y− x)yq2−i0+

������ ���uuu���ÆÆÆ
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Γν(p, p′)=Z2eγν+
e3

8π2

[
γν{ 1/2

2−D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy ln

x2M2+y(y−x)q2 −i0+

4π
}

+

∫ 1

0
dx
∫ x

0
dy
−2M(p′ν+pν)(x−xy−y)+γν{(1−x+y)(1−y)q2+(1−x)(x−3)M2}

x2M2+y(y−x)q2 − i0+

]
+O(e5)

= e[γνF1(q2) +
pν + p′ν

2M
F2(q2)]

F1(q2) = Z2 +
e2

8π2

[
1/2

2− D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy [ln

x2M2 + y(y− x)q2 − i0+

4π

− (1− x + y)(1− y)q2 + (1− x)(x− 3)M2

x2M2 + y(y− x)q2 − i0+
]

]
+ O(e4)

F2(q2) = − e2

8π2

∫ 1

0
dx
∫ x

0
dy

4M2(x− xy− y)

x2M2 + y(y− x)q2 − i0+
+ O(e4)

F1(q2)���666uuu���zzz���YYY���ÀÀÀJJJ§§§F2(q2)ÕÕÕáááuuu���zzz���YYY���ÀÀÀJJJ

F2(0)=− e2

8π2

∫ 1

0
dx
∫ x

0
dy

4(x−xy−y)

x2 +O(e4) = − e2

8π2

∫ 1

0
dx
∫ x

0
dy

2(x2−x3)

x2 +O(e4) = − e2

8π2 +O(e4)

δµe = − e
2M

F2(0) =
e

2M
α

2π
=

e
2M
× 0.0011617
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F1(q2) = Z2 +
e2

8π2

[
1/2

2− D/2
− γ

2
−
∫ 1

0
dx
∫ x

0
dy [ln

x2M2 + y(y− x)q2 − i0+

4π

− (1− x + y)(1− y)q2 + (1− x)(x− 3)M2

x2M2 + y(y− x)q2 − i0+
]

]
+ O(e4)

F2(q2) = − e2

8π2

∫ 1

0
dx
∫ x

0
dy

4M2(x− xy− y)

x2M2 + y(y− x)q2 − i0+
+ O(e4)

F1(q2)���666uuu���zzz���YYY���ÀÀÀJJJ§§§F2(q2)ÕÕÕáááuuu���zzz���YYY���ÀÀÀJJJ

F2(0)=− e2

8π2

∫ 1

0
dx
∫ x

0
dy

4(x−xy−y)

x2 +O(e4) = − e2

8π2

∫ 1

0
dx
∫ x

0
dy

2(x2−x3)

x2 +O(e4) = − e2

8π2 +O(e4)

δµe = − e
2M

F2(0) =
e

2M
α

2π
=

e
2M
× 0.0011617

2006 PDG δµe =
e

2M
[0.00115965218590± 0.00000000000380]

2008 PDG δµe =
e

2M
[0.00115965218110± 0.00000000000070]

2010 PDG δµe =
e

2M
[0.00115965218073± 0.00000000000028]

OOO���������???���§§§ééé>>>fffÚÚÚµ000fff���^̂̂ÝÝÝ???���´́́���������! F1(0) kkkùùù			uuuÑÑÑ!
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